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Preface 





INTEGRATED MATHEMATICS: COURSE III, Second Edition is a revision 
of the textbook that has been a leader in presenting high school math- 
ematics in a contemporary, integrated manner. Over the past decade, 
this integrated approach has undergone further changes and refine- 
ments. Amsco’s Second Edition reflects these developments. 

The Amsco book parallels the integrated approach to the teaching of 
high school mathematics that is being promoted by the National 
Council of Teachers of Mathematics (NCTM) in its STANDARDS FOR 
SCHOOL MATHEMATICS. Moreover, the Amsco book implements 
many of the suggestions set forth in the NCTM Standards, which are 
the acknowledged guidelines for achieving a higher level of excellence 
in the study of mathematics. 


In this Second Edition of INTEGRATED MATHEMATICS: COURSE III, 
which fully satisfies the requirements of the revised New York State 
Syllabus: 


è Problem solving has been expanded by (1) adding nonroutine prob- 
lems for selected topics and to Chapter Reviews, and (2) providing, in 
the Teacher's Manual, Bonus questions for each chapter. 


€ Integration of Geometry, Algebra, and Trigonometry, for which the 
First Edition was well known, has been continued. 


è Algebraic skills from Courses I and II are maintained and 
strengthened. 


€ Enrichment has been extended by (1) increasing the number of 
optional topics, (2) increasing the number of challenging exercises, and 
(3) adding to the Teacher's Manual more thought-provoking aspects of 
topics in the text. 


è Hands-on activities have been included in the Teacher's Manual to 
promote understanding through discovery. 


The First Edition of this series was written to provide effective teach- 
ing materials for a unified three-year program. In the Second Edition 
of this series, adjustments have been made in the emphasis and place- 
ment of certain topics. 

For example, the solution of quadratic equations by formula, formerly 
considered to be an llth-year topic, has been introduced earlier, as 
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optional in Course I and required in Course II. Now, in Course III, the 
quadratic formula is applied to equations with roots that are complex 
numbers, and to the solution of linear-quadratic systems. This tri-level 
presentation better serves to maintain and extend algebraic skills. In 
addition, transformations, now introduced intuitively in Course I, and 
presented in greater depth in their relationship to the coordinate plane 
in Course II, are used throughout Course III in the development of 
functions, trigonometry, and logarithms. 

Both Amsco editions of Course III use the trigonometry of the right 
triangle as an introduction to the general definitions of the sine, cosine, 
and tangent functions. Teachers who prefer not to use this approach, 
however, may omit the introductory sections and present the defini- 
tions of the trigonometric functions in terms of the coordinates of points 
on a unit circle. For those who use this approach, the trigonometric 
ratios of the right triangle are derived as an application of the general 
trigonometic functions. 

Logarithmic functions are introduced as the inverses of the exponen- 
tial functions. Although the use of logarithms to solve computational 
problems is no longer important in our world of calculators and 
computers, such problems, by providing concrete applications of the 
laws of logarithms, can lead to an understanding of this important class 
of functions. 

Statistics, introduced in Course I, is reviewed and extended to include 
several types of deviation from the mean, particularly standard devia- 
tion and its application to a normal distribution. The chapter on prob- 
ability builds on the students' earlier work with permutations and 
combinations. The probability of success in an experiment with two 
outcomes is related to the expansion of a binomial. 

This Second Edition is offered so that teachers may effectively con- 
tinue to help students comprehend, master, and enjoy mathematics from 
an integrated point of view. 

This book is dedicated to Anna Gantert, whose encouragement 
throughout its writing was a continuation of the loving support she has 
given to her daughter all her life. The book is also dedicated to Mary, 
David, Jennifer, and Joanna Keenan, who are a constant source of 
pride to their father. 


Edward P. Keenan 


Ann Xavier Gantert 
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The Rational Numbers 





1-1 THE NUMBER LINE AND 
SETS OF NUMBERS 


The numbers stamped onto a ruler are the first numbers we learned 
as children, namely, 1, 2, 3, and so on. This set of numbers, called the 
counting numbers or the natural numbers, is written in set notation as 
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,...}. The three dots indicate that 
the numbers continue in the same pattern without end. 





By combining zero with the counting numbers, we form the set of 
whole numbers, represented as (0, 1, 2, 3, 4, 5,.. .}. 

The ruler is a model of a number line. Once we have assigned to any 
two distinct points on a straight line the values “0” and “1,” we have 
determined a segment whose length is the unit measure. By continuing 
in the direction of 1 from 0, it is possible to mark off equally spaced 
points and to assign to these points the numbers 2, 3, 4, and so on, as 
seen on the ruler. 

Since a line extends infinitely in both directions, we can begin at zero 
to mark off even more equally spaced points in the direction opposite 
to that used to assign the whole numbers. We assign to these points the 
numbers -1, -2, - 3, and so on. The set of numbers assigned to equally 
spaced points on the number line is the set of integers, written sym- 
bolically as 1. . . ,- 4, -3, - 2, -1,0,1,2, 8,4, «. J. 
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A number line can go in any di- 
rection and can have any length 
as its unit measure. However, once 
“0” and “1” have been assigned 
to points on this line, we cannot 
change the direction and we can- 
not change the unit measure or 
the scale for the remainder of the 
line. Arrowheads indicate that a 
line has no beginning and no end, 
just as the set of integers has no 
beginning and no end. 





Of all the possible directions that can be used for number 4 
lines, we have come to use two directions most often in our 3 
daily lives. A vertical number line is used in thermometers to 2 
show us temperatures and in rulers to measure height. In a 1 
vertical line, we agree that numbers increase as we move up " 
the line and decrease as we move down the line. 


A horizontal line, like the ruler first shown, is drawn so that numbers 
increase as we move to the right and decrease as we move to the left. 
Thus, we agree that the positive integers 1, 2, 3,... are placed to the 
right of zero and the negative integers -1, -2, -3,... lie to the left of 
zero. In the horizontal line that follows, as in the ruler first shown, 
the unit measure is 1 centimeter. 


cá uA «8 —§1 0 4 9$ & 4 & 
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Once the integers have been assigned to points on a number line, it is 
possible to divide the segments whose endpoints represent the integers 
into halves, thirds, quarters, tenths, and so on. In this way, we can 
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assign fractions, decimals, and mixed numbers to specific points on the 
number line. 


—4} —343 —9 —4 .21 3 23 34 «4 





All numbers indicated on the line just displayed, including the inte- 
gers, are examples of rational numbers. 


M DEFINITION. A number is a rational number if and only if it can 


a 


b where a and b are integers and b # 0. 


be expressed in the form 

Notice that every integer x is a rational number because the integer 
x 
1 


just displayed, notice how decimals and mixed numbers are written in 
the required form: 


can be written in the form +. Using examples from the number line 


21-435 20-2 3.4 = 34 = 34 
= Z9 — L — -ir - 2 o 13 = -313 
n timi 8.18 = -3100 ^ 100 


In other words, every rational number can be expressed in the form 
of a fraction. To express a rational number (named as a fraction) in 
decimal form, divide the numerator by the denominator. 


| MODEL PROBLEM 


imal: 3 1 5 1 
Express as a decimal: a. ; b. 3 c.i d. 2; 


Solution 
.97500 .33333 ... 
a. $ = 8)3.00000 b. 1 = 3)1.00000 
454545... 2.16666... 
c. => = 11)5.000000 d. 2% = 2 = 6)13.00000 
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In each of the examples just given, we see that once the division is 
performed, a group of digits appears in the quotient so that the digits 
repeat continuously in the same order. Decimals that, from some point 
onward, repeat a sequence of digits without end are called repeating 
decimals, ox periodic decimals. A repeating decimal may be written in 
an abbreviated form by placing a bar (^ ) over the group of digits that 
are to be continuously repeated. For example: 


.33333...2 38  454545...- 45  2.16666...- 2.16 


In some conversions, such as = = .375, the decimal obtained is 
called a terminating decimal because a point is reached where the 
division appears to end or to be completed. After this point is reached, 
however, it can be seen that zeros will repeat endlessly in the quotient 
of every terminating decimal. For this reason, every terminating deci- 
mal can be expressed as a repeating decimal. For example: 


875 = .875000... = .3750 
Therefore, we make the following important observation: 
ll Every rational number can be expressed as a repeating decimal. 


In Course I, we learned a procedure by which a repeating decimal 
could be converted into a rational number in fractional form. 





[MODELPROBLEM| — — — —  — — 


Find a fraction that names the same rational numberas: a. .13333... 
b. .606060... 


How to Proceed Solution 


a. 1. Let N = .13833... 


2. Multiply both members of the equa- 10N = 1.33333... 
tion in step 1 by 10, because a 
one-digit repetition appears in the 


number. 

3. Subtract the equation in step 1 from  -N = -.13333... 
the equation in step 2. 9N - 1.2 

4. Solve the resulting equation for N. 12,12. 2 


Answer: 13333...» E 
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b. 1. Let N = .606060... 


2. Multiply both members of the equa- 100N = 60.606060... 
tion in step 1 by 100, because a 
two-digit repetition appears in the 


number. 

3. Subtract the equation in step 1 from _-N = -.606060... 
the equation in step 2. 99N = 60 

4. Solve the resulting equation for N. N= E = E 


Answer: .606060... = E 


ee ey 
These examples illustrate the truth of the following statement, which 
is the converse of our last observation: 


lil Every repeating decimal represents a rational number. 
Since both the original observation and its converse are true, we know 
from our study of logic that a biconditional statement can be made: 


@ A number is a rational number if and only if it can be represented as 
a repeating decimal. 





EXERCISES | 


In 1-8, tell whether the statement is true or false. 


Every counting number is a rational number. 

Every whole number is an integer. 

Every integer is a whole number. 

The smallest whole number is 0. 

The smallest natural number is 0. 

Every rational number can be expressed as a repeating decimal. 
Every repeating decimal is a rational number. 


If a and b are integers, then T is a rational number. 


SP APT hohe 


In 9-20, express each rational number as a repeating decimal. (Note 
that zeros repeat in all terminating decimals.) 


9. $ , 10. p 11. "É 12. $ 13. 1g 14. -1$ 
15. -2 16. gs; 17. -45; 18. ẹ 19. 1j; 20. 31 
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In 21-40, express each rational number as a fraction. 


21. 5 22. -3 23. 3j 24. 0 25. —22 
26. .7 27. .23 28. —.8 29. 41 30. .666.. 
3L T 32. .23 33. 2 34. .02 35. .27 
36. 8.3 37. .83 38. .083 39. .36 40. .142857 
41. True or false: .999 ... = 1. Explain the reason for your answer. 


1-2 QUANTIFIERS 


Consider these sentences and their related truth values. 


p: Integers are rational numbers. (True) 
q: Negative numbers are greater than zero. (False) 
r: Integers are primes. (Uncertain) 


We know that p is true because all integers are rational numbers. We 
know that q is false because no negative number is greater than zero. 
We are uncertain of the truth value of r because some integers are 
primes and some integers are not primes. The words we have just used, 
namely, all, no, and some, are called quantifiers. 

By using the proper quantifier in a given sentence, we can form a 
quantified statement that is always true. Thus: 


All integers are rational numbers. (True) 
No negative number is greater than zero. (True) 
Some integers are primes. (True) 


E DEFINITION. A domain is a set of all possible replacements for a 
given variable. For example, in statements p and r, the domain is the 
set of integers. In statement q, the domain is the set of negative 
numbers. Thus, a given sentence that involves a variable may be writ- 
ten using a quantifier. 


E DEFINITION. A quantifier is a phrase that describes in general 
terms the part of the domain for which the sentence is true. 


The Universal Quantifier 
Whenever a sentence has the same truth value for all replacements 
from the domain, we can write this sentence as a universally quantified 
statement. 
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The word all is the commonly used 





expression for the universal quantifier, All 
represented symbolically as V,. This For all x 
symbol is formed by writing a capital 

letter A upside down and by including a Every 
subscript x to indicate the variable. The For every x 
symbol, V,, is read in many Ways as 


shown in the box to the right. Universal Quantifier 


Let us consider two types of sentences in which the universal quan- 
tifier is used. 


1. Sentences that are always true. 
Let b represent the sentence "x + x = 2x." 


When the domain is the set of rational numbers, every replacement 
for the variable x results in a true statement: 5 + 5 = 2(5), 
3.1 + 3.1 = 2(3.1), and so on. Thus, we can attach the universal quan- 
tifier V. to the sentence and form a true statement. N otice that the 
statement is expressed symbolically in only one way. However, the 
statement may be expressed in words in many ways. 


Ve b For all values of x, x + x = 2x. 
For every x, x + x = 2x. 

In the same way, consider the sentence studied earlier in this section, 
namely, p: Integers are rational numbers. Since this statement is 
always true, we can use the universal quantifier all as follows: 

Vs 5 All integers are rational numbers. 
Every integer is a rational number. 


For all integers, integers are rational numbers. 


2. Sentences that are always false. 
Let d represent the sentence "x*x = —1." 


When the domain is the set of rational numbers, there is no number 
that when multiplied by itself results in the product —1. Since the 
sentence d: x*x = —1, is always false, it follows that its negation 
~d: x*x * —1, is always true. Therefore, we quantify a false state- 
ment by attaching the universal quantifier, V., to the negation of 
the statement. Notice the various ways by which the words no or not 
enter the sentences. 
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V. ~d For all x, x*x # —1. 
For all x, it is not true that x * x = —1. 
There are no values of x for which x*x = —1. 
For every x, x * x is not equal to — 1. 


In the same way, consider the sentence studied earlier in this section, 
namely g: Negative numbers are greater than zero. This statement is 
always false. To form a true statement, we negate the given sentence 
and attach a universal quantifier. This can be expressed by using the 
quantifier no. 


V. ~q No negative numbers are greater than zero. 
Every negative number is not greater than zero. 


All negative numbers are not greater than zero. 


Therefore we may conclude: 


E DEFINITION. A universal quantifier is a phrase that describes the 
statement as being true for all elements of the domain or for no 
element of the domain. 


The Existential Quantifier 
Whenever a sentence is true for at least one replacement from the 
domain, write this sentence as an existentially quantified. statement. 


The words there exists or the word 
some are commonly-used expressions for 
the existential quantifier, represented At least one 
symbolically as 3,. This symbol is formed 
by writing a capital letter E backwards 
and by including a subscript x to indi- There is one 
cate the variable. The symbol 3, is read 
in many ways, as shown in the box at 
the right. Existential Quantifier 


There exists 


For some 


Some 





Let h represent the sentence “x + 1 = 5." 


When the domain is the set of rational numbers, there is at least one 
replacement for the variable x that results in a true statement. When 
x = 4, it is true that x + 1 = 5. Thus, we can attach the existential 
quantifier, 3,, to the sentence and form a true statement. 


i; h There exists a value for x such that x + 1 — 5. 
For some value of x, x + 1 = 5. 


There is at least one value of x where x + 1 — 5. 
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In the same way consider the sentence studied earlier in this section, 
namely, r: Integers are primes. We know that some integers are primes. 
Therefore, we know at least one integer exists that is a prime. We 
attach the existential quantifier to form the following true statement: 


J:r There exists an integer that is a prime. 
There is at least one integer that is a prime. 


Some integers are primes. 
Therefore, we may conclude: 


E DEFINITION. An existential quantifier is a phrase that describes the 
statement as being true for at least one replacement from the domain. 


It should be noted that an existential quantifier may be used for a 
sentence that is universally true. Thus, while all replacements of the 
domain are true, it is not false to say that at least one replacement 
results in a true statement. The following statements are described 
more accurately by using a universal quantifier, but they are still true 
statements. 


3: b There is an x such that x + x = 2x. 

d: ~d There exists at least one x such that x *x + —1. 

4s p Some integers are rational numbers. 

ld: -~q There is at least one negative number that is not greater 
than zero. 


MODEL PROBLEMS 


In 1-4, describe the sentence as being universally quantified, exis- 
tentially quantified, or not quantified. 


Solutions 
1. Some books are written in 1. The word some indicates 
Greek. existentially quantified. Ans. 
2. This book is Greek to me. 2. Not quantified. Ans. 
Every Greek has a rich 3. The word every indicates 
cultural background. universally quantified. Ans. 


4. All Greeks are not wealthy. 4. The word all indicates 
universally quantified. Ans. 
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5. Which statement is true for the set of real numbers? 
(103,x»x-8 (2) V.x»x-8 (93,x-28 (4) ¥.x=8 


Solution: The open sentence x > x + 8 in choices (1) and (2) is 
never true. The open sentence x = 8 in choices (3) and (4) is true 
for only one value, namely, 8. Thus, the sentence x = 8 can be 
existentially quantified. Answer: (3) 3, x =8 


EXERCISES 


In 1-8: a. Describe the sentence as being universally quantified, 
existentially quantified, or not quantified. b. If the sentence is quan- 
tified, select the word or words that act as the quantifiers. 


All whole numbers are rational numbers. 

Some angles are obtuse angles. 

No one in his right mind brings a camel into the subway. 
The probability that you are correct is 3. 

There are certain whole numbers that are divisible by 5. 
This is a difficult decision for me to make. 

Every important decision requires careful thought. 

At least one person is a true friend to me. 


Piste OF o9 EO D^ 


In 9-12, write the given sentence in words. Let x € [cars]. 


9. V.cars have wheels. 10. V, cars do not fly. 
11. 3, cars are red. 12. 3, cars need tune-ups. 


In 13-17, write the expression in symbolic form, using V, or 3,. 


13. For every integer x, x is less than x + 5. 

14. For some integer x, x is less than 5. 

15. For no integer x, x is equal to x + 5. 

16. For every rational value x, it is not true that x + 5 equals 8. 
17. There is a rational value x such that x + 5 equals 8 is true. 


In 18-22, use the domain of rational numbers to tell which one of the 
three given statements is true. 


ja. (D Wa =Ù (2) W,: x" > 0 (3) Vex = 0 

19. (1) Iz =0 (2) 3: x? < 0 (8) V: x^ <0 

20. (1) 3:2x +1=5 (2 V:2x*t1-5 (3) Vy ox T 1*5 
21. (D Vax -32z7 (2 3:x-3z' (3 3:$—9:24 
29. (I) Vex +a x (2) Wsegta> x (3:x-x«x 
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In 23-25, select the quantified statement that is true. 


23. (1) All people are tall. 
(2) No people are tall. 
(3) Some people are tall. 


24, (1) All rational numbers are integers. 
(2) Some rational numbers are integers. 
(3) No rational numbers are integers. 


25. (1) All rectangles are parallelograms. 
(2) Some rectangles are not parallelograms. 
(3) Every rectangle is not a parallelogram. 


1-3 NEGATIONS OF QUANTIFIED STATEMENTS 


Negating a Universally Quantified Statement 


"Every month has 31 days." We know that this statement is false. To 
prove that it is false, it is not necessary to consider every month. We 
only need to show one month that does not have 31 days. For example, 
since September has 30 days, the statement is not true for every month. 
The one month, September, that we used to show that the universally 
quantified statement was false is called a counterexample. The coun- 
terexample shows that there is at least one month that does not have 
3l days. 

We can express these statements in symbols and in words as follows: 


Let x e {months of the year}. 
Let p represent "x has 31 days." 


V, p: Every month has 31 days. (False) 
3, —p: Some months do not have 31 days. (True) 


Let us study another example, starting with a universally quantified 
statement that is true. We know that all segments have two endpoints. 
Thus, a statement that “at least one segment exists that does not have 
two endpoints" would be false. In symbols and in words, we say: 


Let x € {line segments}. 
Let g represent "x has two endpoints." 


V. q: All segments have two endpoints. (True) 
3. —q: Some segments do not have two endpoints. (False) 
OR 


There is at least one segment that does not 
have two endpoints. (False) 
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We may conclude: 


B The negation of a universally quantified statement p is an exis- 
tentially quantified statement of the negation of p. 


In symbolic form: 
The negation of V, p is given as 3, ~p. 


Negating an Existentially Quantified Statement 


“Some months have 32 days." We know that this statement is false. 
To prove that it is false, it is necessary to consider every month. After 
we have shown that every month has less than 32 days, we know that 
no month exists that has 32 days. 

We can express these statements in symbols and in words as follows: 


Let x € {months of the year}. 
Let p represent "x has 32 days." 


J, p: Some months have 32 days. (False) 
V, ~p: All months do not have 32 days. (True) 
OR 


No month has 32 days. 


In the following example, we start with an existentially quantified 
statement that is true. 


Let x € {polygons}. 
Let ¢ represent "x has five sides." 
J, t: Some polygons have five sides. (True) 
V. —t: No polygon has five sides. (False) 


We may conclude: 


E The negation of an existentially quantified statement p is a 
universally quantified statement of the negation of p. 
In symbolic form: 
The negation of 3, p is given as V, ~P. 


The Difference Between A// Are Not and Not All Are 


The negation of a quantified statement is sometimes indicated by 
negating the quantifier. Let us note the differences that occur because 
of the placement of a negation. The following examples illustrate the 
difference between the phrases: 


all are not (V, —p, where the negation is on p), and 
not all are ( — V, p, where the negation is on V). 
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Let xe {persons}. Let p represent "x is honest." 


We use all are not when the statement p, which is universally quan- 
tified, is being negated: 


V. p: All persons are honest. 
V, ~p: All persons are not honest. OR No persons are honest. 


We use not all are when the universal quantifier V is being negated: 
~V. p: Not all persons are honest. 


Note that since the negation of a universally quantified statement is 
an existentially quantified statement, we have: 


— V. p ** 3, ~p: Not all persons are honest. 


OR Some persons are not honest. 
OR At least one person is not honest. 


MODEL PROBLEMS | 


In 1-4, write the negation of the quantified statement. 


L W:x22 A dcs 9. V. ~k 4. 3, —m 
Solutions 
le 3:x 39 Ae Wee 3. J k 4. V. m 


Note. In problem 2 above, the expression x « 7 is equivalent to the 
expression x } 7. 


9. Which is the negation of the statement "Some rectangles are 
squares”? 
(1) Some rectangles are not squares. 
(2) All rectangles are squares. 
(3) All rectangles are not squares. 
(4) All squares are rectangles. 
Solution 
Examine the original statement: "Some rectangles are squares." 
Write the statement in symbolic form: = 
Negate this quantified statement: V. —p 
Translate the negation: "All rectangles are not squares." 


This is choice (3) All rectangles are not squares. Ans. 
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EXERCISES | | 


In 1-22, write the negation of the quantified statement. 
1. Vic =3 2. Asx x5 d. 30 >4 4, W222 <9 


& diy 2 6. Vix =x T. Wyo &. 3,49 

9. All men are human. 10. Some men are handsome. 
11. All women are beautiful. 19. Some women are not rich. 
13. Some animals can fly. 14. All roses are not red. 
15. Some chairs are not soft. 16. No chairs are tables. 
17. All people are not fat. 18. Every frog can not sing. 


19. All segments have a midpoint. 

20. No segments are lines. 

21. Every segment does not have two midpoints. 

22. Some segments do not have a length of 5 meters. 


In 23-30, select the numeral preceding the statement that best 
completes the sentence or answers the question. 


23. Which is the negation of the statement, “All math is fun"? 
(1) No math is fun. (2) All math is not fun. 
(3) Some math is fun. (4) Some math is not fun. 


24. Which is the negation of the statement, "Some numbers are odd”? 
(1) All numbers are odd. 
(2) All numbers are not odd. 
(3) Some numbers are even. 
(4) Some numbers are not odd. 


25. Which is the negation of V, x > 5? 
D 4,4 D (29)V.,xza5 (33,xz5 (4)3,x«5 


26. The negation of "Some angles are acute" is 
(1) Some angles are not acute. (2) No angles are acute. 
(3) All angles are acute. (4) No angles are not acute. 


27. Which is the negation of "Every triangle has three sides"? 
(1) No triangle has three sides. 
(2) Some triangle does not have three sides. 
(3) All triangles have three sides. 
(4) Some triangles have three sides. 


28. Which is the negation of "No flowers are pink"? 
(1) Some flowers are pink. (2) All flowers are pink. 
(3) Some flowers are not pink. (4) All flowers are not pink. 
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29. The negation of "No cowboys are Indians" is 
(1) All cowboys are Indians. 
(2) All cowboys are not Indians. 
(3) Some cowboys are Indians. 
(4) Some cowboys are not Indians. 


30. Which is the negation of "There is an n such that n? = n"? 
(1) For all n, n =n. (2) For some n, n? Æ n. 
(3) For some n, n? = n. (4) For all n, n? Æ n. 


1-4 MATHEMATICAL SYSTEMS AND GROUPS 


In geometry, you learned that a postulational system is one in which 
definitions and postulates are used to prove theorems; and then defi- 
nitions, postulates, and proven theorems are used to deduce other theo- 
rems. This type of deductive reasoning is not limited to geometry but 
is also used to develop systems that are numerical or algebraic in 
nature. 


Binary Operations 
When we operate on two elements from a set and the result is an 
element from that set, we are performing a binary operation. Addition, 
subtraction, multiplication, and division are examples of binary opera- 
tions on the set of rational numbers. Of course we sometimes add 
columns consisting of more than two numbers, but to do so we add only 
two numbers at a time. 


E DEFINITION. A binary operation + in a set S is a way of assigning 
to every ordered pair of elements from S a unique response from S. 


In symbolic form, we write: 
Va,beS: a*b=candceS 


If S is a finite set, a given binary operation may be defined by show- 
ing each result in a table. 


O EXAMPLE: Let S = (0, 1, 2, 3, 4}. Let 6 be 
the symbol for an operation defined by the table 
shown at the right. Note that to every pair of 
elements from S, there is assigned a unique 
member of S. 
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We can illustrate these results by using a cyclic arrangement of 
numbers on a dial. For example: 


RM CRS 


4 








1-824 4+2=1 3+4=2 
The operation ® could also have been defined by describing each 
result in terms of ordinary addition and subtraction. 
at+bifa+b5b<5 
a@b= | 
a+b—5ifa+b25 


The operation 9 is often called clock addition or modular addition. 
The set S together with the operation 9 is a mathematical system. 





| B DEFINITION. A mathematical system consists of: 
1. A known set of elements. 
| 2. One or more operations defined on this set of elements. 










| In general, the system also includes: 
3. Definitions and postulates concerning operations on the set of 


elements. 
4. Theorems that can be deduced from the given definitions and 


postulates. 


The mathematical system that consists of the set of five elements 
(0, 1, 2, 3, 4} and the operation modular addition © is written in 
symbols as (Clock 5, 6). 


Closure 


Once a binary operation is defined on a set, we know that the set 1s 
closed under the operation. 
E DEFINITION. The set S is closed under operation * if and only if: 
Va,beS: a*b=candceS 
O EXAMPLE 1: Addition is a binary operation on the set of integers. 
The set of integers is closed under addition. 


O EXAMPLE 2: Clock addition is a binary operation on (0, 1, 2, 3, 4}. 
The set £0, 1, 2, 3, 4} is closed under the operation clock addition. 
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LI EXAMPLE 3: The set of integers is not closed under division. For 
example, 5 + 4 is not an integer. 


Associativity 
li DEFINITION. The operation * is associative on set S if and only if: 


Va,b,ce S: (a*b)*c-a*(bxc) 


L] EXAMPLE 1: Addition is associative on the set of integers. 


(-3 + 2)+5 2 -3+(2 +5) 
-] +5 2 -3+ 7 
4 = 4 


L] EXAMPLE 2: Modular addition is associative on clock 5. We would 
need to verify 5* 5*5 or 125 arrangements in order to prove this. Two 
such arrangements are shown. 


(262)064 2 2 o (2 @ 4) (19e93)e221 oe (3 e 2) 
4 @®4226 1 4 62216 0 
38 = 8 i = 1 


O EXAMPLE 3: Subtraction and division are not associative on the set 
of integers. 
5-8-3 
-3 -3 
—6 


12 + (6 + 2) 
12 + 3 
4 


o0— 5 2+2 


5 — (8 — 3) | (12 + 6) +2 
0 1 


th Ire [he 
T It lko 


Commutativity 
@ DEFINITION. The operation * is commutative on set S if and only if: 
Va,beS: atb=bea 


L] EXAMPLE 1: The operations addition and multiplication are commu- 
tative on the set of integers. 


L] EXAMPLE 2: The operation & defined on the set {0, 1, 2, 3, 4} is 
commutative. There are 5 * 4 or 20 pairs to be verified. For example: 


206323062 1022201 | 3042463 
0 = 0 3 3 2 = 2 


L] EXAMPLE 3: The operations subtraction and division are not commu- 
tative on the set of integers. For example, 5—-3+3-—5 and 
2+1+#1+ 2, 
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The Identity Element 


B DEFINITION. For set S and operation *, e is the identity element 
if and only if: 
Jec S Vae S: a*e-e*a-a 
O EXAMPLE 1: In the set of integers, the identity element for addition 
is 0. 
9+0=0+9=9 
[1 EXAMPLE 2: The identity element for (Clock 5, 6) is 0. 


0969020 19e902061-1 260-2-0e62-2 
360206323 4e€0-0e64-4 


O EXAMPLE 3: In the set of integers, there is no identity element for 
subtraction and no identity element for division. 


12-0=12but0-12 412 | 12+1=12but1+ 12 * 12 


Inverse Elements 


E DEFINITION. An element a of set S has a unique inverse a^! under 


the operation * if and only if: 


there exists an identity e for * in S, and 


vaceS,3a !eS: ata '=a'*a=e 


[] EXAMPLE 1: Every integer a has an inverse —a for the operation 
addition since a + (—a) = —a +a = O. 
O EXAMPLE 2: In (Clock 5, 9), every element has an inverse. 


0 is the inverse of 0: 06 0 = 
4 is the inverse of 1: 1 € 
3 is the inverse of 2: 2 ® 
2 is the inverse of 3: 3 ® 
1 is the inverse of 4: 4 6 


Groups 


The properties that we have been using enable us to define an impor- 
tant structure in mathematics called a group. 











B DEFINITION. A group is a mathematical system consisting of a 
set G and an operation * that satisfies four properties: | 
1. The set G is closed under * 

2. The operation * is associative on the elements of G. 
3. There is an element e of G that is the identity for *. 
4. Every element a in G has, for *, an inverse a^" in G. 
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This definition can be written in symbolic form. 


E DEFINITION. (G, +) is a group if and only if. 
. Va, be G: a*b =c, ce G. (Closure) 


. Va, b, ce G: (a * b) *c = a + (b + c). (Associativity) 
. Jee G, VaeG: a*e-—e*a = a. (Identity) 


. VaeG, da eG: a*a ! =a! *a =e. (Inverses) 





The integers form a group under addition and the clock 5 numbers 
form a group under clock addition. 

Groups were first defined in the eighteenth century. Examples of 
groups can be found in algebra, geometry, art, and nature. The prop- 
erties of groups play an important role in science. For example, the 
symmetries of crystals of minerals form groups, and the symmetries of 
particles and of fields of force form groups. 

Commutativity is not required for a mathematical system to be a 
group. However, many groups have operations that are commutative. 
When this occurs, the group is called a commutative group, or an 
Abelian group. (Integers, +) and (Clock 5, ®) are commutative groups. 

Clock multiplication or modular multiplication, often indicated by 
the symbol ©, can be described in terms of ordinary multiplication. In 
the clock 5 system shown in the following model problems: 


 ,a*bifa*b«65 
ds Id lon 


k represents an integer such that the value of a * b — 5k is in the set 
{0, 1, 2, 3, 4,!. 


[MODEL PROBLEMS 








The system (Clock 5, ©) consists of the set o 
10, 1, 2, 3, 4) and the operation clock multiplica- 0 
tion defined by the table. 1 
2 
1. Prove that (Clock 5, ©) is not a group. 3 
4 

Solution: (Clock 5, ©) 


1. Closure: Every pair of numbers from clock 5 has a product in 
clock 5 as seen in the table. Therefore, (Clock 5, ©) is closed. 


2. Associativity: We could demonstrate that the associative prop- 
erty holds for all numbers in clock 5. We will agree that all clock 
additions and multiplications are associative. 


20 


2. Let clock 5/{0} be clock 5 after eliminating 0 
from the set. Prove that (Clock 5/{0}, ©) isa 
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. Identity: The identity is 1 because, for all clock 5 numbers x 


*O1210»5z-x. 


. Inverses: This condition fails. 


The inverse of 1 is 1 because 1 © 1 = 1 
The inverse of 2 is 3 because 2 0 3=3 
The inverse of 3 is 2 because 3 0 2 = 2 
The inverse of 4 is 4 because 4 0 4— 1 
However, there is no inverse for 0. 





group. 
Solution: 
The table shows (Clock 5/{0}, ©). (Clock 5/10], ©) 
1. Closure: Every pair of numbers from clock 5/{0} has a product of 
1, 2, 3, or 4 as seen from the table. Therefore, (Clock 5/{0}, ©) 
is closed. 
2. Associativity; We agreed to accept the associativity of clock 
multiplication. 
3. Identity: The identity is 1 because, for all clock 5 numbers x: 
xO 1 l=10 2 =x. 
4. Inverses: Every element has an inverse. 


The inverse of 1 is 1 because 1 © 1 = 1. 
The inverse of 2 is 3 because 2 © 3 
The inverse of 3 is 2 because 3 © 2 
The inverse of 4 is 4 because 4 © 4: 


302= 
203= 
i; 


Therefore, (Clock 5/10}, ©) is a group. 


3. Tell why each of the following is not a group. 


a. 
b. 


C. 


The whole numbers under addition. 
The even integers under multiplication. 
The odd integers under addition. 


Answer: 


a. 
b. 


C. 


The whole numbers have no additive inverses. 

The even numbers have no multiplicative identity, and, there- 
fore, it is meaningless to discuss inverses. 

The odd integers are not closed under addition, no identity 
element exists, and it is meaningless to discuss inverses. 
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[EXERCISES | 1 1 ^ | 


In 1-10, answer the following questions for the set and operation 

shown in the accompanying table. 

. Is the set closed under the given operation? 

. Is the operation associative on the given set? 

. Name the identity element for the system. 

. For every element having an inverse, name the element and its 
inverse. 

e. Is the system a group? 


ao op 


l. Set S = {pos, neg}, to * |pos neg 
represent positive and nega- 
tive integers. The operation 
is multiplication. 

2. Set S = {-1, 0, 1}. The Ex. 1 
operation is multiplication. 





pos | pos neg 
neg | neg pos 








3. Set S = clock 3 = (0, 1, 2}. Sf 1:2 
The operation is multiplication. iliz 
4. Set S = clock 3/{0} = {1, 2}. 2 | 24 
The operation is multiplication. | 
Ex. 4 


9. Set S = {odd, even}, to 
represent odd and even 
integers. The operation 
is multiplication. 

6. Set S = {1, 2, 3}. The oper- Ex. 5 Ex. 6 
ation is min, finding the 
minimum, or smaller, of two 
numbers. 








7. Set S = fa, b, c, dy. The ‘leh & J 
operation * is defined by the 
table. ale dub wix we y 
b|d abe clus 2 
8. Set S = {w, x, y, z). The C abcd y»[2 ¥ x W 
operation # is defined by the dibcda zly z wx 
table, Ex. 7 Ex. 8 


22 


9. 


10. 


11. 


12. 


13. 


14. 


16. 
17. 
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Set S = le, f, gj. The 
operation @ is defined 
by the table. 


Set S = clock 8/{0} = 
11,2; 3, 4, 5, 5, T]. The 
operation is multiplica- 
tion. 





Go O3 E 4$ =] rpm Cc cn 
b2 o£» Q O M b Cc c 
= boo 4 Ca CD =) =] 





& C b O P Cc b x» 





D bI OO)» br bo 
ona È e C co c 


Ex. 10 
. Construct the table for (Clock 6, ©). 
. Is (Clock 6, 9) a group? 
. Construct the table for (Clock 6, ©). 
. Is (Clock 6, ©) a group? 
. Construct the table for (Clock 6/{0}, ©). 
. Is (Clock 6/{0}, ©) a group? 
True/false: For any counting number n, (Clock n, 9) is a group. 
True/false: For any counting number n, (Clock »/10j, ©) is a 
group. 
True/false: For any prime number n, (Clock n/{0}, ©) is a group. 


a. If S = {0}, is (S, +) a group? 
b. If S = {1}, is (S, *) a group? rto x ds 
c. If S contains a single element x, 

and x * x — x, is (S, *) a group? 


PD op 


Exercises 18-22 refer to digital multiplication with S = (1, 3, 5, 7, 9}. 


18. 


19. 


20. 


In digital multiplication, answers are single ©| 135679 
digits, obtained by writing only the units 
digit from a product in standard multiplica- 
tion. Compare the given examples. 


Standard: 
$8°5=15 3:7=21 3°9 = 27 
Digital: 
o © 6 = 5 o0721 90927 


Copy and complete the table shown above for digital multiplica- 
tion with the set (1, 3, 5, 7, 9}. 





Ex. 18 to 22 


. Compute (3 © 9) © 7. b. Compute 3 © (9 © 7). 

.Ils(38:6&9)0723 o (9 o 7)? 

. Is digital multiplication associative? Explain why. 

. Name the identity element for ({1, 3, 5, 7, 9}, ©). 

. For every element having an inverse, name the element and its 
Inverse. 


pao 
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21. Is the set closed under the operation of digital multiplication? 
22. Is the set (1, 3, 5, 7, 9) under digital multiplication a group? Why? 


23. a. Construct a table for the set (1, 3, 7, 9) under digital multipli- 
cation. 
b. Is the set (1, 3, 7, 9) under digital multiplication a group? 
Why? 
c. How does the table for part a compare to the table constructed 
in exercise 18? 


24. a. Using set S = {0, 2, 4} and the operation of 
average, symbolized by avg, copy and 
complete the table shown at the right. 

b. Give three reasons why this system is not a 


group. 





1-5 FIELDS 


In previous courses, you studied the distributive property of multipli- 
cation over addition. 


alb + c) = ab + ac and ab + ac = a(b + c) 


The importance of the distributive property is that it links two oper- 
ations defined on a set of elements. The distributive property is not 
limited to multiplication over addition, but sometimes holds for other 
pairs of operations as well. 


[] EXAMPLE 1: Is multiplication distributive over max? 


a(b max c) 2 ab max ac 
—3(5 max 7) 2 —3(5) max — 3(7) 
—3(7) 2-15 max —21 
-21 Æ —15 


Multiplication is not distributive over max. 


[] EXAMPLE 2: Is squaring distributive over multiplication? 

(abf 2 ab 
By using the definition of a square and the associative and commuta- 
tive properties of multiplication we see that: 


(ab) = (abXab) 
= (aaXbb) 


- ab? 


Squaring is distributive over multiplication. 


I 
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We have defined clock addition and clock multiplication on the set of 
clock 5 numbers (0, 1, 2, 3, 4! as shown in the tables. (Clock 5, 6, ©) 
is a mathematical system. 





C EXAMPLE 3: Is multiplication distributive over addition in the 
system (Clock 5, 6, ©)? 


300204) 23 026304 
3 © 1 £ 1 a 2 
3 = 3 


This is just one case for which the distributive property holds in the 
given system. By considering all possible sets of numbers from clock 5, 
we could show that multiplication is distributive over addition in the 
system (Clock 5, ®, ©). 

Although it is possible to write a more general definition of the 
distributive property of one operation * over another operation #, as 
a *(b f£ c) = (a * b) f (a * c), we will limit our definition to the more 
familiar operations. 


B DEFINITION. In set S, multiplication is distributive over addition 
if and only if 


Va, b, ce S: a(b + c) 2» ab + ac and ab + ac = alb + c) 


A Field 

Just as the distributive property links together two operations, there 
is a mathematical system called a field that contains two operations. 
Since most fields consist of the operations of addition and multiplica- 
tion, we will use these operations in our definition. 
@ DEFINITION. A field is a mathematical system consisting of a set 
F and two operations, normally addition and multiplication, which 
satisfies eleven properties: 








l. The set F is a commutative group under the operation of addi- 
tion, satisfying five properties: closure, associativity, the exis- 
tence of an identity for addition (usually 0), the existence of 
inverses under addition, and commutativity. 
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2. The set F without the additive identity (usually F/{0}) is a 
commutative group under the operation of multiplication, satis- 
fying five properties: closure, associativity, the existence of an 
identity for multiplication (usually 1), the existence of inverses 
under multiplication, and commutativity. 

3. The second operation, multiplication, is distributive over the first 

operation, addition. 





Thus, if we know the properties of a group, it becomes relatively easy 
to remember the definition of a field. The definition is now rewritten 
in symbolic form. Notice that two operations are included with the 
set F by writing (F, +, *). 


@ DEFINITION. (F, +, *) is a field if and only if 


1. CF, +) is a commutative group. 
2. (F/{0}, *) is a commutative group. 
3. Multiplication distributes over addition. 





MODEL PROBLEMS] — č —  — | 


1. Prove that (Clock 3, 6, ©) is a field. 


Solution: 
First, establish that (Clock 3, &) is a commutative group. 
1. (Clock 3, 6 ) is closed. 6| 012 
2. (Clock 3, ® ) is associative. 

3. In (Clock 3, 6 ), the identity is 0. 
4 





012 

. In (Clock 3, 6 ): 120 

The additive inverse of 0 is 0. 21201 
The additive inverse of 1 is 2. (Clock 3, &) 


The additive inverse of 2 is 1. 
5. (Clock 3, 9) is commutative. 


Next, establish that (Clock 3/{0}, ©) is a commutative group. 





6. (Clock 3/{0}, © ) is closed. 

7. (Clock 3/{0}, © ) is associative. | 
8. In (Clock 3/10), ©), the identity is 1. 1|12 
9. In (Clock 3/{0}, ©): Ziad 


The multiplicative inverse of 1 is 1. (Clock 3/{0}, ©) 
The multiplicative inverse of 2 is 2. 
10. (Clock 3/{0}, © ) is commutative. 


Finally, establish that multiplication distributes over addition. 
11. In(Clock 3, 6, ©) a O (6 ®@dQ=a Ob@a Oe. 
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Let us list some examples of the distributive property that can be 
shown in (Clock 3, &, ©). 


10 ẹ 2210061092 229 1) 22020 20 1 
1022062 2002162 
229 020 
2118 122010201 
2052] 2 
Lsa 


It can be shown that all possible arrangements of clock 3 numbers 
in the rule a © (6 6 c)=a © b 6 a O c will result in true 


statements. 


2. Prove that (Integers, +, *) is not a field. 


Solution: 
Of the eleven field properties, one fails to be satisfied. With the 
exception of 1 and —1, integers do not have multiplicative inverses. 


[EXERCISES | — (ooo | 


In 1-6: a. Is the system a field? b. If the system is not a field, name 
one field property that is not satisfied. 


1. (Whole numbers, +, *) 2. (Positive numbers, +, *) 
3. (Even integers, +, *) 4. (Odd integers, +, *) 

5. (Clock 3, e, ©) 6. (Clock 4, e, ©) 
7 
8 


. Give a reason why (Rational numbers, +) is not a field. 
If S = {0}, give a reason why (S, +, *) is not a field. 


Exercises 9-16 refer to the field (Clock 5, ®©, ©). The tables for these 
operations are found on page 24. 


9. What element does not have an inverse under multiplication? 
10. What element is its own inverse under multiplication? 
11. What is the additive inverse of 4? 
12. Evaluate 3 6 3 6 3. 13. Evaluate 3 O 3 O 3. 


In 14-16, evaluate parts a and b; then answer part c. 


14. a. 4 © (2 @ 4) b.40206404 
c.184 0(209 4)—402 04 0 4? 
15. a. 2 © (3 e 2) b.2030$6202 


c.120(802)220383e0e202? 
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16. a. 3040302 b. 3 © (4 e 2) 
c.I1830406302-23 O(4 © 2)? 


17. What is the field property being tested in exercises 14-16? 


Exercises 18-26 refer to set S = 10, 2, 4, 6, 8} under the operations 
of digital addition and digital multiplication, shown in the tables. 
18. Is (S, 6): a. closed? 
b. associative? 
c. commutative? 
19. Name the identity for (S, 6). 
20. For every element in (S, &) 
having an inverse, name 
the element and its inverse. 
21. Is (S, 6) a commutative group? 
22. Is (S/{0}, ©): a. closed? b. associative? c. commutative? 
23. Name the identity for (S/{0}, ©). 
24. For every element in (S/{0}, ©) having an inverse, name the 
element and its inverse. 
25. Is (S/{0}, ©) a commutative group? 
a. Is 4 © (2 e 6) = (4 © 2) e (4 © 6)? 
b. Is 8 © (2 ® 4) =(8 © 2) e (8 © 4)? 
€. Does the operation © distribute over the operation e? 
26. Is (S, 6, O) a field? 





Exercises 27-31 refer to the set S — (a, b, cj under the operations of 
A and *, as shown in the tables. 





27. In (S, A), the operation ^ isassocia- ^ |a be * |m bc 
tive and the identity element is c. | | 

Is (S, ^) a commutative group? bubo dido 

: c a b biabe 

28. In (S, *), which element does not c labe ciccc 


have an inverse? 
29. By removing c (the identity element under ^) from the set S, the 
set S/{c} is formed. Is (S/{c}, *) a commutative group? 
30. One of the operations distributes over the other operation. 
a. Isb ^ (a*c) = (b A a) * (b A cy? 
b. Is b * (a ^ c) = (b * a) ^ (b * cy? 
c. Which operation is distributive over the other? 
3l. Is (S, ^, *) a field? 
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1-6 PROPERTIES OF THE RATIONAL NUMBERS 
Field Properties of the Rational Numbers 


The set of rational numbers under the operations of addition and 
multiplication forms a field. 


@ (Rational numbers, +, *) is a field satisfying eleven properties: 
1. (Rational numbers, +) is closed. 


Va.» © Rationals: a + b = c where c € Rationals. 
2. (Rational numbers, +) is associative. 
V,,. E Rationls: (a +b)+c=a+ (b+c). 


3. A unique identity element (zero) exists for addition. 
J, € Rationals, V, € Rationals: x +0=x, and 0* x - x. 


4. Every element has an inverse (- x) under addition. 
V. € Rationals, 3, ,, € Rationals: x + (-x) = 0, and 
(-x) +x = 0. 
5. (Rational numbers, +) is commutative. 


V,» € Rationals: atb=b+a. 


6. (Rational numbers/ {0}, *) is closed. 
V, , € Rationals/(0): | ab = c where c € Rationals/ {0}. 


7. (Rational numbers/ {0}, +) is associative. 


V,» € Rationals/{0}: (ab)c = a(bc). 


8. A unique identity element (one) exists for multiplication. 


J, € Rationals/{0}, V, € Rationals/{O}: |x*1^7 x, and 
1*x =x. 


9, Every element in Rationals/{0} has an inverse (2) under multipli- 


cation. 


V, € Rationals/ {0}, 3 1€ Rationals/ (0): 


«im. * 
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10. (Rational numbers/ {0}, *) is commutative. 
Ya.» © Rationals/{0}: ab = ba. 


11. Multiplication is distributive over addition. 
Va b.c © Rationals: a(b +c) 2» ab * ac, and ab +ac=a(b+c). 


We will use these eleven field properties of the rational numbers to 
solve equations and to perform computations throughout this chapter. 


Properties of Order 

Two numbers a and b are equal, that is, a = b, when they name the 
same number. For example, the integer 3 is expressed in rational form 
as >,and3 = Ż, 

On a standard horizontal number line, the point assigned to the num- 
ber 3 is to the right of the point assigned to the number 2. Certainly 
3 Æ 2, read as “3 is not equal to 2." However, it is possible to describe 
the order of these numbers in more specific terms: 


3 > 2, read as “3 is greater than 2." 
—2—1 OO 7 2 8. 4 OR 
2 < 3, read as “‘2 is less than 3." 


Using this conventional number line, we 
may state the following generalization: If a "5 a ~ 
and b are two rational numbers, then a > b l 
(or b « a) if and only if the graph of a is to v - d 
the right of the graph of b. b «a 


These examples help us to understand the following properties of 
order, each of which is true for the set of rational numbers. 


1. The Trichotomy Property 


Given the numbers a and b, then one and only one of the follow- 
ing sentences is true: 


a>b, ora=b, ora<b 
2. The Transitive Property of Inequalities 
For all quantities a, b, and c: Ifa >b and b >c, thena >c. 


AND 


Ifc <b and b <a, then c <a. 
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Using the rational numbers, we observe: 
[]ExaMPLEe: If 5 > 35 and 3l > 8,then 5 > 3. 


3. The Addition Properties of Inequalities 
For all quantities a, b, and c: Ifa ^ b,thena tc ^ b * c. 


AND 


Ifa < b,thena*t c € b * c. 


Using the rational numbers, we observe: 


[]ExaMPLE 1: If 35 > 2, then 87 + 7 7 2 * 7, or 105 9. 


O Exampre 2: If4<6, then 4*2 «6 * $,or 45 < 65. 


4. The Multiplication Properties of Inequalities 
For all quantities a and b: 
If a > b and c > 0 (c is positive), then ac > be. 
If a <b and c > 0 (c is positive), then ac < bc. 
If a > b and c < 0 (c is negative), then ac < bc. 
If a « b and c < 0 (c is negative), then ac > be. 


Using the rational numbers, we observe: 
[]ExaAMPLE 1: If 8 > 6 and 4 > 0, then 8(4) > 6(4), or 4 > 3. 
[]ExaMPLE 2: If 1j < 5 and 2 > 0, then 15(2) < 5(2), or 3 < 10. 


[]ExaMwPLE 8: If 87 6 and -4 <0, then 8(-4) < 6(-4), or 
-4 < -9. 


[J Examere 4: If 14 <5 and -2 <0, then 14(-2) > 5(-2), or 
-3 > -10. 


E DEFINITION. An ordered field (F, +, *, >) is a mathematical sys- 
tem in which a set F under the usual operations of addition and multi- 
plication satisfies the eleven properties of a field and the four order 
properties of trichotomy, transitivity, addition of inequalities, and 
multiplication of inequalities. 
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Not every field is an ordered field. In Chapter 14 of this book, we 
will study a set of numbers that forms a field but lacks the order proper- 
ties necessary to be an ordered field. For now, let us observe: 


E The set of rational numbers is an ordered field. 


The Property of Density 


B DEFINITION. A set is dense if and only if there is at least one ele- 
ment of the set between any two given elements of the set. 


Between any two given rational numbers, it is always possible to find 
at least one more rational number by finding the average (avg) of the 
two given numbers. Thus, the set of rational numbers is a dense set, or 
a set having the property of density. 


[]ExawPrE 1: Find a rational number between 1 and 14. 


- 1.1*1$ _ 22 250. 1 
Solution: l avg 15 = t und = 1.25, or 1 Ans. 


[]ExaMPLE 2: Find a rational number between 4 and 2. 
Solution: ay =a ———— Fa Sa cm s:c-m—-— Ans 
“7 "ct E — X 4 d [| 4 4 


In fact, choose any two rational numbers |  —4 ——L——L——L— ——- 
that might be graphed on a number line, such = 0 H 1 4 4 


as 0 and 4. Think of one-place decimals be- 


tween these two numbers, that is, .1, .2, .3, and .4. Now think of two- 
place decimals, namely .01, .02, .03,..., .49, and three-place decimals, 
001, .002, .003,..., .499. This process of increasing the number of 
decimal places leads us to make the following observation, not only for 


0 and 4, but for any two rational numbers: 


E Between any two rational numbers, there is an infinite number of 
rational numbers. 


We have seen that every rational number is associated with a point on 
the number line, but the converse of this statement is not true. For ex- 


ample, between the points associated with 1 and 14 on a number line, 
there is an infinite number of points associated with other rational 
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numbers, but there is also a point associated with \/2, a number that is 


not rational. We will study irrational numbers like 4/2 in Chapter 4 of 
this book. For now, realize that no matter how densely packed the 
points associated with rational numbers are, there are still *holes" in 
the rational number line. 


MODELPROBLEMS| —. —..  .  — —  — o 


1. Write the negation of the expression x > 5 in two ways. 


Solution 


By the Trichotomy Property, x > 5, x = 5 or x < 5. If we know that 
x > 5, then x = 5 or x < 5, that is, x < 5. 


Answer: x > 5o0rx < 5 


2. Arrange the numbers i $, and i in proper order, using the sym- 
bol <. 


Solution 
1. Change the fractions to decimal form. 


60 571428... 50 
2=5)3.00 +4 =7)4.000000 1 = 2)1.00 


2. Since .50 < .571428 and .571428 < .60, we can now see that 


1 « and + <2. A more compact form of this inequality is 


E FLE 
Answer: <7 


In 1-8, name the property illustrated for the set of rational numbers. 


1. 34 +7=7+3} 2. (17°4)°4=17°(§ °4) 
3. $+(-3) =0 4. $-3= 

6. 634 5)76-3*6-$ 6. x 20orx-O0orx <0 
7. 24022 8. 4.321(1) = 4.321 


5 5 


The Rational Numbers 33 


In 9-18, tell whether the statement is true or false. 


9. 5«8 10. &«7 11. -8.90 12. 19.59 
13. -6<-1 14. $2-$ 15. 225 16. 4 >4 
17. -4 > -1 18. -1.6 < -2 


In 19-26, replace the question mark with one of the symbols > or < 
to make the sentence true. 


19. If x < 9, then x +279 + 2. 

20. If x > 5, then 3x ? 15. 

21. Ifx + 3 > -2, then x ? -5. 

22. If-2 < x, then -3 ? x - 1. 

23. If 7 >6 and x > 0, then 7x ? 6x. 
24. If x <6 and 6 < 8, then x ? 8. 
25. If 7>6 and 6 > x, then 7 ? x. 
26. If6 < 8 and x < 0, then 6x ? 8x. 


In 277-31, write the negation of the given expression in two ways. 
27. x22 328. x «83 329. x $12. 30. x2-8 31. x4 


In 32-39, arrange the given numbers in proper order, using the sym- 
bol <. 


32. -2,5,1 38. -4,-2,-7 84, .9,.12,.21 
35. $> 10> 20 36. -3,-1,-1.6 a7. £414 
38. $$, 39. 1£,145,12 


In 40-47: a. Is the system a group? b. If the answer to part a is 
"No," name all group properties that fail. 


40. (Counting numbers, +) 41. (Integers, *) 
42. (Integers/ {0}, *) 43. (Rational numbers, -) 
44, (Rational numbers, +) 45. (Rational numbers/ {0}, -) 


46. (Positive rational numbers, +) 47. (Positive rational numbers, -) 


In 48-57, find the average of the two given rational numbers to find 
a rational number that lies between these given numbers. 
48. 7,8 49. 0,-3 50, -8,-7 51. -5,2 52. 3,3.3 
53. 2,25 54. 2,2 55. 1.9,2 56. 2, 57. 3,4 


Qo 


olen 


58. Name three rational numbers that lie between 17.1 and 17. 
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1-7 FIRST-DEGREE EQUATIONS 
AND INEQUALITIES 


In working with the field of rational numbers, as well as other 
ordered fields, we deal with quantities, operations, and relationships. 
The addition and multiplication properties for inequalities were stated 
in the last section. When two quantities are equal, other postulates are 
needed. 


Postulates of Equality 
A postulate or an axiom is a statement that is accepted as being true 
without proof. Let us recall some postulates of equality, studied in 
earlier courses, that are used when dealing with equalities and solving 
equations. 


1. The Reflexive Property Va = a, 

2. The Symmetric Property Vap: If a = b, then b = a. 

3. The Transitive Property Vasc lf a = b and b = c, 
then a - c. 

4. The Substitution Property Va: If a = b, then a may be 


replaced by b, or b may 
be replaced by a, in 
any expression. 


5. The Addition Property Vabe if a = b, then 
at+tece=60+6. 


6. The Multiplication Property Vab, If a = b, then ac = bc. 


Equations and Inequalities 
An equation is a sentence that uses the symbol = to state that two 
quantities are equal, such as $ = 3. An inequality is a sentence that 
uses one of the symbols of order, namely, >, <, =, or <, to show the 
order relation of two quantities. 
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In an open sentence, one or more of the quantities in the relation- 
ship contains a variable. For example: 


Equation: x + 7-8 Inequality: x * 7 « 3 


In each of these open sentences, the left-hand member (x + 7) con- 
tains the variable x. The right-hand member (3) as well as the term 7 
are called constants. A variable is a placeholder that represents a mem- 
ber or an element of a given set. Such a set is called the domain, or the 
replacement set, of the variable. The open sentence is not true or false 
until we replace the variable with elements of the domain. 


Equation: x * 7-83 Inequality: x * 7 «3 

If x =-6, then-6+7=8 If x =-6, then-6+7< 3 
or 1=3 (False) or 1<3 (True) 

If x =-4, then -4+7=383 If x =-4, then -4+7<3 
or 3-8 (True) or 3«3 (False) 


When a sentence can be judged to be true or false, it is called a 
statement, or a closed sentence. In a statement there are no variables. 

A solution set is a subset of the domain consisting of those elements 
or members of the domain that make the open sentence true. A solu- 
tion to an equation is sometimes called a root of the equation. 


[ ] ExAMPLE 1: L] ExAMPLE 2: 
Domain = Integers Domain = Integers 
Solve forx: x +7=8 Solve forx: x +7< 8 


Solution: Add the inverse of 7 to | Solution: Add the inverse of 7 to 


both members and simplify. both members and simplify. 
x+71=3 | LTS 8 
x + 1 + (-7) =3 + (-7) S&T te hs ot CT) 
=-4 x« -4 


Answer: x — -4, or the solution | Answer: x < -4, or the solution 
set = {-4} set = {-5,-6,-7,...} 


In solving the open sentences in examples 1 and 2, we used many of 
the field properties, the properties of equality, and the properties of 
order. These included: the addition property of equality; the addition 
property of inequality; associativity under addition; additive inverses; 
the additive identity; and closure under addition. Rather than use a 
lengthy procedure to write the application of each property as a differ- 
ent step, let us agree to use abbreviated procedures to solve all open 
sentences. (See these procedures in the model problems that follow.) 
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Types of Solution Sets 


We have learned that sets may be finite, infinite, or empty. This state- 
ment is also true for solution sets, as we will now see. 


A finite set is a set whose elements can be counted. For example: 


1. Given the domain of integers and x + 7 = 8, the solution set is (- 4). 

2. Given the domain of whole numbers and x < 4, the solution set is 
10.1. 2, 3}. 

3. Given the domain of counting numbers and x < 300, the solution 
set is (1, 2, 3, . . . , 300}. 


An infinite set is a set whose elements cannot be counted. Here, the 
counting process does not come to an end. For example: 


1. Given the domain of integers and x + 7 < 3, the solution set is 
[-5,-6,- T,«s4f 
2. Given the domain of rational numbers and x + 7 < 8, it is not 


possible to list a pattern of numbers as the solution set. Rather, the 
solution set is written in set-builder notation as follows: 


{x|x < -4 and x € rational numbers) 


This is read: 
"the set of | 
all elements x | 


such that : 
x is less than - 4 and x is a rational number" 





Note that set-builder notation may be used to indicate any set. How- 
ever, if it is possible to list the elements of a set in a simpler form, we 
should do so. For example, (x|x = 4 and x € integers} can be listed 
simply as (4). 


The empty set, or null set, is the set that has no elements. 


1. Given the domain of integers and x + 5 = 2, the solution set is the 
empty set, written as { } or @. 


2. Given the domain of whole numbers and x < —4, the solution set is 
again { } or Ø. 





Unless otherwise noted, assume that the domain for all equations and 
inequalities in this chapter is the set of rational numbers. 


1. Solve and check: 5(x - 1) - 3 = 2x - (3 - x) 


Procedure for Solving 


a First-degree Equation 


l. 
2. 


Write the equation. 


Clear parentheses by 
using the distribu- 
tive property. [Note: 
-(8 - x) means 

-T(8 - x).] 


. Combine like terms 


on each side of the 
equation. 


. Use additive inverses 


to form an equivalent 
equation with only 
variable terms on one 
side and only con- 
stant terms on the 
other. 


5. Combine like terms. 


6. Use a multiplicative 


inverse (also called a 
reciprocal) to isolate 
the variable. 


Procedure for Cheching 


an Equation 


. Check the solution 


(or the root) only in 
the orginal equation. 


. Simplify terms within 


parentheses. 


Solution 
9 (x - 1)- 32 2x - (8- x) 
5x-65-38=2x-3+<x 


5x -8=3x- 3 


5x - B+ (-3x + 8) = 8x- 3+ (-8x + 8) 
ox + (-3x) =-3 + (8) 


2x=5 
$(2x) = (5) 
x =2, or 24, or 2.5 
Check 


oe - 1) + 3= 23g- (8 x) 
5(23 - 1) - 3 5 2(21) - (3 - 21) 


5(14) - 3 2 2(21) - (1) 
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= — 


5 
4% (True) 


role 
ll^ 
rol 


3. Multiply (and divide). 7 
4, Add (and subtract). 4 


3 
i 
2 
Answer: x = 3, or 25, or 2.5; or solution set = {25} 


2. Solve within the set of rational numbers: 2(5- x) >3+1 


How to Proceed Solution 
1. Write the inequality. 25-x)>3t+1 
2. Clear parentheses. 10- 2x > 3+1 
3. Combine like terms on each 10- 2x > 4 


side of the inequality. 


4. Use additive inverses to form — 10 - 2x + (-10) > 4+ (-10) 
an equivalent inequality with Ggs 44 E-10) 
only variable terms on one | 
side and only constant terms 
on the other. 


5. Combine like terms. -2x > -6 
6. Use a multiplicative inverse -l(-2x) < -$(-0) 
(reciprocal) to isolate the ses 


variable. (Note: When multi- 
plying by a negative number, 
the order is reversed.) 


Answer: íx|x < 3 and x € rational numbers} 


Since this solution set is infinite, it is not possible to check all 
values that make the inequality true. However, you may select 
one or more rational numbers less than 3 and check these values 
in 2(5 - x) > 3 + 1, the original open sentence. 





In 1-7, list the elements of the solution set, or indicate that the solu- 
tion is the empty set. 


1. 
2. 
3 
4. 


{x|x + 5 = 16 and x € whole numbers} 

[x|x - 3 < 1 and x € counting numbers} 
. {y|2y + 5 = 8 and y € rational numbers} 
(y|3 - 4y = 2y and y € natural numbers) 
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9. [x|3(4 + x) S 27 and x € whole numbers) 

6. [x|x + 21 = 3 - 2x and x € integers} 

T. {yl5 - 2y = 4(y - 7) and y € integers) 

In 8-36, solve and check the equation. Use the domain of rational 
numbers. 

8& x-T-—10 9. y 873 10. 42-1 
11. -3 = 2w 12. 8-a*.5 13. 2b - 1 
14. .4c - 6 15. 2d = 1$ 16. -24 =-3+p 
17, £=-24 18. r- 35». 19. s+.1=.21 
20. 2x * 7 21. 4y- 3-4 22. 3z = 20 +z 
23. $m=12- 2m 24. 2.5k = 11 + .3k 25. rdi ee 
26. 2(x - 1)=- 217. 4-7 8(y + 1) 28. 4(b + .2) = 
29. 6x- 6-3x- 2 30. 3y- 5+ 2y=8- 3 
31. b- .24=.4- 8b 32. 2k - 3 = Ak + 3.4 
33. 8x - 2(x- 3) =15 34, 2y - (y + 10) = 5(y + 6) 
2y - 3(2y - 3) » y + 29 36. 4- (x + .2)=2x- 1 


35. 


In 37-52, solve within the set of rational numbers. Use set-builder 
notation to write the solution set. 


37. 
40. 
43. 


46. 
49. 
91. 


x*1i«4 38. 8x +1 >13 39. -3x <- 
15- 2x —1 41. x 2"7x-6 42. 25< 9x - 2 
3,24 44. >< 1b 45. 8-x «11 
4x < 8(x + 4) 47. 3(x * 2) € 2 48. 2(8- x) <10 
8 + 3y > 10 - 2y 50. 14+y <4+ 2y 
x- 2(x- 2) <2 52. x- 3 < 3(2x - 1) 


In 53-55, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


53. 


94. 


55. 


The solution set of x + 8 = 7 is { } when the domain is the set of: 


(1) integers (2) whole numbers. 

(3) negative numbers (4) rational numbers 

For which domain will the solution set of 4x + 1 < 13 be (1, 2}? 
(1) integers (2) whole numbers 

(3) natural numbers (4) rational numbers 


The solution set of 3x - 2 = 5 is not empty when the domain is 
the set of: 

(1) integers (2) whole numbers 

(3) natural numbers (4) rational numbers 


AE d and dl LL LLAILLILLIELLILA: 
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1-8 RATIO AND PROPORTION 


Take the first five letters of the word “rational” to form a closely 
associated mathematical term, “‘ratio.” 


B DEFINITION. The ratio of two numbers a and b, where b is not 


my a 
zero, is the number b 


For example, the ratio of 2 and 4 in the order given is the number 
2. Recall that any ratio of a to b may also be written in the form a:b. 


Thus, the ratio of 2 to 4 may be written as 2 or as 2:4. 

Either form, A or a:b, may be used when comparing two numbers. 

In our study of geometry, we used ratios to compare lengths of seg- 
ments and measures of angles. Keep in mind that lengths and angle 
measures are numbers, not the physical objects themselves. When com- 
paring three or more numbers in a continued ratio, we use the form 
a:b. For example, the ratio of the angle measures of a 30 °_60°-90° 
triangle is expressed as 30:60:90. (See Fig. 1.) 


A M B 
| | | 


| - -4 — — ——À 
Fig. 1 Fig. 2 








If M is a midpoint of segment AB, and AB has alength of 4 centimeters, 
then AM = 2 centimeters and MB = 2 centimeters. (See Fig. 2.) 

In this example, the ratio AM is the number " or 2:4. Since the 
ratio 2 is equal to the ratio >, we may write 2 = 2. We may also write 


2:4 7 1:2, which is read as “2 is to 4 as 1 is i 2» Each of these equa- 
tions is an example of a proportion. 


B DEFINITION. A proportion is an equation that states that two 
ratios are equal. 
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In general terms, a proportion is written as E = a or as a:b = c:d, 


where b # 0 and d # 0. The first and fourth terms, a and d, are called 
the extremes of the proportion. The second and third terms, b and c, 
are called the means of the proportion. 


ajo 


1. Given any proportion: 


ee 


2. Apply the multiplication property of equality. 7. (bd )z (bd) 
3. Simplify. ad = bc 


Conversely, by starting with ad = bc, and multiplying each side by 


1 " cd a 
pd» We will obtain 7 d 


. Thus, we observe: 


ll A proportion exists if and only if the product of the means is equal 
to the product of the extremes. 


Thus, given b = 0 and d 0, we can state: 


B" if and only if ad = be, 


For example, given ;& = =&, then 6 - 20 = 15 - 8, or 120 = 120. 
Using the multiplication property for inequalities where b > 0 and 


d > 0, we can prove that similar relations are true for fractions that 
are not equal, or terms not in a proportion: 


z > 5 if and only if ad > bc 7 « 5 if and only if ad < bc 
For example: For example: 
If $ > 54, then2-11>3-4 If >< $,then4-9<7-8 


or 22 > 12. or 36 < 56. 


Equivalent Fractions 
Two fractions, such as 2 and 4, that are different expressions for the 
same rational number are called equivalent fractions. By stating that 


equivalent fractions are equal to each other, as in 2 = 1, we form a pro- 
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portion. Conversely, when a proportion is stated, the left-hand and 
right-hand members of the equation represent or name equivalent 


fractions. 
There are two common methods to find fractions that are equivalent 


to any given rational number P 
1. Exrension. Multiply both numerator and denominator by the same 
number x, where x = 0. Note that = is equal to +, or 1, the iden- 


tity element under multiplication. 





a = a: x = ax 
b b+x bx 
| 8.3:5, 15 3.3C2). -6 
For example, 4^ 4-5" 929 and L7 74-9)" cg. Thus, 
Š, 12. and — = are all equivalent fractions. 


2. CANCELLATION. When possible, divide both numerator and denomi- 
nator by the same number x, where x # 0. To determine a number 
for this common division, find a factor common to both parts of the 
fraction. 


-2 This is sometimes 





JN; X2 8 874 
For example, => 12 4-3" Thus, <7 12 ^ 124 


4 

2 
"CU "ET ms dL. d 
written in the form of a cancellation: 12 a2 ^3* Thus, —— 12 and 3 
3 


are equivalent fractions. 


Proportions in Geometry 
Let us recall some applications of proportions from geometry. 


B DEFINITION. Two polygons are similar if and only if there is a 
one-to-one correspondence between their vertices such that the corre- 
sponding angles are congruent, and the ratios of the lengths of corre- 
sponding sides are equal. 
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For example, if AABC -— 
A A'B'C', it is understood that 
A corresponds to A’, B corre- 


sponds to B', and C corre- 
sponds to C'. Since the ratios 
of lengths of corresponding 
sides are equal, we may write: 


AB _ BC AB _ CA BC | CA 
A'B' B'C' A'B' C'A' BC CA’ 
Note: When the ratios of the lengths of the corresponding sides of 
two polygons are equal, as just shown, we say that the corresponding 
sides of the two polygons are in proportion. 





AB BC 
A'B' pon and av all name the same 


rational number and are therefore equivalent fractions. 
Some familiar examples involving similar triangles appear in the exer- 
cises to follow. For now, let us recall three specific situations. 


C p R C 
| T, | 
D E 
A B S Q A D B 


Fig. 1 Fig. 2 Fig. 3 


It is interesting to note that 


1. In Fig. 1, if DE || AB, then ADEC ~ AABC. Many proportions can 
a4, OD. EE GD GE cm cA 
be formed, including: DA ` EB? CA^ CB? DE AB 
—> <+ 
2. In Fig. 2, if PR || SQ, then LP = LQ and LR = LS, Since APRT ~ 


PH S RI PR FT 
AQST by a.a. = a.a., proportions include: QS ST^'QS QT 


3. In Fig. 3, if altitude CD is drawn to hypotenuse AB in right A ABC, 
three similar — are formed, AABC ~ AACD ~ ACBD. Among 


the proportions: D = DB' AC" AB! BC" BA 
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2. 


Replace the question mark ‘‘?” between each pair of rational num- 
bers with >, <, or = to make the statement true. 


4 912 8 o 6 
a 7 751 b. 15 ! io 


Solution 


Method 1: Change each fraction to an equivalent fraction so that 
both rational numbers have the same denominator. 


4,12 | SB. .9. 

a. 7'7?1 D. 15 * 10 
4-3 ,12 8.2 , 6-3 
7-8 21 15-2 ° 10-3 

21 21 3 30 
4_12 | 8.8. 

Thus, 7^7 Thus, 15 < 10 


Method 2: Determine the relationship that exists between the 
product of the means and the product of the extremes. 


a. $?H b. A 78 
4(21) ? 7(12) 8(10) ? 15(6) 
84 = 84 80 « 90 
Thus, 7 = 31 Thus, 4& < 4$ 
Answer: a. 4 = 12 b x « $ 
A 


Given: AB intersects CD at E, LA = 
LD, LC = LB, AC = 36, CE = 
15, EA = 30, and DB = 24. 
a. Explain why AACE ~ ADBE. 
b. Find the lengths of DE and BE. 
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Solution 


a. Since LA = LD and LC = ZB, it follows that AACE ~ ADBE 
by a.a. = a.a. 


b. 1. Identify the variables. Let x = DE. Let y = BE, 
2. The corresponding sides i = 22 a = 2 
of similar triangles are in 
proportion. 
itut Xo 28 +. 24 
3. Substitute known values. 30 36 15 36 


4. The product of the means 36x = 30(24) 36y = 15(24) 


is equal to the product of 5 " 
the extremes. 36x = 720 36y = 360 


9. Solve the equations. x = 20 y 710 
Answer: a. DE - 20 b. BE =10 


| DE. 20 2 BE 10 2 DB 24 2 
(Note that AE 80 3' Of 18 $8' AC 38 p ™ 


ratios are equivalent fractions because they name the same rational 


number, 3.) 





[ EXERCISES 
1, If AB = 6 and BC = 9, state each ratio in , 5 A 
simplest form (or reduced form). A B C 
AB BC a AB AC Ex. 1 
^o — "48 “Ac — BC 


2. If M is the midpoint of segment DE, find the rational number 
represented by each ratio. 


EM b DE á DM 
^. MD ' EM ' DE 
3. Tell whether or not each statement represents a true proportion. 
"s S 12 " 4 14 * 10 15 


d. 4:18 - 6:27 e. 6:18 = 4:27 
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4. Replace the question mark ''?" between each pair of rational num- 
bers with >, <, or = to make the statement true. 


&. ao ? 16 b. $ ? as 64TH d. i$? 20 
ed?4 t3? eyr  nsptm 
In 5-10, AABC ~ AA'B'C'. 
5. If AB - 10, BC - 6, and m 
A'B' = 15, find B’C’. 
6. If AC = 18, AB = 12, and C 
A'C' = 30, find A'B'. 
7. I£ A'B' = 30, B'C' = 20,and 
BC = 14, find AB. 
8. If A'B' = 40, B'C' = 30,and 
AB = 26, find BC. A B A! B' 
9. If AB =8, BC =6,AC=10 
3 5 5 2 0 
and A'B' = 12, find B'C' and el 
A'C'. 
10. IfA'B' = 35, B'C' = 25, C'A' = 40, and BC = 15, find AB and CA. 


In 11-16, D isa point on AC and E isa point on BC such that DE || AB. 





11. If AD = 6, DC = 8, and BE = 12, find 
EC. 
12. If DE = 12, AB = 18, and CA = 12, 
find CD. 
13. If CE = 5, ED = 5, and EB = 3, find 
BA. 
14. If CD = 6, DE = 12, and DA = 5, find 
AB. 
15. If CE = 6, ED = 10, and AB = 15, find 
Ex. 11 to 16 EB. .—— | 
16. If AD = 5, DC = 10, and BC = 24, find 
BE and EC. 
In 17-20, AB and CD meet at E, LA = LB, and jx D 
LCz (D. E 
17. If AC = 12, CE = 9, and ED = 12, find BD. 
18. If AE = 8, EB = 12, and DE = 9, find EC. C 
19. If AE = 3, EB = 6, and DE = 10, find EC. 
20. If AC = 4, CE = 5, EA = 6, and BD - 6, find B 
BE and ED. Ex. 17 to 20 
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In 21-27, CD is the altitude to hypotenuse AB in right A ABC. 


21. If DB = 3 and DC = 6, find DA. 
C 22. If DB = 4 and BC = 6, find BA. 
23. If DB = 8 and DC = 10, find DA. 
24. If AB = 10 and BC = 4, find DB. 
25. If AD = 20 and DB = 5, find CD. 
26. If CB = 6 and BA = 18, find BD and DA. 


A D B 27, If AD = 16 and DB = 9, find DC, BC, and 
Ex. 21 to 27 AC. 


In 28-33, AB intersects CD at E, LA = LC, and LD = LB. 


28. If DE = 12, EA = 8, and BE = 9, find EC. 

29. If DE = 14, BE = 10, and EA = 7, find EC. 

30. If BE = 5, EA = 3, and CE = 2, find ED. 

3l. If DA = 16, AE = 6, and EC = 8, find CB. 

32. If BE = 9, EA = 2, and the ratio of DE:EC A 
is 2:1, find DE and EC. 

33. If DE = 16, EC = 8, and the ratio of BE: EA B 
is 3:1, find BE and EA. C 

Ex. 28 to 33 





34. If a photograph 8 cm by 5 cm is enlarged so that its longer side 
measures 20 cm, what is the measure of its shorter side? 

35. There are 75 calories in a 25-ounce serving of cottage cheese. How 
many calories are in an 8-ounce container of cottage cheese? 

36. Find three numbers in the ratio of 1:2:4 whose sum is 35. 

37. Doris and Danny play checkers. The ratio of the number of games 
won by Doris to the number of games won by Danny is 5:3. If 
Doris won 6 more games than Danny, find the total number of 
games of checkers that they played. 


1-9 OPERATIONS WITH POLYNOMIALS 


You have learned that a rational number can be expressed in the 
form of a fraction, such as 2, Í, and =¥. An algebraic fraction, some- 
times called a rational expression, is a quotient of two polynomials. 
Examples of algebraic fractions include x ere and a. 

X x—42 x^ — ax 4-2 

lo prepare for operations with algebraic fractions, we will review 

operations with polynomial expressions. 
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Algebraic Terms 
A term is a number, a variable, or the indicated product or quotient 


! x 
of numbers and variables. Examples of terms include: 8, x, —5ab, — 
y 


In a product, any factor is the coefficient of the remaining factors. 
Thus, for the product 2ax, we say that 2a is the coefficient of x, and 2x 
is the coefficient of a. If a numeral only is the coefficient, we call this 
factor the numerical coefficient. Given 2ax, we say that 2 is the 
numerical coefficient of ax. 

Let us agree that the word "coefficient," unless otherwise stated will 
mean numerical coefficient. Therefore, the coefficient of 7ab is 7, and 
the coefficient of y is 1, since y = ly. 


In a term such as x?, the base 
(x) is the quantity that is used as 
a factor two or more times; the Base =$ 

5? = 25 | 


Numerical Example 


Exponent — 2 
Power = 5? or 25 


exponent (3) is the number that 

tells us how many times the base 

is used as a factor; and the power 

(x?) is the product. While x^ is 

read as x to the third power, note Base 
x3 


Algebraic Term 


that the power is x * x * x, or Exponent 
simply x°. Power 





Like terms are two or more terms that contain the same variables, 
with corresponding variables having the same exponents. Terms that 
are not like are called unlike terms. Notice the differences. 


LIKE TERMS: 5x and 6x t? and —2t? — 3ab? and ab? 


UNLIKE TERMS: 5x and 6y — t* and —2¢ 3ab? and a?b 


Polynomials 


An algebraic expression consisting of one term that is a constant, a 
variable, or the prodüct of constants and variables is a monomial. Thus, 
we say: 


@ DEFINITION. A polynomial is a monomial or any sum of monomials. 


Since poly means many, we often think of a polynomial as an expres- 
sion with many terms. You have also learned to identify types of poly- 
nomials by special names. For example: 


The Rational Numbers 49 


1. MonowiaLs (mono means “‘one’’), such as 8, x, and - 5ab. 
2. BiNoMiALs (bi means “two”), such as 3a - 2b and x + 7. 
3. TniNOMI1ALS (tri means “‘three”), such asa + b + cand x? - x - 6. 


The degree of a monomial is the sum of the exponents of the vari- 
ables. For example, the degree of 8a?bx? is 3 + 1 + 2, or 6. The degree 
of a polynomial is the highest degree in the expression. Thus, the de- 
gree of 5a*x* + x is 4; the degree of x? - 5x + 8 is 2; and the degree of 
10x - Tisi. 

By arranging the terms according to their exponents, we may write a 
polynomial containing only one variable in ascending order (5 - 2x + x?) 
or in descending order (x? - 2x + 5). The standard form of a poly- 
nomial in one variable uses descending order. Thus, 2x? * 8x - 5 and 
ox - 9 are polynomials in standard form. In general terms, these 
standard forms are written as ax? + bx + c where a # 0, and ax + b 
where a ¥ 0. 


Addition 
We learned to add like terms, or like monomials, by using the dis- 
tributive property: 
8y + 6y = (8 + 6)y = 14y 
Eventually, we eliminated the middle step and simply wrote 8y + 6y = 
14y. Although we can combine like terms under addition, the sum of 


two unlike terms will always be a binomial. For example, the sum of 
4a and 3b is 4a + 3b. Unlike terms cannot be combined under addition. 


B PROCEDURE. To add polynomials, combine like terms. 


| | EXAMPLE 1: |] EXAMPLE 2: 

Add: 3x*- 7x- 5 (5a - 3b) * (-4a - 2b) 
2x?* 5x- 8 = ba- 3b - 4a - 2b 
-x*2x-*1 =a- 5b Ans 

Answer: 4x? - 7 
Subtraction 


In 9x - 7x, the minuend is 9x and the subtrahend is 7x. The oppo- 
site, or additive inverse, of 7x is - Tx. Just as 9x - Tx = 2x, so too does 
9x + (-7x) = 2x. Note that like terms are combined under subtraction. 
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B PROCEDURE. To subtract polynomials, add the opposite (additive 
inverse) of the subtrahend to the minuend. 


|] EXAMPLE 1: |] EXAMPLE 2: 
Subtract: | 3x? - Tx (ba - 3b) - (4a - 2b) 
-2x? +5 = (5a - 3b) + (-4a + 2b) 
Answer: 5x? - Tx- 5 = 5a - 3b - 4a + 2b 
=a- b Ans. 
Multiplication 


Recall the procedures learned in multiplying monomials: 


1. In multiplying terms with the same base, the product contains 
the same base, but its exponent is the sum of the exponents of 
the terms. For example, x? - x? = (x -x-*x)- (x -x)= x^. Also, 
y * y = y7, In general, if a and b are positive integers: 


2. In repeated multiplication of the same term, sometimes called the 
power of a power, the product can be found by addition or multi- 
plication of exponents. For example (x*)* = x? * x? +x? +x? =x. 

Here, 3 + 3 + 3 + 3 = 12, and 8 - 4 = 12. In general, if a and c are 


positive integers: 


(x?) = yac 


3. To multiply monomials, we can express the product by a series of 
factors: first, we multiply the numerical coefficients; then, in alpha- 
betical order, we multiply variable factors that are powers having 
the same base. For example: 


(3x)(6x) = (8 - 6)(x - x) = 18x?; (2y)(Ty?°) = (2 - T)(y * y?) = 145? 
(5a)(4b) = (5 - 4)(a * b) = 20ab; (-8a?b)(ab?x) = -8a^b?x 


B PROCEDURE. To multiply a polynomial by a monomial, use the 
distributive property to multiply each term of the polynomial by the 
monomial; then add the resulting products. 


O ExaMPLE: 2x(x? - 3x + 4) = 2x(x?) + 2x(-3x) + 2x(4) 
= (2x3) + (-6x?) + (8x) 
= 2x3 - 6x? + 8x Ans. 
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i PROCEDURE. To multiply a polynomial by a polynomial, use the 
distributive property to multiply each term of one polynomial (the 
multiplicand) by each term of the other polynomial (the multiplier); 
then combine like terms. 


It is advisable to write each polynomial in standard form before mul- 
tiplying whenever possible. 


LJ) EXAMPLE 1: | | ExAMPLE 2: 
Multiply: x? +8x+9 (x + 2(3x - 5) 
x-4 = x(3x - 5) + 2(3x - 5) 
x(x? + 8x +9) = x? + 8x? + Ox = 8x* - bx * 6x - 10 
-4(x? + 8x + 9) = -4x?- 32x - 36 | =8x?+x-10 Ans 
Answer: x? + 4x? - 28x - 36 


Let us redo example 2, using the pro- 
cess to multiply binominals mentally: 





1. Multiply the first terms of the bino- 8x? | 
mials. | r-10 

2. Multiply the first term of each bino- | (x + 2) (8x - 5) 
mial by the last term of the other E" 
binomial and add these products. 
(Here, - 5x + 6x = x.) -5x 

3. Multiply the last terms of the bino- = 3x? +x -10 Ans. 
mials. | TE 


4. Addtheresults from steps 1, 2, and 3. 


Division 
Recall the procedures learned in dividing monomials: 


l. In dividing terms with the same base, the quotient contains the same 
base but its exponent is the difference of the exponents of the terms 
in the order given. For example: 


Also, y! *y 2 y! *y 
a > b,and x #0: 
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2. To divide monomials, we can express the quotient as a series of fac- 
tors: First, we divide the numerical coefficients; then, in alphabetical 
order, we divide variable factors that are powers of the same base. 
For example: 





(2x * 3x) = eT 
3x 


c |to 


4a^y? + 803? 2 —7— F 


B PROCEDURE. To divide a polynomial by a monomial, divide each 
term of the polynomial by the monomial. 


3 2 
8x" , 6x 


ME luin 
"m e m Ax 3x Ans. 


L)ExaMPLE: (8x? + 6x?) + (-2x) = 


B PROCEDURE. To divide a polynomial by a polynomial, follow the 
process of long division from arithmetic until reaching a remainder of 
0 or a remainder whose degree is less than the degree of the divisor. 


Before starting the division process, write each polynomial in standard 
form. This process is shown with two examples, one from arithmetic 
and one from algebra, to allow for a comparison. 


| | EXAMPLE 2: 
x? + 8x + 19 


| | EXAMPLE 1: 


1079 = 43 ese 
How to Proceed Solution: Solution: 
1. Write the usual divi- 
sion form. 43)1079 x + 5)x? * 8x +19 
2. Divide the first term 2 x 
of the dividend by the 43)1079 x * 5)x? * 8x * 19 
first term of the divi- 
sor. 
3. Multiply the entire di- 2 x 
visor by the first term 43)1079 x + 5)x? + 8x * 19 
of the quotient. 86 At Ux 
4. Subtract this product 2 x 
from the dividend. 43)1079 x *5)x? + 8x +19 
Bring down the next 86 x* + 5x 
term to obtain the new 219 9x +19 


dividend. 
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5. Repeat steps 2 to 4 25 x+3 
with the next term of 43)1079 x + 5)x? -* 8x * 19 
the quotient, and so 86 x? + 5x 
on, until the remainder 219 gx + 19 
is 0 or the degree of 215 3x t 15 
the remainder is less 4 4 
than the degree of the 
divisor. 

(In example 2, the re- Answer: Answer: 
mainder 4 has a de- 4 4 
gree of 0, while the 25 73 fot n 

s x+ 
divisor x + 5 has a de- 
gree of 1.) 

Check Check Check 

To check a division 25 x +3 Quotient 
problem, multiply the X43 x +6 Divisor 
quotient by the divi- 75 x? + 3x 
sor. When the remain- 100 + 5x + 15 
der is added to this 1075 x? + 8x + 15 
product, the result +4 + 4 Remainder 
should be the dividend. 1079 | x? + 8x +19 Dividend 








MODELPROBLEMST.  .  —. . 1 0 0 0 000 oj 


1. Simplify: 3x + 2(3x + 2) + (x - 1)? 





How to Proceed Solution 
1. Write the expression. 8x + 2(8x + 2) + (x - 1) 
2. Multiply (or divide) from = 8x ^2(8x + 2) t (x - 1Yx - 1) 
left to right. 28x *O0xt4-t*x^-2x-*1 
3. Add (or subtract) by =x? (3x + 6x - 2x) + (4 + 1) 
combining like terms. zx^4'Ix*5 Ans 


2. Simplify: 4y? - [3y + 4y(y - 3)] 
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How to Proceed Solution 
If an expression contains 4y? - [3y + 4y(y - 3)] 
one grouping within another, = dy? - [3y + 4y? - 12y] 
such as parentheses within - 4y? - 8y - Ay? * 12y 
brackets, work from the = 9y Ans. 


innermost grouping first. 
Clear grouping symbols by 
using the distributive prop- 
erty. 





EXERCISES 





In 1-5, add. 
1. Sab 2. 4x?- x-3 3. (2a- 8b tc) + (bb - 6c) 
ab 2x?- 8x *1 4. (8m- T) * (5- m) * (2- Tm) 
-2ab x? +4x +8 5. (8b- a) + (2a - 3c) + (c - b) 


In 6-12, subtract the lower polynomial from the upper polynomial. 


6. 18ax 7. 5by? 8. -3k +2 9. 4c - 3d 
12ax | -Aby? -8k + 3 c+ 2d 

10. x*- 5x- 6 11. 4- 3x- x? 12. 8a - 4c 
2x? - 8x- 6 3 - 4x - 2x? -Ta + 3b + 6c 


13. Subtract x? - 8x + 2 from 3x? - 8x + 1. 

14. From the sum of 2x + 8 and x - 13, subtract 4x - 3. 

15. Subtract 3y - y? from the sum of y? - 2 and 8y - 8. 

16. By how much does 4k - T exceed 3k + 2? 

17. How much greater than a? + a - 3 is 3a? + a + 5? 

18. The sum of two polynomials is x? - 8x + 1. If one of the poly- 
nomials is 2x? - x + 1, what is the other polynomial? 

19. a. What polynomial when added to 3a - b produces a sum of 0? 
b. What polynomial when subtracted from 3a - b produces a dif- 

ference of 0? 

c. How are the answers to parts a and b related? 


In 20-46, multiply. 


20. 3x? - 2x? 21. (-m)(8m) 22. y?-y-y5 23. 9ab(2ab?) 
24. x°. x — 25. y .y-y 26. (-8x*)q-x^) 27. ytd - y3-e 
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28. -4(2a - b) 29. 5x(x + 3) 30. -c?(8c - 3c?) 
31. xy(2x* - y) 32. ab*(ab - a?) 33. (x + 5)(x + 4) 
34. (y- 8\(y +8) 35. (k- D(k- 69 36. (t- 5)(t- 5) 
37. (bx + 23x -1) 38. (2y - 3(2y * 3) 39. (2x - 1)(x - 5) 
40. (3a * b)(a* b) 41. (2x - y(2x - y) 42. (x + 3b)(x - 7b) 
43. (x? - 2x + 1)(x - 1) 44. (y? * y * 1 (y - 1) 

45. (d? + 3d - 4)(2d - 6) 46. (2x? - x * 3)(x * 3) 


In 47-64, simplify the expression. 


B(x - 2) +10 48. 6k - (1- 6k) 49. 8x - 2(4x - 1) 
-[x-2(x- 1] 51. 8-[2- (10- x)] 52. (y?) + (yy 
(2k2)3 - k$ 54. [(6x- x)* 3]? 55. 6x- (x + 3)? 
(y + 2)? - y? 57. 3(x -3?-27 58. [3(x- 2) + 5]? 


. ab(8a - 4c) - bc(25b - 4a) 60. x(x - 8) - 2x(x - 3) 


3y[4y - 3(y - 2) - 5] 62. k - 3[k - 3(k - 3)] 
(2x + 3)* - (2x - 3)? 64. (x° + 6)(x* - 6) - (x^) 


In 65-779, divide and check. 


65. 


68. 


TL. 
73. 
75. 


rae 


80. 
81. 
82. 
83. 


84, 


(18a - 6b)+6 66. (3x? + 8x) ^ x 67. (Ay* - 2ay) + 2y 


8x? - 12x * 4 28t? - 21t* 6a?b - 3ab? + 3ab 
—  — 69. ESO 70. ae umm 
(y? + 9y +14) * (y + 7) 72. (x? - 2x - 15) + (x + 8) 
(2x2 + Ix = 4) + (x + 4) 74. (6y? + Ty + 2) + (2y + 1) 
(k? - 11k + 30) + (k - 3) 76. (Ax? + 8x - 19) + (2x - 3) 
x? - 16 y? + 12y + 36 x?^- 4x- 6 
"GRE 78. y*8 79. EE 2T ad 


If the length and width of a rectangle measure 2y * 77 and 3y - 10, 
respectively, express the area of the rectangle as a polynomial. 

A side of a square measures 7x - 3. Express its area as a trinomial. 
If one factor of x? - 8x - 9isx - 9, find the other factor. 

In a parallelogram whose area is 5k? + 13k - 6, a base measures 
k + 3. Find the measure of the altitude to that base in terms of R. 


The measures of the length and 
width of a rectangle are 3x + 4 
and 2x + 2, respectively. Copy the 
diagram of the rectangle shown 
here. 


a. Find the area of each of the 
four regions into which the 
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rectangle is partitioned. Then add these values to find the area 
of the rectangle. 

b. Show that the area of the rectangle is found by multiplying 
(3x + 4)(2x + 2). 

c. Express the perimeter of the rectangle as a binomial. 


1-10 FACTORING POLYNOMIALS 


To factor a number, we find two or more numbers whose product is 
the given number. Although 20 = 4 - 40, we restrict factors of integers 


to numbers that are integers only, as in 20 = 4 - 5. It is sometimes use- 
ful to find all possible pairs of 
factors for a number. However, 


a number is factored completely | Pairs of Prime 
only when it is expressed as a | Factors Factors 
product of prime factors. Recall 2021-20 | 

that a prime number, such as 2 2022-10 00 99 2B 


and 5, is a positive integer 2024.5 
greater than 1 whose only fac- 
tors are 1 and the number itself. 

To factor a polynomial, we find two or more algebraic expressions 
whose product is the given polynomial. In saying that $a + $b = 4(a + b), 
we are factoring this polynomial over the set of rational numbers be- 
cause i is a rational number. It is generally understood, however, that 
polynomials with integral coefficients are factored with respect to the 
set of integers. In other words, all coefficients of polynomial factors are 
integers. 

Consider this example: 6x? - 12x? = 6x?(x - 2). Here, all coeffi- 
cients of the factors 6x? and (x - 2) are integers. Let us examine these 
factors carefully: 





Factoring a Polynomial 


6x? - 12x? = hal - 2) 


Greatest common | 
monomial mon | 


Prime polynomial factor 





1. The factor 6x’ is called the greatest common monomial factor of 
the polynomial because it is the greatest monomial term that is a 
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factor of each term of the polynomial. In writing this greatest com- 
mon monomial factor, we do not factor its numerical coefficient or 
any powers of variables, that is, 6x? is not written as 2 - 3 * x - x. 


2. The second factor (x - 2) is called a prime polynomial because it 
has no factors other than 1 and the polynomial itself, with respect 
to the set of integers. 


E A polynomial is factored completely when it is expressed as a product 
that may include only the greatest common monomial factor and prime 
polynomial factors. 


Binomial Factors 
After the greatest common monomial has been factored from a poly- 
nomial expression, or if no common term exists, we next look for 
binomial factors. In earlier courses, we learned to recognize two poly- 
nomial forms having special types of factors: 


1. The Difference of Two Squares | 2. A Perfect Square Trinomial 


x? - a* = (x + a)(x - a) 


_| EXAMPLE: 
Factor 25y? - 4k?. 


Solution 


Since 25y? - 4k? = (5y)? - 
(2k)?, the difference of two 
squares, we factor the expres- 
sion to fit the form: 


25y? - 4k? 
= (5y + 2k)(by- 2k) Ans. 


x? * 2bx * b? 2 (x * b)(x * b) 


|] EXAMPLE: 
Factor 4y? + 12y + 9. 


Solution 


Since the first and last terms 
are perfect squares, (2y)? and 
(3), and the middle term 
12y = 2(3)(2y), we factor the 
expression to fit the form: 


4y? + 12y +9 
= (2y + 3(2y + 3) Ans. 


B PROCEDURE. To factor any trinomial of the form ax? + bx + c 
where a + 0, we find two binomial factors such that: 


i 
2. 
3. 


The product of the first terms of the binomials is ax’. 


The product of the last terms of the binomials is c. 


When the first term of each binomial is multiplied by the last term 
of the other, the sum of the two products is bx. 


58 Integrated Mathematics: Course III 


[]ExaMPLE: Factor 2x? - x - 6. 


Solution 


1. The product of the first terms of the binomials must be 2x?. Thus, 
we write: 2x? - x - 6 = (2x Xx ). 

2. The product of the last terms of the binomials must be -6. Pairs of 
factors of -6 are (1)(-6), (2)(- 3), (3)(- 2), and (6)(-1). Since the 
order of the placement for these pairs is important, possible factors 
include: 

(Zx t l(x- 6) (2x - 6)x + 1) 
(2x + 2)x- 3) (2x - 3)(x + 2) 
(2x + 3)(x - 2) (2x - 2)(x + 3) 
(2% + 6)(x = 1) (2x —- Lx + 6) 


3. When the first term of each binomial is 


multiplied by the last term of the other, (2x + 3)(x — 2) 
only one pair of binomial factors has a Ld 
middle term of -x. Note that the sum of +3x 
the products *3x and - 4x is - x. -4x 





Answer: 2x* - x - 6 = (2x + 3)(x - 2) 


Note: A shortcut could have been taken in step 2 of the example just 
given. Since 2x? - x - 6 has no common monomial factors other than 
1, we know that the binomial factors of this expression must be prime. 
Therefore, it was not necessary to include the following possible factors: 


(2x + 20x - 8) (2x — O)tx + 1) 
(2x + 6)(x - 1) (2x - 2)x + 3) 


In each case, the first binomial is not prime because it has a common 
factor of 2. 


E PROCEDURE. To factor a polynomial completely: 
1. First find the greatest common monomial factor, if one exists. 


2. Then factor the remaining expression into binomials or other poly- 
nomials until all such factors are prime. 


You have learned how to factor a polynomial by finding the greatest 
common monomial factor. It is sometimes possible to factor a polyno- 
mial by finding a common binomial factor. Compare the following: 


3xy — 5y = y(3x — 5) 
Ox(x + 2) — B(x + 2) = (x + 23x — 5) 
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In the first example, y is a common monomial factor. In the second 
example, (x + 2) is a common binomial factor. 

Often it is necessary to factor pairs of terms first in order to identify 
a common binomial factor. 


[] EXAMPLE: Factor x? — 5x? + 2x — 10. 


Find a common monomial factor x? — 5x* + 2x — 10 
for each pair of terms. x(x — 5) + 2(x — 5) 


Factor out the common binomial. = (x — 5\x? + 2) 


Note: A polynomial with four terms can be factored into two binomi- 
als when the product of the first and last terms equals the product of 
the two middle terms. 





MODEL PROBLEMS 


In 1-4, factor completely. 
1. Factor: 12a°b + 3a*?b? — 6a?b? 


Solution 


The greatest common monomial factor is 3a?b. Once this term has 
been factored out, the trinomial factor that remains is prime. 


12a?b + 3a?b? — 6a?b? = 3a?b(4a + b — 2b?) Ans. 


2. Factor: 2x? + l4x? — 60x 


How to Proceed Solution 
1l. Find the greatest common 2x? + 14x? — 60x 
monomial factor. = 9x(x* + 7x — 30) 
2. Factor the trinomial into two = 2x(x + 10(x — 3) Ans. 


prime binomials. 


3. Factor: y* — 81 4. Factor: x^ *? — 16x^ 
Solution Solution 
y* — 81 x^*? — 16x? 


x? (x? — 16) 
x*(x + 4Xx —4) Ans. 


= (y? + 9X»? — 9) 
= (y? + 9Xy + 3Xy — 3) Ans. 


60 


5. Factor: ax? 


How to Proceed 


1. Find the greatest 


may be a factor. 


2. Factor out the common bino- 


mial. 





1. 3x? - 12x 2. 

4. 9y? + 3y* 5. 

7. k?- 49 8. 
10. x? * 10x + 25 11. 
13. y? + 10y +9 14. 
16. x? + 2x - 24 17. 
19. 2k? - Tk +6 20. 
22. 3y? - 12 23. 
25. Ta? - Tb? 26. 
28. Ac? - 36cx? 29. 
31. x? + 3x? - 10x 32. 
34. 2y? + 50y 35. 
37. x?" = 16 38. 
40. y* - 7y? - 18 41. 
43. 5x? - Bax - 60a? 


49. x^ —2x — 3x + 6 
51. 4x? — 8x? — 3x? + 6 
53. cr? +27 —c* - 1 


Common 
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— bx —ax +b 


ax? 


Solution 


— bx — ax + b 
monomial factor for each pair = x(ax — b) — l(ax — b) 
of terms. Note that 1 or -1 


[| EXERCISES 


In 1-54, factor completely. 


(ax — bYXx — 1) Ans. 





18 - 6y - 12x 3. 4ab* - 12a?b 
x5*1 m x? 6. yet? + 2y" 
100 - x? 9. a?b? - 144 
y? - 12y + 36 12. 9x?* 6x *1 
x?- 19x + 27 15. k? + 5k- 14 
8y?^*4y +1 18. 2x? + 13x * 6 
2x? + Tx- 4 21. 6y? - 13y - 5 
80 - 5d? 24. 100 - 4x? 
x? = 121% 27. 3y? - 192y 

y^ - 1 30. - 625 
4Ax?- 20x + 24 33. ax?- 9ax 
36c? - 100d? 36. y - 1 
x?*^ — Ax* 39. x*^- 5x* +4 
2x? + 6x? + 2x 42. Ax? + 40x + 64 

44. 2ax? - 8ax - 12a 

46. gayi. - 21a*y + 6a? 

48. xt? - 1Ax**! + 24x* 

50. 3x? — 6x? - 2x — 4 

52. b?y? + by? + 3b? + 3b 


54. 4x? 


=A zx x*y* toy? 


55. If 3x^ + 20x + 12 represents the area of a rectangle, find two 
binomials that can represent its dimensions. 


measure of a side of the square as a binomial. 


If 25x? + 20d?x + 4d* represents the area of a square, express the 
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1-11 REVIEW EXERCISES 
In 1-5, express each rational number as a repeating decimal. 


1. 2 2. 3 3. £ 4. 32 5. -35 


In 6-10, express each rational number as a fraction. 


6. 34 7. -2.8 8. .05 9. .5 10. .63 
In 11-14, name the property illustrated for the set of rational numbers. 
11. $-i-1 12. l.4-«1-12-1( -*12) 
13. 4 +0=% 14. (4 -4)-12=ż4 - (4 - 12) 


In 15-20, solve and check. Use the domain of rational numbers. 
15. x+.2=6 16. 3y - 2 = 20 17. k + .4= 3k 
18. 6(b - 2)=3 19. 5e+t4=3c- 7 20. x -2(x- 2)=-2 


In 21-25, using a domain of rational numbers, write the solution set 
in set-builder notation. 


21. $32 22. k X 4k - 6 23. 2(5- w)>8 
24. 5(x- 2) < 8(x + 1) 25. y + 3(y + 3) < 2(y - 3) * 3 


In 26-29, replace the question mark between each pair of rational 
numbers with >, <, or = to make the sentence true. 


26. $ ? T0 27. 3E? $ 28. 4748 29. 22 ?1$ 
In 30-32, AB intersects CD at E, LA = LD, 
and LC = LB. 


30. If AC = 10, CE = 4, and EB = 6, find DB. 

31. If CE = 4, AE = 12, and BE = 5, find DE. 

32. If AE = 16, BE = 9, and the ratio of CE: ED 
is 1:4, find CE and DE. 





Ex. 30 to 32 


In 33-38, perform the indicated operations and simplify. 
33. (x + 2b) + (x - 3b) 34. (3x7 - 2x + T) - (x? - 2x - 7) 
35. (x + 2b)(x - 3b) 36. (2y? - Ty - 15) + (y - 5) 
37. [3x - 2(x - 8) + 2]? 38. (2k +1)(2k - 1) - (2k - 1)? 
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In 39-46, factor completely. 


39. x? + 14x + 49 40. 6b? + 9b 41. 4x? — 25 
42. 3y? + Ty — 6 43. 4x? — 12x + 8 44. 3y? — 48y 
45. x? — 2x? — 9x + 18 46. ac + 2c — 3ab — 6b 


In 47-50, write the given sentence in words. 
Let x € {rational numbers}. 


47. Vix? = 0 48. i,:x is prime 
49. 3,:x is not even 900. ~d,:x +1=1 


In 51-54, write the negation of the given sentence. 


51. All rhombuses are squares. 

52. There exists an integer that is divisible by 5. 
53. Some integers do not have additive inverses. 
54. No rational numbers are even. 


In 55-69, S = fa, b, c} and * and # are operations defined by the 
tables. 


55. Is S closed under *? 56. Is * commutative? 

57. Give two examples to show that * is associative. 

58. What is the identity element for *? 

59. For each element of S, name the inverse under *. 

60. Is (S, *) a commutative group? 

61. Is S closed under #? 62. Is # commutative? 

63. Give two examples to show that £ is associative. 

64. What is the identity element for 7? 

65. For each element of S, name the inverse under 7, 
if it exists. 

66. Is S/{c} closed under 7? 

67. Is (S/{c}, 7) a commutative group? 

68. Give two examples to show that / is distributive over *. 

69. Is (S, +, 7) a field? 


70. Find the error in the following proof that 4 — 0. 





Given: a = 4 
a? = 4a 
a? — 16 = 4a — 16 
(a + 4a — 4) = 4(a — 4) 
at4=4 
a=0 
But, a = 4 is given. 
Therefore, 4 = 0. 


Chapter 





Rational Expressions 





2-1 REDUCING RATIONAL EXPRESSIONS 


In this chapter, we will study algebraic fractions, more commonly 
called rational expressions. 


B DEFINITION. A rational expression is the quotient of two poly- 


; Eii : |o i €X4| oe X B 
nomials. Examples of rational expressions include b 8'xrx-T 





ox- 6 
x^- 2x - 8 


Rational expressions follow the same rules and possess the same prop- 
erties as those of rational numbers. Compare the two forms that follow: 


a A 
In a rational number b In a rational expression p 


a and b are integers, and A and B are polynomials, 
b - 0. and B # 0. 





Since division by zero is not possible, we know that 2 has no mean- 
y p 0 


ing. In the same way, any rational expression whose denominator equals 
zero is meaningless or not defined. By setting each denominator equal 





to zero, we see that z has no meaning when x = 0, and — - has no 
meaning when x = 7. 


Reducing to Lowest Terms 


A rational expression is reduced to lowest terms, or stated in simplest 
form, when its numerator and denominator have no common factors 
other than 1 and - 1. 
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Start with a fraction that is not in lowest terms. We learned to divide 
its numerator and its denominator by the same nonzero number to find 
an equivalent fraction in lowest terms. The same procedure can be ap- 
plied to rational expressions. 





[] EXAMPLE 1: C] EXAMPLE 2: 
E 575 m i gr àx =x T 3 
10 1075 2 x^*2x (x? +2x) tx x*2 


In example 2 above, it is easy to see that both the numerator and the 
denominator can be divided by x. In general, if we completely factor 
the numerator and denominator of a rational expression, we can dis- 
cover all common factors before reducing. This process, indicated as a 
cancellation, is simply an alternate form of dividing the numerator and 
denominator by the same nonzero number. 


O ExamMp.e 1: C ExAMPLE 2: 
1 d 
| ONE n E NEN NEN 
10 5-2 2 n° ox sxt?) x*2 
1 1 


In addition to noting the importance of complete factorization in the 
next example, we will use example 3 to make some observations. 


LJ EXAMPLE 3: 


1 1 
4y? - 4y 4y(y-1) | fAy(y=—1) _ y 


— 
-—A -— 


4y? -12y*8 4(y? - 8y+2) A(y-2)0—1) »-2 
1 1 





We observe: 


1. The denominator in factored form is 4(y - 2)(y - 1). Let this equal 


ze t that 2s has n j wh = 2 
: | : | t3 1) | | | 
ro to see a ant 19948 s q594 8 as no meaning en y Or 


y 7 1. 
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- ! dy?-4y iy 
2. To give a numerical demonstration that D- 12y +8 y-2 
substitute any number for y in both expressions except y = 2 and 
y = 1. This may serve as a check of your work. 


For example, let y = 3: 


4y? - 4y  _ 4(3?- 4(8) == 49) - 4(3) 
4y?-12y+8 4(3?- 12(3)+8 4(9)- 12(3) +8 
36 - 12 24 


-36-36«8 8 ? 








dan, — s As Daun 


y-2 13-2 


| Go 





3. The rational expression y ? is reduced to simplest form because 


2 
both numerator and denominator are prime polynomials. It is 
incorrect to cancel y from both numerator and denominator because 
y is not a factor in the denominator. Rather, y is a term in the bi- 
nomial (y - 2) in the denominator. 


Reducing to -1 


In some rational expressions, the numerator and the denominator (or 
factors thereof) are additive inverses. In these cases, the rational expres- 
sions (or the factors thereof) reduce to -1. 


[L] EXAMPLE 1: [] EXAMPLE 2: 
1 1 
oP clint. . 3-k -1C8*k) -10—8). , 
9 g k-33 k-83 (R=) 
1 1 


LJ ExAMPLE 3: 


1 
ià- 6%. Gx)  S(-1)(-2 +e) d .6(-1)(x—2) PIN... 
x1-4 (x*2)x-2) (x*2)x-2) (xt*2)x-—2) xe +2 
1 





Note: In example 2, if k = 3, then the original expression : - : is 


undefined. Thus, ot = -1 if and only if b Æ 3. 
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Similarly, in example 3, 126x is undefined when x? - 4 = 0, or 


12 - 6x -6 
2 -— = | c Ll = 
x* = 4,orx = £2. Thus, — 7.4 "x49 





if and only if x # +2. 


W In general, whenever rational expressions are reduced, it is under- 
stood that the equivalent form of the expression equals the original 
expression only for those values whereby the original fraction is de- 
fined, or the original fraction has meaning. 


[ MODEL PROBLEMS 





1. For what values of x does SEC. have no meaning? 
£x*-2x-— 85 
How to Proceed Solution 
1. Set the denominator equal to zero. Letx?- 2x - 872 0 
2. Factor the trinomial. (x - 4)(x + 2) 20 
3. Let each factor equal zero. x-4=0 | x+2=0 
4. Solve the resulting equations. x74 x=-2 
Anwer => ixte is meaningless, or not defined, when x = 4 
x*-2x-— & 
or x = -2. 
| | NT, áx to | | 
2. Reduce the rational expression —7 75 __g to lowest terms. 
How to Proceed Solution 
4x + 8 A(x + 2 


1. Factor both numerator and ————5— g = 
- - - + 
denominator completely. x - 2x- 8 (x - 4)(x + 2) 


1 
| 4 
2. Cancel, or divide numerator - — ae 
and denominator by all com- ^ xi 1 


mon factors. 


x Ans. 
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$5 x1 

3. Reduce to simplest form: LL 

a*x? - a?x 

1 1 
a^x - ax? _ ax(a- x) .sX(-l)(x—a) -1 
Solution: —5———,- = — = SS == Ans 
OUND. Ix? - gia a^x(x - a) PAI) Q ^M 
a 1 


In 1-8, for what value(s) of x does the expression have no meaning? 


5 9 8x x-6 

2. x2 3. TH 4. Sx 
6x x t 2 2x- 5 
T. x?- 9 8. x? +x- 20 


le 





x 
14- x 
di zm udi 7E 
In 9-12, find the value(s) of the variable for which the rational ex- 
pression is not defined. 

















9. Gigs 10. zv 11. SG 12, i 
In 13-36, reduce the rational expression to lowest terms. 

13. Sx 14, yu 15. dues 16. 206 —4) 
17. il 18. M — 19. a 20. x c 
21. Zi 22. — 23. LD—S 24. we 
a5, 9073 26. as n. So 

28. DM 29. am a, ae 
31. zel 32. ISS 33. oe 
a, S74? ss Se ar o 





37. Find a fraction equivalent to whose denominator is 2 - x. 


9 
x- 2 


68 Integrated Mathematics: Course III 


In 38-42, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 

















38. The expression y : 5 equals: 
y ams E y 
gt (2) 5 Ui er (4) T5 
39. Which rational expression is in simplest form? 
x? 42x x? + 2x x* + 2x x? + 2x 
0) xix 2x (2) ZTF 4x (3) ^ x*2 (4) "x14 
40. Which expression is defined for every rational number? 
x? + 5 x? + 5x x^- Š Agr =] 
(1) 744 (2) 13 + 4x (3) x*- 4 (4) 4% = 1 
41. If x #a, which is a true statement? 
x-ü. -—— 
(«i D ox nnd 
elite: a ET-d* 8. 
mex m re 


ok .—ÓlI 
42. Theexpression 7>—9 = +43 


(1) all rational numbers (2) all rational numbers except x = 9 
(3) all rational numbers except x = 3 (4) all rational numbers 
except x = 3 and x = -3 





for which of the following domains? 


2-2 MULTIPLYING RATIONAL EXPRESSIONS 


The product of two fractions is a fraction whose numerator is the 
product of the given numerators and whose denominator is the product 


of the given denominators. In general, for T and = where b =Æ 0 and 
y #0: 

LUE NUM &. 

b y by 


In the following example, two procedures are used. In method 1, we 
multiply terms and reduce the answer to simplest form. In method 2, 
we divide the numerator and the denominator by all common factors 
before finding the final product. Notice that this second procedure, 
called cancellation, reduces the computation required. 
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Method 1 Method 2 
1 1 2 
a 845:58.40.2-20 2 | 5 8 *$ X 2 
12 5 12-5 60 3-20 3 12 D AZ $ d 
1 as l1 


The product of two rational expressions is found by the same proce- 
dures as those used for fractions in arithmetic. For example: 


Method 1 
1 
2x? 10y? - 2x? + 10y? E 20x? y? S dy? - bx2y — 4y? 
5y 5x? 5y = 5x? 2b5x?y 5 - 5x2» 5 
1 
Method 2 
2 2y* 


2x^ 10y? 2x2 10y* y? 


5y 5x2 By -^5x2 5 





If rational expressions contain polynomials of two or more terms, 
these polynomials should be factored before the cancellation procedure 
is used. Study the model problem that follows. 





, xy +t 3y 2x?- 6x 
Multiply and express the product in simplest form: E Ux 2 


How to Proceed Solution 
+ à d 
1. Factor all numerators and de- xy ay . C imi! 
dl il 6x x?-9 
nominators, except those that are | 
monomials. .J3(x*3)  2x(x-3) 
6x (x + 3x - 3) 
1 lil d 
2. Cancel, that is, divide the numera- .JX(x73)  -2X(x-—-8) 
tors and denominators by all BE (x +-8)(xX>-3) 
common factors. 3 1 1 


3. Multiply remaining factors in the 
numerator; multiply remaining 
factors in the denominator. 
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[EXERCISES 


In 1-21, multiply and express the product in its simplest form. 


























[EX o 956 | Ax o 18a?x , 3b 
"x 9 '" 4b 6 ^ 5b?  Q2'lax 
4 x*"7 Abc 5 x-u S5 G e-»y 52 
. 2bc x + fi : 129a? x-a ^ 5z y-x 
1 yc 2 m? ó 4ax? l 8y 8 2x6 l 3x? 
|^ $m 2-y ' (38y)? (2axy "o dw 6x + 18 
QUE BIO b+8 3b?- 24b 
- x?- 4x | Ay 11. 5b? b? — 64 
12 4x - 20 : 3x? + 30x 13 a? - a?b ab? 4 b? 
" dx +20 3a*- 15% ^» aab a? b? 
ety gU (x +1)? (x-1y 
2E y*2  y2? + By I» "ASIE x 
16 2p dex, V ees 17 y^ 24 8. SYP SP 
" x?42x  x?- 2x - 15 ' y*48y-4 By-6 
d 5t. , 1 19, 2024 3b - 2. 8b- 8b? 
" Oa? * 6a * 1 6a? " 4b? + 8b 2b? - b 
og, 22-12, x*-4 Sx *18 9, x*- 12x * 27 xt 
" 8-60 x^- 360 A4x-*8 ' x? - 81 3-x 


In 22-25, select the numeral preceding the expression that best com- 
pletes the sentence. 
m jy 
22. The product of Got and "I. is: 
(1) 1 (2) -1 (3) 3 (4) -3 
23. If the side of a square measures I» the area of the square in 


terms of x is: 








ee I la | ia ee | L 
(1) x12 (2) x? +4 (3) x? + Ax t A4 (4) 4 
| x?- 100. x-2 ,x*10, atah 
24. The product “> 5x BO 5 for all rational values 
of x where: 
(1) x #2 (2) x #10 (3) x # 2, and x ^ 10 


(4) x #2,x#10,andx #5 


Rational Expressions 71 


dx^ -2lx 4x^- 28x. 
12x? x2- 49 A 


(1) 1 (20 (8)12 (4) 4% 


25. If x = 12, the value of the product 


2-3 DIVIDING RATIONAL EXPRESSIONS 


There are many ways to indicate a problem in division, such as “10 
divided by 2 equals 5.” In each of the following formats, 10 is the 
dividend, 2 is the divisor, and 5 is the quotient: 


5 
210 10+2=5  Á 2129-5 

Since 10 + 2 = 42 = 10 . i, it 
follows that a division problem 
can be answered by performing a Multiplication: 10-5 = 5 
related problem in multiplication. 
This is also true when dividing any 
fraction by a nonzero fraction. 

The quotient of two fractions, that is, the dividend divided by a non- 
zero divisor, is found by multiplying the dividend by the reciprocal 
(or multiplicative inverse) of the divisor. 


Division: 1072-725 





a 


In general, for b 


and y» Where b # 0, x # 0, and y # 0: 


20 -—A 
—  — oc CU 


The quotient of two rational expressions is found by the same proce- 
dure as that used for fractions in arithmetic. Since the division of 
rational numbers is restated as a multiplication, polynomials of two or 
more terms should be factored before the cancellation method is used. 
For example: 


x^-9,.8x*9 2x2-9 2x 








4x ^ Dx 4x — 8x +9 
1 1 
_ G7-8)x - 3) AX å x-8 
A 3(xc-3) 6 
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-= p == i and only if x #0 


and x Æ -3 because these values would have produced fractions with 
denominators of zero, which are meaningless. 


Note: The quotient * 





Perform the division and express the quotient in simplest form: 


a? - ay - 2y? , a?- 4y? 





3a? ' 8a? + 6a?y 
How to Proceed Solution 

1. Rewrite the problem, indi- gr- ay - 2y : a? - Ay? 
cating that the dividend is 3a? ' 3a? + 6a?y 
to be multiplied by the re- _ a? - ay - 2y? 3a? + 6a?y 
ciprocal of the divisor. — r 

2. Factor all numerators and _ (a+ y)(a- 2y) | 3a? (a + 2y) 
denominators, except those 3a? (a - 2y)(a + 2y) 
that are monomials. 

3. Cancel, that is, divide the 1 1 1 
numerators and denomina- —_ (a + y)(a-— 3») - 3a? (a—-—2y) 
tors by all common factors. /—— d* — LX usd ad 

a 
4. Multiply remaining factors. aty 
zie Ans. 


EXERCISES) aa 


In 1-19, divide and express the quotient in its simplest form. 





























3h . 6k? Ll. d 
E lt 2. " ^14 3. A ah) 
4 eto, gto 5 3-5, yep 6 x-2,2-X 
' 8a? 2a "o b?y by? ' Am 4m 
7 2y- 8, 3- 2y g (2x) , 2x? 9 3k - 3 , 12k - 12 
OO» 3y "(3»? 3y? "X Ak? 
10. ERE CA 11. (y - 3)? . 3-9 


2y xy y?-9 yrt8 
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x*-1. 1 mt+3. 6m 
CUIU Rd 13. $m m+3 
* us 2 3 _ 2 3 
16 xt- 20 , x? + Tx + 10 17 wt- Sr^t? , (r - ty? 
' x^-t'ix x^-*9x * 14 ^ er?t + 3rt? r? - t? 
18 2y? + ily +5 , 2y? + 10y? 19 x? - 36x , 6x? - x? 
^ 4y^ + 4» * 1 4y? " «*-t'Ix*6 x? +x 


In 20 and 21, select the numeral preceding the expression that best 
completes the sentence. 





20. x-2 pA 2 1 for all rational values of x where: 

y= i l 

(1) x71 (2) x2 

(3) x #landx #2 (4) x #1l,x #2,andx #0 
21. The quotient ak - go 2 a for all rational values of x 

x x x= 2 

where: 

(1) x #0 (2) x FO, x #2 

(3) x #O0,x #38 (4) x FO, x #2,x #3 

2 X^ - 49 





x + T 
x +3 represents 


the measure of its length, find the rational expression that repre- 
sents the measure of its width. 
9- 2% . 224- Ox 
wN ate Tx 

a. X=] b. x = 10 c, x = 78 


22. Hf “Ox +6 represents the area of a rectangle and 


23. Evaluate when: 


2-4 ADDING OR SUBTRACTING 
RATIONAL EXPRESSIONS 
THAT HAVE THE SAME DENOMINATOR 


The sum (or difference) of two fractions that have the same denomi- 
nator is a fraction whose numerator is the sum (or difference) of the 
given numerators and whose denominator is the common denominator 
of the given fractions. We can show that this is true by writing each 
fraction as the product of the numerator and the reciprocal of the de- 
nominator, and then using the distributive property, as follows. 
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C] ExAMPLE 1: 


3 E "3 MN NS mou s Mr 
10*19^3^19^ 1:39 ^ 9 * D*197 **'19 ^ 10 ^ 5 


L| EXAMPLE 2: 


a oes 


a ee: m Dae 
12 12 12 12 


3 imp ie ee t oz 
=(7- 5)* 39 72*12 * 19 


E 
|e 


Once we understand the mathematical principles upon which the 
addition (or subtraction) of fractions depends, we eliminate the middle 
steps and write: 


[] EXAMPLE 1: | [JExAMPLE 2: 
8.1.4 2| T 5.7.1 
10 10 10 5 12 12 12 B 


In general, for T and vm where b = 0: 
ay Cg tt ay 0m Se BSS 
b b b b b b 


The sum (or difference) of two rational expressions that have the 
same denominator is found by the same procedure as that used for 
fractions in arithmetic. Keep in mind that final answers are reduced to 
lowest terms, as seen in the following example: 





1 
3a? Ta? 6a 3a? + Ta? - 6a? _ 4a?_A+a? _ a? 
8x 8x 8x 8x 8x *-2x 2x 
1 


B PROCEDURE. To add (or subtract) rational expressions that have 
the same denominator: 


Step 1: Write a rational expression whose numerator is the sum (or dif- 
ference) of the given numerators and whose denominator is the 
common denominator. Since a fraction bar is a symbol of 
grouping, place all numerators of two or more terms in paren- 
theses (as seen in the model problems that follow). 


Step 2: In the resulting expression, factor the numerator and factor the 
denominator. Then, cancel all common factors. 
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[ MODEL PROBLEMS 


In 1 and 2, perform the operation. Reduce answers to lowest terms. 











x- 5 5- 4x 
2x? 2x? 
How to Proceed Solution 
Par ss 
Step 1: Add or sub- = - A 
tract. * x 
7 5) + (5 - 4a) 
2x? 
2-8 +5- da 
2x? 
_ x? - Ax 
2x? 
1 
Step 2: Factor and | = m 
reduce to lowest 
2x 
terms. à 
=X 4 
"5 as Ans. 


ly - 8 





y +15 





y2-9 y2-9 


Solution 


T» - 3 


"ES 
94-9 yeep 
GU = 8)- (y + 15) 


y* o 


0 5 18 


y= 9 


1 
6(y —8) 


Ty-3- y- 15 
yes 3 


~ (y+ 90-8 





6 
y*3 


Ans. 





EXERCISES 


In 1-21, perform the operation. Reduce answers to lowest terms. 


Sx 4x. 8x y 7,8 2 








i. 5 5 5 2. dy D Ay 
ey 3" u 8. 2b 1 03 — 
$ Ga * Ge * Be 9. 9b «3 2b 438 
: ox- 3 2x 
: dx-d Tes a 
52 49 16 
a 21- 25 ' zi - 35 15 
11, —2 ds 12. 


5b- 10 65b- 10 


"ru 








3 9a a, 3a 
* 7b "Tb "Db 
: 4 x 
6. x-4 x-4 
GNE onal 
y2? - 36 y?- 36 
8  .§ 
(a- 2?  (a- 2y 
2p* ke 
k? + 3k k2 + 8k 
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EN aes -F HM HS E ; 
15. —-- + ow ig) LÁ cR 
17. e 3E 18. I IL 


d2+8 8-d 
d-d d-d 





21. 


In 22-26, copy and complete the table by adding, subtracting, multi- 
plying, and dividing the expressions that represent A and B. Express all 
answers in simplest form. 





In 27, select the numeral preceding the expression that best completes 
the sentence. 








27. Thesum : - S i : gt 1 for all rational values of x where: 
(1) x 73 (2 x#3,x #4 


(3) x #3,x #0 (4) x #0, x #3,x #4 
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2-b ADDING OR SUBTRACTING 
RATIONAL EXPRESSIONS 
THAT HAVE DIFFERENT DENOMINATORS 


We have learned that the multiplicative 
identity for the set of rational numbers is 1. 
Recall that any rational number of the form 


= where x # 0, is equivalent to 1. By com- 





bining these ideas, we can add or subtract any 
fractions. 

The sum (or difference) of two fractions that have different denomi- 
nators is found by transforming all values to equivalent fractions having 
the same denominator before adding or subtracting the fractions. 


[]ExAMPLE: Add 3 and t. 


Step 1: Find the lowest common 
denominator (L.C.D.), which is the Finding the L.C.D. 
product of the highest power of | 
each of the prime factors of the de- 
nominators, 8 and 6. 


Step 2: Transform $ and + to 





equivalent fractions having the com- 
mon denominator of 24 by multiplying each fraction by an appropriate 
form of the identity element 1. 


Step 3: Using these equivalent fractions, add the numerators and 
maintain the common denominator. All steps in this solution can be 
seen in the following line: 


Bul S.1 4.19, 4. 
8^ Hu aa 


15, 4  15*4 19 
6 3 6 


24 24 94 94 4m. 





Note: A geometric model of this example is now shown. By compar- 
ing the areas of the shaded regions, first using solid lines and then using 


dotted lines, we can see why $ = 22 and why + = 34. Then, by adding 
the shaded boxes in the first two rectangles, we can see the addition of 
the numerators. (See the three figures on top of the next page.) 
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T 





+ 
s» | 
| 


The sum (or difference) of two rational expressions that have differ- 
ent denominators is found by the same procedures as those used for 
fractions in arithmetic, as seen in the model problems that follow. 


| MODEL PROBLEMS 











1. Subtract and express the answer in simplest form: i E : - =~ 1 
How to Proceed Solution 
1. Factor the de- 
nominators to x? - x =x(x- 1) 
find the lowest | &*-1-7 (x- 1)(x + 1) 





common de- | L.C.D. = x(x - 1) + 1) 
nominator. No- | e 
tice that (x - 1) 

is a factor in 

both denomina- 

tors. Thus, the 








L.C.D. is: 
x(x -I x-t*1). 

2. Transform the ra- x2 6 
tional expressions x- x i x? -1 
to equivalent ex- _ d 6 
pressions having ~ x(x- 1) p (x - 1)(x + 1) 
an L.C.D. of x(x - LARA. mtl) Xx) 6 
l)x +1). To do = x(x- 1) (x*1) (x) (x- 1)(x +1) 
this, multiply each _ (x + 2)(x + 1) 6(x) 
expression by an »x(x-1(x*1) x(x - 1)(x + 1) 
appropriate form 42 + Bx 42 6x 
of the identity ele- " x(x-1(x*1) © x(x - 1)(x + 1) 


ment 1. 
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9. Subtract the nu- 2 x? + 3x + 2 - 6x 
merators and main- ~ x(x- 1)(x + 1) 
tain the common M - Bx + 2 
denominator.  dix- Tle #1) 
4. Factor the numer- 1 
ator and, if possi- _ (£—L)(x - 2) 
ble, reduce the re- — x(%=-4)(x + 1) 
sulting expression 1 
to simplest form eae uy dS "m 
by cancellation. x(x + 1) x?4x “nS 
TN 8y 9 
2. Add and express the sum in simplest form: 2y - 6 + 6- 2y 
How to Proceed Solution 
3y 9 
1. Since one denominator is the 2» - 6 + 6-2 
additive inverse of the other, ud 
multiply one of the rational ex- —... 9Y a [1E 9 
(7-1) 2y- 6 (-1) (6- 2y) 
pressions by CI) to form com- 3y -9 
= - 4 
mon denominators. 2y-6 2y-6 
[ $ Gon 
2. Add the numerators and main-  - AIC 
tain the common denominator. » 
93-8 
ay - 6 
1 
3. Factor and reduce to simplest = a == Ans. 
form. 1 | 


Mixed Expressions 
A mixed number such as 34 is the sum of an integer and a fraction, 
that is, 8 + 4. A mixed number can be transformed into a fraction by 
following the procedures just seen. 
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A mixed expression is the sum (or difference) of a polynomial and a 
rational expression. Once again, the same procedures just learned can 
be used to transform a mixed expression into a rational expression. For 
example: 


8 | x (x +5) 3 _ x(x + 5) | 3 








xtate I1 GCF) xt5 x5 +5 
t+ Dx $ ~ tört 
| x+5 ETI x-b Ans. 





|MODELPROBLEMS| —. — —— .— .— .— à.» 








1. Transform y - 5 + into a rational expression. 





) T2 
How to Proceed Solution 
i. Multiply ailtemsinthe — y- 54 ——— 
4 2 

polynomial y- 5 by 
(y * 2) AS =) QY*2). 3 
(y * 2)’ a form of the 1 (ys -2) yrs 
ył- dy TO 3 
identity 1. = "E ToD 

2. Add the numerators _ y* - 3y- 10* 3 
and maintain the com- ` y+2 
mon denominator. The dos T 

oS ey 
expression cannot be =~ 7,5 Ans. 
yt2 
reduced. 
oe ee 4 
2. Simplify: ( ale T e 744) 
How to Proceed Solution 

1. Transform each mixed : = 18) ( T zl 
expression into a ratio- 
nal expression. sfe a i16 1,x-24. 4 

L & XY WM Xx-4 x— x 
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2. Perform the indicated 1 il 
multiplication after fac. _ (x + 4)(x —4) X 
toring and cancelling all `~ ps ' (X—A4À) 
common factors. 1 1 





In 1-31, perform the operation. Express answers in simplest form. 
















































































1, = 7 z, 15.25 3. dc E 
lar ir 5. 224s 6. € el 
" bd A i 3.2 9. x brum 
13. 2, Š TT i. c^ Gea 
9. "Ey ETT mts g- WI En = =< 
Ili: xn Ce ee 7. 1530 3- 
En 25. wag irs 

26. ug 4342 ats a= ¥ 

28. aged 3-1 P. 49-5 34-85 
ái 9 3 lo SL wget 


x? +7x+10 x*5 x2 
In 32-43, transform the mixed expression into a rational expression. 


b 1 n_a 
32, ats 33. xt 34. 1 x 


z 





2 nS RE! | 
35. i= oto 36. y- 1+ 7 37. z *- 








1 
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ab ax * 
dB. acc d». Bet a0. du 
a 12 | «4k | y-6 


In 44-55, perform the indicated operations and express the answer in 
simplest form. 


44. > =) Fr ii (2 i j m) 























46. fi +2) EE 47. fai (2-5) 

as. (een) (eis) 49. (9+ 5*3) (55-3) 

M MEET 
(eme w (ee) 

sa. (se Drei) 5 Dri) 


In 56-59, copy and complete the table by adding, subtracting, multi- 
plying, and dividing the expressions that represent A and B. Express all 
answers in simplest form. 





In 60 and 61, select the numeral preceding the expression that best 
completes the sentence. 


x-1 2x-1 z^-x-1 l | 
60. The difference $5 - 13 —4 7^ 33-4 for all rational val- 
ues of x where: 
(1) x#1l,x £2 (2) x 2 


(3) x #+2 (4) x Æ il,x x +2 


Rational Expressions 83 


6 
x- 3 


61. The expression ( - & (2 + 


X 





— 2 for all rational values of 


x where: 
(1) x0 (2)x#8 (8) x#3,x#O0O (4)x3,x-*-8 


62. a. When a number is divided by 4, its quotient is 7 and its re- 
mainder is 3, written 72. Find the number that is the dividend. 
b. When a polynomial is divided by x + 3, its quotient is x - 4 
and its remainder is 2, written x - 4 * L. Find the polyno- 
mial that is the dividend. 


2-6 SIMPLIFYING COMPLEX FRACTIONS AND 
COMPLEX RATIONAL EXPRESSIONS 


A complex fraction contains one or more 
fractions in its numerator, its denominator, or Complex Fractions 
both. There are two procedures by which a 91 3 
complex fraction is transformed into a simple n 


8 
fraction: T 84 





Method 1 Method 2 


Multiply the complex fraction by Change the numerator to a 
; single fraction; change the de- 
p> 2 form of the identity element 1, | nominator to a single fraction; 


where k is the L.C.D. of all fractions ie n Aan Reus numerator 
that are found in the complex diia VAN 


fraction. | 
L] ExAMPLE 1: [] ExAMPLE 1: 
(For t and 2, the L.C.D. = 10.) 1 2 
JB bau HB L4. 40.2 
9 5 10.5 9 39 
10 1 


2 
HQ 
38 — 


co |t 
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O EXAMPLE 2: O ExAMPLE 2: 
(For 24 and 7, the L.C.D. = 3.) oi 7 1 
a a a, M Loi 
gi 7 7.38 7" ^2 8 1 à * 3 
ki E "M MEC MEUM. E 1 1 
T T $ T 9 X 8 
1 1 


A complex rational expression 
contains one or more rational 
expressions in its numerator, its 
denominator, or both. Complex 
expressions are simplified by the 
same procedures used to simplify 
complex fractions, as seen in the 
model problems that follow. 








3 
1. Express in simplest form: X 
bx 
Method 1 Method 2 
The L.C.D. of -9- and © is abx. Divide the numerator by the 
ax bx denominator and simplify. 
inlv by 20% | 3 
Multiply by aie and reduce. -m E 
6 ax bx 
3 3 b 3 bx 
ax _abx ax | Oe “ow ‘2. 
6 abx So a Hh o UM DUM 
bx bx — ubx- S. aX © 2a 
bx x 9 
290... B. 
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x? 
16 ! 
2. Express in simplest form: ET 
8 2 
Method 1 Method 2 
The L.C.D. of the expressions Change both numerator and 


denominator to single fractions. 


is 16. Multiply by 4 and reduce. aa ced 
Then, divide and simplify. 


























TUNE 
16 ^^ de de 7] x 4 =- 1(38) 
x 1 16 /x 1 16 .16 16 
8B 2 (5-3) éL x. l2 
8 2 8 2M 
: x^ 16*1 x^ 16 «x 16 
E s S ‘ - 
RE 16 16 16 
2 x $ 1 x 4 x - 4 
16:2-16':$ 8 8 8 
x3 - 16 x?- 16 .x - 4 
~ 2x-8 e ^ 8 
1  x?-16,. 8 
(x + 4)(«—4) 16 x-4 
2(x—4) ,,4 1 
1 (x*4)€—4). ® 
| 16 (I=) 
ss Ans. 2 1 
Xx tá4 
XE Ans 





In 1-45, express each complex fraction or rational expression in 
simplest form. 


3 x 
Es EU. 

1. | 2. 3x 3 
7 5 


5 
ax 
Eu 3 
2 


# [co [oo |co 
E 


ee LL.1L1 1.4 1. 2.3 2 41.2142 2 BIS D. LI 
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rA|cq 
dos 


| c 


24 
x- 3 
36 


BE. em 











12. 











ex | se 


Oe] + 





10. 


c : 
sle| e| 


e [iu miS 





rin 




















3 
D D| s 
"E 
I 
Tea T 
= 
N 
H| sig 
t |i 
S [m 
o 
E 
=| Ells 
T | 
m| ajm] = 
o6 
-= 
ri} 
+ [mlo 
| 
~ 
- 


nl a 
+ 
H| s 


e 
a 





n 





24. 


m| a 
+ 
min 


e| a 
+ 
ee 





23. 




















xe [eo | | eo 
I T 
ze [ex || ex 
oO 
e 
oo, [exl « 
I | 
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1 4 3 8 
dE TE lx x-2 x+2 
40. 41. “TC 
i+ = io 
y+2 x+1 x? -4 
9 1 S. Lo. 
ag. — 44, 272 4-0 45. 1-— 
fe Cobain L 1+ 
b bp? a? - b? x 


In 46, select the numeral preceding the expression that best answers 


the question. 


46. 


(1) all rational numbers 
and x #5 


For what rational values of x will 


x? 


ə 


Sal 


=x% + 5? 


(2) all rational numbers where x # 0 
(3) all rational numbers where x # 5 


(4) all ra- 


tional numbers where x = +5 


2-7 SOLVING FRACTIONAL EQUATIONS 


To solve an equation containing a numerical coefficient that is a frac- 
tion, we may use one of two procedures. In each method, the equation 
is transformed into a series of simpler equivalent equations. 


O ExamrLe: Solve for x: ix +2=6 


Method 1 


Use the standard procedure to 
simplify a first-degree equation. 


Method 2 
First, clear the equation of all 


fractions. To do this, multiply 
both members by the L.C.D. of 


ix +2=6 PIE 
; 5 all fractions in the equation. 
$x**2-2-6-2 Then, use standard procedures. 
lx 
pu 1x42-6 
spec ~s 5(lx + 2) = 5(6) 
x=20 Ans. 5+ lx +5 +2 = 5(6) 
x + 10 = 30 
x= 20 Ans. 
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Fractional Equations 
An equation is called a fractional equation when a variable appears in 
the denominator of one or more of its terms. Thus, + x + 2 = 6 is nota 


true fractional equation but simply an equation with rational coeffi- 
cients. Examples of fractional equations include: 


] ud 3 Eo oA. 1 


412 y å t-11 X &-1 


To solve a fractional equation, we use the procedure stated in method 
2 above, namely: 


lil Clear the equation of all fractions by multiplying both of its members 
by the L.C.D. of all fractions and rational expressions in the equation. 





| E XE: 
Solve for y and check: 19 * $ 4 
How to Proceed Solution Check 

— i.d f 3 sibus. 

1. Write the equation. 12 + y 4 13 + Ed 

2. Multiply by the | 

! Me d 72 ere ee 11] 1,171 
oo which is 12y fr + ^ 12y a 12*6^4 
2y. 

3. Apply the distribu- — y 1 12 1 3 1 d 491 
tive property, and Wy: 42 + 2y >= 12» (2. i2 12 4 
cancel wherever Es 

sible ^ : 3 
pos ; 8251 

4. Solve the resulting y +12 = 3y 12 4 
equation. 

12 = 2y l1. 9 
6=y 4 4 
(True) 


Answer: y = 6, or solution set = {6}. 


= 
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Fractional Equations With Extraneous Roots 


If we multiply both members of an equation by the L.C.D. of all 
denominators in the equation, we do not necessarily form an equivalent 
equation. Let us study a situation where this happens. 


x 2 1 

















(J Exampte: Solve for x and check: — 1 = > + 77 
How to Proceed Solution 
1. Multiply by the ] (= ) -—— ( 2. 4 
L.C.D., which is ee Dag] Ae Tu 
x(e = I) 
2. Apply the 
distributive 
property, pé d yan ch » fj 24 PROT má 
and | G6 —1) * e=) 
simplify. 1 1 1 
3. Combine like terms and write x«x"2x-1)t« 
an equivalent quadratic equa- x?^-272x-2-*x 
tion with one side equal to zero. x^-8x-2 
- dx *2*0 
4. Factor, and let each factor (x - 2x- 1) = 0 
equal zero. kw ls s 
x72 x=1 


5. Check the roots of the quadratic equation, namely, x = 2 and x = 1, 
in the original fractional equation before writing an answer. 























Check for x = 2 Check for x = 1 
x 2 1 x 2 1 
KÉ-I è $-1|4-l1 x 4-1 
2292, 2 | l1 f2,. 41 
2-1 2 2-11]1-1 1 1-1 
2223 ila 
img p^9 ta 
2 i 1+1 Division by 0 is not defined. Thus, the 
2-72 (True) | statement here is meaningless, and 1 is not a 


root of the original equation. 


6. Write the answer. Answer: x = 2, or solution set = {2}. 
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In the example just given, x = 1 is called an extraneous root, or an 
“extra” root, because it is a root of the derived equation (x? = 3x - 2), 


s ass a 
i x x ;) How 
is this possible? Notice that the derived equation was formed when we 
multiplied the members of the original equation by the L.C.D. of 
x(x - 1). 

But, wait. If x = 1, then the L.C.D. = x(x - 1) = 1(1 - 1) = 1(0) =0. 
Just as x = 1 is meaningless for the original equation, so too is it mean- 
ingless to say that an L.C.D. equals 0, and to multiply both members of 
the equation by 0. 

Recall that the multiplication property of zero states that the product 
of zero and any number is zero. In general terms: 








but it is not a root of the original equation (: x 


For any number a: a*0=0 ano O:a=0 


While this statement is true for all numbers, multiplying members of 
an equation by zero may pose problems, as we have just seen. If the 
members of an equation are multiplied by a polynomial expression that 
might represent zero, we observe: 


W Since the derived equation is not necessarily equivalent to the 
original equation, each root of the derived equation should be checked 
only in the original equation to see if it is a member of the solution set. 


MODEL PROBLEMS 























B 4 — x 
1. Solve for x: avo d" 
How to 
Proceed Solution 

1. Multiply by 4 x 

the L.C.D., (2 + - ):e-o-( = ):e- 
x-4 x-4 
(x - 4). 

2. Apply the 4 1 " 1 
distributive 2*(2-4)-* (x—84) * (e— 4) = ( E * (x— 4) 
property, 1 1 
and simplify 
the resulting 2(x- 4)+4=x 
equation. 2x -8+4=x 

2x- 4=x 
2x=xt+4 


x= 4 


3. Check the only possible root, 
x = 4, in the original equation. 


Since the statement formed isnot 2 + 3 2 r“ - 1 
defined, 4 is not a root of the à 
equation. Thus, the solution set is ao d. 
empty, or no root exists. 4-4 4-4 
Answer: Vor ] 24524 (Not defined) 
2. Solve for y: y~ 2. a SEE Cm 
ym H5. y = By 
How to Proceed Solution 
l. Factor all denomi- y-2 4 
nators to find the = n | 
y yy 2 
L.C.D., y(y- 2). 4 
Then, multiply by »( -2): —c— 
this L.C.D. y(y = 2) 
I y= 2 1 4 4 
9. Cancel wherever pos- *xX»-2): Ux 9 (y-—12)* X(y —3) 
sible. ! 
1 L 1 
3. Solve the resulting (y - 2)(y - 2)=4 
quadratic equation. y?-4y+4=4 
y? - 4y =0 
y - 4)-0 
y-4=0 
y =) y= d 
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Check for x = 4 














4. Check the possible roots, y = 0 and y = 4, in the original equa- 


tion. 

Check for y = 0 

"Rat C NNI NR 
y y^-2y 


Check for y = 4 
yY- 4 

y? - 2y 
4 





Ha 
3i 2 
bo 
Il-«5 

I 
o 
| 
oo 


With denominators of 0, the statement 
is meaningless. Thus, y = 0 is an extrane- 
ous root, and 0 is not part of the solution. 


Answer: y = 4, or solution set = {4}. 


ll--5 


to|[ œ| 


(True) 


wje Alb 
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EXERCISES | 





In 1-47, solve and check. 
































































































































Tru 5. pe^ b 6. rit 
7 9x +12 1.5 8 4y-1 3 à hb 5 1 

x*4 38 5y y 6 6 k 
10. ata = 11. x. 73 i1 +, -3 
= LEIL 1e rud sid "CI QFIT]I 
16, 2-2-9 17, H- ii. 1733 
d OSs ard 20. Chee 21. et 
adigi a EID n Por 
nr ua igcTp 29. P i"r'v4 
a: ri rut 31. Lti 
mx RIT 33. L—10 tS m* 10 
= Pie id oa MEC IT 
36. l-g 37. Horhe 
38. T8 "EI UI 39. Lig r TE 
a 231 973 4. rA e$ p-1 
= id at ee 55; 5-3": 
44. —— P 4 x 1 16 











9b *6 35-6 bv -9 4. 2048 x-4 x -]18 


46. 


48. 


49. 


50. 


51. 


52. 


53. 


94. 
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x+1 x-1 x+6 y y 18 
. C X x+1 al. S48 y-8 y*-9 
Let T represent a fraction. If 1 is subtracted from the numer- 


ator of the fraction, then the new fraction formed, * si a , is equal 


to d 5$. Find the original fraction. 
In a fraction, the denominator is 3 more than the numerator. If 1 
is added to the numerator and 1 is added to the denominator, the 


new fraction formed equals 3. Find the original fraction. 


Let L represent a fraction that is equivalent to 2. If 4 is sub- 


tracted from the numerator and 4 is subtracted from the denom- 
inator, the new fraction suay 5. Find the original fraction. 

A fraction is equivalent to $ . If 5 is added to its numerator and 5 
is added to its Jeominator, the new fraction is equal to $.. Find 
the original fraction. 

Pipe A can fill an industrial tank in 8 hours, and pipe B can fill the 
same tank in 4 hours. Let x represent the number of hours needed 
to fill the tank when both pipes are in operation. In one hour, pipe 


A fills | of the tank, pipe B fills 4 of the tank, and, with both 


pipes working, È of the tank is filled. Use the equation & + 4 = + 


to find the time needed to fill the tank, with both pipes working 
together. 

If it takes Felix 12 hours to paint an average room and it takes 
Oscar 8 hours to paint an average room, how many hours will it 
take them working together to paint an average room? 

If it takes 20 minutes for one clerk to sort the mail and 30 min- 
utes for a second clerk to do the same job, how many minutes will 
it take both clerks working together to sort the mail? 


2-8 REVIEW EXERCISES 


In 1-3, find the value(s) of x for which the rational expression is not 
defined. 


1l. 


t- 2 9 5x 3. - x-6 
3x - 12 'o x? + 5x ' x? * bx - 24 
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In 4-14, perform the operation. Express the answer in simplest form. 



































a-b 12b* y? - 4y y?-9 
4. y ' Qu Syo | 
16b? a-b y? +3y y-4 
g, 24-9 .9 - 2x (y #1)? , 9? =4 
* eed 3248 "y* +y  y* 
9x 15 yg 378 5 
3. 3x+5  3x+5 9. y? - 25 y? - 25 
x+1 x-3 2y 14 
1 a t 3 "m y-7 7-y 
a oe | 1 E 13 
12. 1-2 pP -å 13. y*6 y-6 y*- 36 
14 x?-4x-82 .(x-8) 


x? + 12x +32 x? - 64 


In 15-18, change the expression to its simplest form. 














5.2 x-y a e 1+2t 

x x 20 At 

15. 8 16. X 1 17. “a 18. Ld 
x y 20 2 4t 


19. The Sullivans went to a ski lodge for the weekend. They traveled 
for 70 miles at a constant rate of speed. Then they encountered 
snow-covered roads, and had to reduce their speed by 30 mph for 
the last 12 miles. The trip took 2 hours. Find the rate of speed for 
each part of the trip. 

distance 


Hint: Express the time for each part of the trip as = 


xt4 x+12 x-*12 


= = fi - a laa l 
uU ah eat x4 all rational values of x 











20. The product 


where: 


(Dsxssa4 (2) x # —4 
(3 x #4,x + —4 (4) x #4,x X —4,x + —12 


In 21-25, solve and check. 


dg hin 2 x.1,2 w-3_d 
udi Eu E ox uw 2$. w-8 w 
2 _ 8x44 y 42 3 





a x+6 x? + 6x aT y5-49 y= 





Chapter 





Geometry of the Circle 





3-1 ARCS AND ANGLES 


In our work in geometry in Course II, we showed that the locus of 
points equidistant from a given point is a circle. In this chapter, we will 
prove some important relationships of the measures of angles, arcs, and 
line segments of circles. 


E DEFINITION. A circle is a set of points in a plane such that the 
points are equidistant from a fixed point called the center of the circle. 


If the center of a circle is point O, the circle is called circle O, written 
in symbols as CO. 

A radius of a circle (plural, radii) is a B 
line segment from the center of the circle 
to any point of the circle. In Fig. 1, points 
A, B, and C are points of circle O, and /N 
OA, OB, and OC are radii of the circle. © 
Since every point of the circle is equidis- 
tant from its center, OA = OB = OC. 
Thus, OA = OB = OC, illustrating the 
truth of the following statement: Fig. 1 


¿D 


@ All radii of the same circle are congruent. 


A circle separates a plane into three sets of points. In Fig. 1, let the 
length of the radius of circle O be r. Then: 


Point C is on the circle if OC = r. 
Point D is outside the circle if OD > r. 
Point E is inside the circle if OE <r. 


The interior of a circle is the set of all points whose distance from the 
center of the circle is less than the length of the radius of the circle. 

The exterior of a circle is the set of all points whose distance from the 
center of the circle is greater than the length of the radius of the circle. 


95 
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Central Angles 


Recall that an angle is the union of two rays having a common end- 
point. The common endpoint is called the vertex of the angle. 


B DEFINITION. A central angle of a circle is an angle whose vertex is 
the center of the circle. 


For example, in Fig. 1, LAOB and £L BOC are central angles because 
the vertex of each angle is point O, the center of the circle. 


Types of Arcs 
An arc of a circle is any part of the circle. In Fig. 2, A, B, C, and D 
are points on circle O; and LAOB intersects the circle at two distinct 
points, A and B, separating the circle into two arcs. 





A D A 
C 
B 
Minor Arc (AB ) Major Arc (ACB) 
Fig. 2 


1. If mL AOB < 180, points A and B and the points of the circle in the 
interior of 4 AOB make up minor arc AB, written AB. 

2. Points A and B and the points of the circle not in the interior of 
LAOB make up major arc AB. A major arc is usually named by 
three points: the two endpoints and any other point on the major 
arc. Thus, the major arc with endpoints A and B is written ACB or 
ADB. 

Note: If mL AOC = 180, points A and C separate circle O into two 
equal parts, each of which is called a semicircle. While AC names a semi- 
circle in Fig. 2, notice that ÁDC and ÁBC clearly identify the two 
semicircles. 

An arc of a circle is intercepted by an angle if each endpoint of the 
arc is on a different ray of the angle and the other points of the arc are 
in the interior of the angle. 

A quadrant is an arc that is one-fourth of a circle. 
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Degree Measure of an Arc 


i DEFINITION. The degree measure of an arc is equal to the measure 
of the central angle that intercepts the arc. 


In circle O (see Fig. 3), if mZ FOG = 80, then the 
degree measure of arc FG is also 80, written as 
mG = 80. Using this same figure, let us make 
some additional observations: 

l. The degree measure of a major arc is equal to 
360 minus the degree measure of the minor arc 
having the same endpoints. Thus: 


mFEG = 360 — mFG = 360 — 80 = 280. 





Fig. 3 


2. The degree measure of a semicircle is 180. Here, mEFG = 180. 


Caution: Do not confuse the degree measure of an arc with the length 
of an arc, which will be discussed in a later chapter. For example, if the 
circumference of circle O, shown in Fig. 3, is 9 cm, then the length of 


FG is 365 (9 cm) = ASg cm = 2 cm. Notice that the degree measure of 


the arc (80^) is not the same as the length of the arc (2 cm). 


Congruent Circles, Congruent Arcs, and 
Arc Addition 

Congruent circles are circles 
with congruent radii. In Fig. 4, if 
O'A' = OA, then circles O' and 
O are congruent. 

Congruent arcs are arcs of the 
same or congruent circles that 
are equal in measure. In Fig. 4, 
if mÁB = m C, then AB = BC 
Furthermore, if OA = O'A' and Fig. 4 

Pan "m a cm 
mAB = mA'B', then AB = A'B'. 





E Postulate 1. Arc Addition Postulate. If AB and BC are arcs of the 
same circle having a common endpoint and no other points in common, 


then AB + BC = ABC and mAB + mBC = mABC. 


The arc that is the sum of two arcs may be a minor arc, a major arc, 
or a semicircle. 
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For example, in Fig. 5, A, B, C, and D are points 
of circle O, mAB = 90, mBC = 40, and OB and OD 
are opposite rays. 

1. Minorarc: mÁC = mÁB + mBC = 90 + 40 = 
130. 
Also, AB + BC = AC, a minor arc. 
2. Semicircle: Since OB and OD are opposite rays, 
/ BOD is a straight angle. Thus, BC + CD = BCD, 
Fig. 5 a semicircle. 
Also, mBC + mCD = mBCD = 180. 
3. Major arc: mABD = mAB + mBCD = 90 + 180 = 270. 
Also, AB + BCD = ABD, a major arc. 





li Theorem 1. In a circle or in congruent circles, congruent central 
angles intercept congruent arcs. 


Given: Circle O = circle O”. A 


LAOB =LCOD. 
LAOB&LA'O'B. C | 

To prove: AB = CD. B 
AB = A'B’. Br 


Plan: We will use the D 
definition of the 
measure of an arc to prove that the arcs are congruent. 





Proof: Statements Reasons 
1. Circle O = circle O'. 1. Given. 
2. LAOB = LCOD. 2. Given. 


LAOB = LA'O'B'. 
3. mL AOB = m/COD. 
m/ AOB = mL A'O'B'. 
4. mL AOB = mAB. 
mZCOD = mCD. 
mZA'O'B' = mÁ'B'. 


3. Congruent angles are angles that have 
the same measure. 


4. The degree measure of an arc is equal 


to the measure of the central angle 
that intercepts the arc. 


5. mAB = mCD. 5. Transitive property of equality. 
mAB = mA’B’ 

6. AB = CD. 6. Congruent arcs are arcs of the same 
AB = A'B' or congruent circles that are equal in 


measure. 
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The converse of this theorem can be proved using these same defini- 
tions and postulates. 


E Theorem 2. In a circle or in congruent circles, congruent arcs are 
intercepted by congruent central angles. 


Use the diagram from theorem 1. Given that circle O = circle O', 
AB = CD, and AB = A'B’, it can be proved that LAOB = / COD and 
LAOB = LA'O'B'. 

[The proof is left to the student. ] 

In theorems 1 and 2, the condition that the angles and arcs be in the 
same circle or in congruent circles is important. Let us examine some 
angles and arcs that have the same measure. 


xC3 


Fig. 6 





In Fig. 6, PA = QC, but PA # RE. If mL APB = mLCQD = mLERF, 
then LAPB = LCQD = LERF and mAB = mCD = mEF. In congruent 


circles, arcs that have equal measures are congruent. Thus, AB = CD. In 
circles that are not congruent, arcs that have equal measures are not 


congruent. Thus, AB # EF. 





[MODEL PROBLEM | 


In circle O, OA and OB are opposite rays and 
mZ BOC = 15. 





Find: 

a. m/ AOC b. mAC c. m BC 
d. mAB e. mABC 

Solution: 


a. m4 AOC = mL AOB - mL BOC 
=180-15=165 Ans 
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b. mAC = mZAOC = 165 Ans. 
mBC =mZBOC=15 Ans. 
d. mAB = mÁCB = mAC + mCB 
= 165-415-7180 Ans. 
e, mABC = mAB + mBC 


p 


= 180 + 15 = 195 Ans. 


EXERCISES 





1. Find the measure of a central angle that intercepts an arc whose 


measure is: 

&. 10 b. 140 c. 23 d. 178 e. r 
2. Find the measure of the arc intercepted by a central angle whose 

measure is: 

a. 90 b. 65 c, 117 d. 145 & r 


3. In circle O, mzAOB = 87, mzBOC = 93, and 
mz COD = 35. Find the measure of each of the 


following: 

a. LDOA b. AB c. BC 
d. ÁBC e. DC f. AD 
g. BCD h. CDB i DBC 





4. Lines AB and CD intersect at O, the center of 
the circle, and mi AOC = 25. Find the mea- 
sure of each of the following: 





a. LCOB b. LBOD c. LDOA 
d. AC e. BC f. BD 
g. AB h. ACD i. CBA 


Ex. 4 


5. In circle O, mL POQ = 100, m/ ROS = 40, and 
/ POR = LQOS. Find the measure of each of the 
following: 

a. PÀ b. RS e LQOS d. ŠQ e. PR 
f. QPS g. LQOR h. QR i QPR 
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6. In circle O, LAOC and LCOB are supplemen- 
tary. If mZ AOC = 2x, mLCOB = x + 90, and 
mL AOD = 3x + 10, find: 








a. x b. mZ AOC c. m/Z COB 
d. mZAOD e. mi DOB f. mAC 
g. mBC h. mAB i mAD 
j mDB k. mADC l. mBCD 
A 
/ N. 
"A 
C 
Ex. 7 Ex. 8 





7. Given: Circle O with AB = CD. 
To prove: A ABO = ACDO. 


— «—— 
8. Given: AB intersects CD at O, the center of the circle. 
To prove: AC = BD. 
9. Given: O' on circle O and O on circle O". 


— —" <—+ iiam 
OA 1 OO' and O'B | OO’. 
To prove: AO' = BO. 


3-2 ARCS AND CHORDS 


BM DEFINITION. A chord of a circle is a line segment whose endpoints 
are points of the circle. 


B DEFINITION. A diameter of a circle is a chord that has as one of 
its points the center of the circle. 


Inthe diagram, AB and AC are chords of circle O, 
and AC is a diameter of circle O. Recall that the 
midpoint of a line segment is the point that sepa- 
rates the segment into two congruent parts. Since 
the radii OA and OC are two congruent parts of 
AC, O is the midpoint of diameter AC. 

If the length of a radius of a circle is r and the length of a diameter of 
that circle is d, then: d = 2r 

A chord, like a central angle, determines two points on the circle and, 
therefore, a major arc and a minor arc. In the diagram, chord AB, 
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central / AOB, minor arc AB, and major arc ACB are determined by 
points A and B of circle O. When we refer to the arc of a chord that is 
not a diameter, we mean the minor arc that has the same endpoints as 
the chord. 


E Theorem 3. In a circle or in congruent circles, congruent central 
angles have congruent chords. 


Given: Qo = oo'. 


LAOB = LCOD. 
LAOB = LA'O'B". 


To prove: AB = CD. 
AB = A'B'. 

Plan: Prove triangles AOB, COD, and A'O'B' congruent using 
8.8.8. = 8.8.8. 





E Theorem 4. In a circle or in congruent circles, congruent arcs have 
congruent chords. 


Given: QO = Qo'. 
AB & CD. 
AB = A'B'. 


To prove: AB = CD. 





Plan: Draw OA, OB, OC, OD, O'A', O'B'. Use theorem 2 to show 
that the central angles are congruent. Then use theorem 3. 


The converse of theorem 3 and the converse of theorem 4 can be 
proved in a similar way. 


E Theorem 5. In a circle or in congruent circles, congruent chords 
have congruent central angles. 


3 


Using circles O and O' in the diagram for theorem 4, if AB z 
and AB = A'B', then zAOB = zCOD and zAOB = A'O'B'. 


B Theorem 6. In a circle or in congruent circles, congruent chords 
have congruent arcs. 


Using circles O and O' in the diagram for theorem 4, if AB = C 
— Å— amm Et 
and AB = A'B', then AB = CD and AB = A'B’. 
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Chords Equidistant From the Center of a Circle 


In Course II, we defined the distance from a point to a line as the 
length of the perpendicular from the point to the line. The perpendicu- 
lar is the shortest line segment that can be drawn from a point to a line. 


M Theorem 7. A diameter perpendicular to a chord bisects the chord 


and its arcs. 
Given: Circle O, diameter CD, chord AB, C 
{> —— 
G5 LAB, ut | us 
To prove: AE = BE. 
AC = BC. 
AD = BD. 
Plan: Draw radii OA and OB. Prove right D 
triangles = by hy. leg = hy. leg. 
Statements Reasons 


Proof: 


1. Draw radii OA and OB. 
2. CD L AB. 
3. L AEO and ¿BEO are 


right angles. 


. OA & OB. (hy. & hy.) 


5. OE = OE. (leg = leg) 


. Rt. AAEO = rt. ABEO. 
. AE = BE. 


8. LAOE = L BOE. 
9. AC = BC. 


10. 


11. 


12. 


LAOD is supplemen- 
tary to LAOE. / BOD 
is suppl. to / BOE. 


LAOD = | BOD. 


AD = BD. 





1. Two points determine a line. 
2. Given. 


3. Perpendicular lines intersect to 


form right angles. 


. All radii of the same circle are 


congruent. 


9. Reflexive property of congruence. 
6. Hy. leg = hy. leg. 
7. Corresponding parts of congruent 


triangles are congruent. 


8. Reason 7. 


9. In a circle, congruent central an- 


gles have congruent chords. 


. If two angles form a linear pair, 


then they are supplementary. 


. Supplements of congruent angles 


are congruent. 


. Reason 9. 
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CO CoroLLARY 7-1. The perpendicular bisector of a chord of a circle 
passes through the center of the circle. 





In the diagram, CD is the perpendicular bisector of 
chord AB in circle O. In Course II, we proved that the 
perpendicular bisector of a line segment is the locus 
of points, or set of all points, equidistant from the 
endpoints of the segment. Therefore, a point is on CD 
if and only if it is equidistant from A and B. Since 


D OA = OB, point O, the center of the circle, is on CD. 


li Theorem 8. If two chords of a circle are congruent, they are equi- 
distant from the center of the circle. 


Given: 


OE LAB 
OF | CD. 


To prove: OE = OF. 


Plan: 


Proof: 
i. 
2. 
3. 


Statements 
Draw radii OB and OD. 
OE LAB; OF 1 CD. 
LOEB and LOFD are 
right angles. 


. OE bisects AB. 


OF bisects CD. 


5. AB = CD. 
6. BE = DF. (leg = leg) 


. OB = OD. (hy. = hy.) 


8. Rt. ABOE = rt. ADOF. 
9. OE = OF. 


Circle O with AB & CD. 


Draw OB and OD. Show that right tri- 
angles BOE and DOF are congruent by 
hy. leg = hy. leg. 








Reasons 


. Two points determine a line. 
2. Given. 


3. Perpendicular lines intersect to form 


right angles. 


. A diameter perpendicular to a chord 


bisects the chord. 


. Given. 


6. Halves of congruent segments are 


congruent. 


. All radii of the same circle are con- 


gruent. 


8. Hy. leg = hy. leg. 
9. Corresponding parts of congruent 


triangles are congruent. 
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E Theorem 9. If two chords of a circle are equidistant from its center, 
the chords are congruent. 


Using the diagram of theorem 8, if OE | AB, OF | CD, and OE = OF 
in circle O, then AB = CD. Notice that theorem 9 is the converse of 
theorem 8. The proof of this theorem uses a procedure similar to that 
used to prove theorem 8, and is left to the student as an exercise. 


A Polygon Inscribed in a Circle 
If a polygon is inscribed in a circle, the vertices of 


the polygon are points of the circle and the sides of á 

the polygon are chords of the circle. We can also say UN B 

that the circle is circumscribed about the polygon. , 

For example, in the accompanying diagram, A, B, 

C, and D are points of circle O. Therefore: 5 SN VA 
C 


1. Polygon ABCD is inscribed in circle O. 
2. Circle O is circumscribed about polygon ABCD. 


To circumscribe a circle about A ABC: 


1. Construct PQ, the | bisector of AB. 
—- — 
2. Construct RS, the | bisector of BC. 
“+ € Q. 
3. Lines PQ and RS intersect at O. x. 
L mon ttn — 
Since O is on PQ, OA = OB. | 
cer cS mms T MC 
Since O is on RS, OB = OC. 
By the transitive property, OA = OC. 
Therefore O is on the perpendicular bisec- 
tor of AC. | 
4. Using OA as a radius, draw circle O. Tri- 
angle ABC is inscribed in OO. R 





The construction to circumscribe a circle about a triangle, or to in- 
scribe a triangle in a circle, indicates that the following statements can 
be proved: 


ll Any three non-collinear points determine a circle. 


@ The perpendicular bisectors of the sides of a triangle are concurrent, 
that is, the three perpendicular bisectors meet at one point. 


4.1 ME 1:178 1 1011 Ju 1E 2131 22M R3 1 IR JIRNES- RII 1 0 2 
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Find the length of a chord 3 cm from the center of a circle whose 
radius measures 5 cm. 


Solution 
Since OC 1 BA, AAOC is a right triangle. By 
the Pythagorean Theorem: 
(CA)? + 3? = 5? 
(CA)? + 9 = 25 
(CA)* =16 





CA =4 (A length is positive.) 
Since OC bisects BA, BC = CA. Thus, BA = BC +CA=4+4=8. 
Answer: The length of the chord is 8 cm. 


. Ina circle of radius 10, mAB = 90. a. Find the length of chord AB. 
b. Find the distance of AB from the center of the circle. 


Solution 





b. Since the distance, OC, is the 
length of the perpendicular to 
AB, C is the midpoint of AB 
and A AOC is a right triangle. 


AC = 3(10V/2) = 52 


a. Since mAB = 90, there- 
fore m/ AOB = 90 and 
AAOB is a right triangle. 
Let x = AB. 


(AB) = (OB)’ + (OA) 


x^ = 10° + 10 Let y = OC. 
bi n (OC + (AC) = (04 
x50 bs a 
x = +10./2 y? = 50 
(A length is positive.) y = +,/50 
AB -1042 Ans. y = +5/S2 





OC =5,/2 Ans. 
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Find the length of the radius of a circle whose diameter measures: 


a. 10 in. b. 12m c. 9 ft. d. 2.6 cm e. d 
Find the length of the diameter of a circle whose radius measures: 
a. 7 in. b. 12m c. 8 ft. d. 9.2 cm e. Tr 


In the diagram, O is the center of the cir- 
cle, and A, B, C, and D are points of the 
circle. Name: 

a. 4 radii b. 2 diameters 

c. 4 chords d. 4 central angles 
In circle O, AB isa diameter, AO = 3x - 1, 
and AB = 5x. Find the length of a radius 
of the circle. 

Points A, C, and D are points of circle O 
such that / DAC is a right angle, DA = 6, Ex. 3t0 5 

and AC = 8. 

a. Find the length of CD, a diameter of the circle. b. Find OA. 





In 6-19, DE is a diameter of circle O, and DE | chord AB at point C. 


6. 
Ts 
8. 
9. 
10. 
1l 
12. 


13. 


14. 
15. 


16. 
If 


18. 


If AB = 6 and OC = 4, find OB. 
If AB = 14 and OC = 24, find OB. 
If AB = 30 and OB = 17, find OC. 
If AB = 32 and OB = 20, find OC. 
If OB = 18 and OC = 5, find AB. 
If OB = 15 and OC = 12, find AB. 
If mZAOB = 90, find: a. m 
b. mÁD c. mAEB d. m 
If mZ AOE = 140, find: 

a. m/ AOC b. mL AOB | Ex. 6 to 19 

c. mÁB d. mBD e. mÁEB 

If mL AOB = 90 and OC = 3, find AB. 

If mL AOB = 90 and OA = y8, find: a. OB b. AB c. AC 
d. OC 

If mL AOB = 60 and OA = 12, find: a. m/OAB b. mZOBA 
c. AB d. AC e. OC 

If m£AOB=60 and BC -2, find: a. AC b. AB c. OB 
d. OA e. OC 

If OD = 41 and CD = 32,find: a. OA b. OC c. AC d. AB 
Let AB = 24, CD = 8, and OC =x. a. Represent the length of 
OB in terms of x. b. Using OB, OC, and CB, write an equation 
that can be used to find x. c. Find OC. d. Find OB. 


=) &) 
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20. a. Areangles that have the same measure always congruent? 
b. Are arcs that have the same degree measure always congruent? 





Ex. 21 Ex. 22 Ex. 23 Ex. 24 


21. Given: In circle O, chords AB and CD intersect at O. 
To prove: mAC = mBD. 

22. Given: In circle O, DE = FE. 
To prove: ADOE = AFOE. 

23. Given: APQR is inscribed in circle O, PQ = PR. 


To prove: a. PQ = PR. b b. PQR ~ PRO. 


24. Given: In circle O, DOC 1 chord AB. 
To prove: a. ACDB = ACDA. b. AABC is isosceles. 


25. Draw an obtuse triangle. Construct circle O so that the triangle 
is inscribed in the circle. 

26. Tell which two of the given quadrilaterals can always be inscribed 
in a circle: square, parallelogram, rhombus, rectangle, trapezoid. 


3-3 INSCRIBED ANGLES AND 
THEIR MEASURES 


B DEFINITION. An inscribed angle of a circle is an angle whose ver- 
tex is on the circle and whose sides contain chords of the circle. 


In the diagram, ABC is ar an inscribed angle that in- 


tercepts AC. Notice that BA and BC, the rays that 
form the angle, contain two chords of the circle, 
namely, BA and BC. 

In order to determine how the measure of an in- 
scribed angle is related to the measure of its inter- 
cepted arc, we must consider three cases, as shown in 
the following diagram: 
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B 





tO 





G 
Case I. The center Case II. The center Case III. The cen- 
of the circle is con- of the circle is in the ter of the circle is 
tained in one ray of interior of / ABC. in the exterior of 
L ABC. /L ABC. 


In Case I, draw OA to form isosceles AAOB in 
which mL OAB = m/ OBA = x. Since the measure 
of an exterior angle of a triangle is equal to the 
sum of the measures of the two remote interior 
angles, mL AOC = x + x = 2x. Thus, mAC = 2x, 
since the measure of the central angle, L AOC, is 
| equal to the measure of its intercepted arc, ÁC. 
C Therefore: 


Case | mLABC =x =4(2x) = 4 mAC 
The measure of the inscribed angle is one-half the measure of its inter- 


cepted arc. Let us now present a formal proof of the theorem for all 
cases. 





E Theorem 10. The measure of an inscribed angle of a circle is equal 
to one-half the measure of its intercepted arc. 


Case I. The center of the circle is a point on one ray of the inscribed 
angle. 


Given: LABC inscribed in circle O, with O on 2 
— 
BC. 

To prove: mL ABC = 1mAC. 

Plan: Draw AO and show that the measure of A 


exterior / AOC is twice the measure of 
L ABC. 
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Proof: Statements 


1. 


L ABC is inscribed in cir- 
— 
cle O; O is a point on BC. 


2. Draw AO. 
3. AO = OB. 


9. 
10. 


Case II. The center of the circle is a point in the 


. LA =LB. 


. MLA = m/ B. 


. mLAOC = mLA + mLB. 


. mL AOC =mLB+mLB 


= 2m/B. 


. mLAOC = mAC. 


2m B = mÁC. 
mZ B = 1mÁC. 


interior of the inscribed angle. 


Given: 


Plan: 


Proof: 


Reasons 


. Given. 


. Two points determine a line. 


3. All radii of the same circle are 


L ABC is inscribed in circle O, with O 


in the interior of Z ABC. 
To prove: mL ABC = 4mAC. 


Statements 


a—— 
Draw BO and use Case I. 


1. LABC is inscribed in circle O; 
O is a point in the interior of 
L ABC. 


congruent. 


. If two sides of a triangle are con- 


gruent, the angles opposite these 
sides are congruent. 


. Congruent angles are equal in 


measure. 


. The measure of an exterior angle 


of a triangle is equal to the sum 
of the measures of the two re- 
mote interior angles. 


. Substitution. 


. The measure of an arc of a circle 


is equal to the measure of the 
central angle that intercepts the 
arc. 


. Transitive property of equality. 
. Multiplication property of equal- 


ity. 





l. Given. 


2. Draw BO intersecting the circle | 
at D. 

3. mZ ABC = mL ABD + m/DBC. 

4. mL ABD = 1mAD. 
mZ DBC = 1 mDC. 

5. mLABC = i mÁD + 1 mDC. 

6. mLABC = 1 (mÁD + mDC) 

7. mL ABC = imAC, 

scribed angle. 

Given: 


the exterior of / ABC. 


To prove: mL ABC = 1 mAC. 


— 
Draw BO and use Case I. 


Plan: 
Proof: Statements 
1. L ABC inscribed in circle O; O is 


a point in the exterior of / ABC. 


— 
. Draw OB intersecting the circle 


at D. 


. nLABC + mL CBD = m/ ABD. 
. mL ABC = m/ ABD - m/.CBD. 


. mL ABD = 1mÁAD. 


mZ CBD = i mCD. 


6. mL ABC = 4mAD - 4mCD. 
7. mL ABC = 1 (mÁD - mÓD). 


. mLABC = 1 mÁC. 


4 ABC inscribed in circle O, with O in 
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2. Two points determine a line. 
3. The whole is equal to the 


sum of its parts. 
4. Case I. 


5. Substitution. 
6. Distributive property. 
7. Arc addition postulate. 


Case III. The center of the circle is a point in the exterior of the in- 





Reasons 


1. Given. 
2. Two points determine a line. 


3. The whole is equal to the 


sum of its parts. 


4. Addition property of equal- 


ity. 


5. Case I. 


6. Substitution. 
T. Distributive property. 


8. Substitution. 
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O CororLarY 10-1. An angle inscribed in a semicircle is a right angle. 


In the diagram, zABC is inscribed in ABC, 
a semicircle of circle O. The arc intercepted by 
ZABC, ADC, is also a semicircle whose degree 


measure is 180. Thus: 
mzABC = i mADC = $80) = 90. 





[]ConoLLARv 10-2. Two inscribed angles of a circle that intercept the 
same arc are congruent. 


B 





In the diagram, zABC and zADC are inscribed 
angles, each of which intercepts arc AC. Since 
mzABC = 3 mAC, and mzADC = 1 mAC, then 
mzABC = mzADC and zABC = zADC. 


Ys 


Constructing a Right Triangle 
Corollary 10-1 suggests a way of con- 
structing a right triangle with a given line 
segment as the hypotenuse. Imagine that 
you are given only the line segment AB. If 
AB is to be the hypotenuse of a right tri- A} 
angle, bisect AB. Let the midpoint of AB 
be O. With O as the center and AO as a 
radius, draw a circle. Any point on the cir- 
cle can be the vertex of a right angle be- 
cause the angle will be inscribed in the semicircle, AB. Two possible 
triangles, AABC and A ABC’, are shown in the diagram. 





e 





Given: A ABC is inscribed in a circle, mBC = 100, 
and mÅ B = 70. 


Find: a. mLA b. mAC 
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Solution 


The measure of an inscribed angle of a circle equals one-half the de- 
gree measure of its intercepted arc. Therefore: 


a. mL A - imBC b. mZLB-imAC 
mZA = 1 (100) 70 = imÁC 
mZA=50 Ans. | 140=mAC Ans. 


EXERCISES | 





1. Find the measure of an inscribed angle that intercepts an arc 
whose degree measure is: 
a. 60 b. 140 c. 200 d. 75 e. r 
2. Find the degree measure of an arc intercepted by an inscribed 
angle whose measure is: 
a. 60 b. 120 c, 15 d. 90 e. r 





Ex. 3 Ex.4 
3. Triangle ABC is inscribed in a circle, mZ.A = 80, and mAC = 88. 
Find: a. mBC b. mLB c. mZLC d. mÁB 
4. Triangle DEF is inscribed in a circle, DE = EF, and mEF = 100. 
Find: a. mLD b. mDE c. mZF 


In 5-7, chords AC and BD of a circle intersect 


9. If mZ B = 40 and mL AEB = 102, find: 
a. mLA b.mBC c. mÁD d.mZD 
e. mZC 
— <_< 
6. If AB || DC and mZ B = 86, find: 
a. mD b.mAD c. mBC d. mLA Ex. 51to7 
e. mZC 


7. If mAD = 100, mAB = 110, and mBC = 90, find: 
a. mDC b. mZA c. mB d. mZC e. mZD 





i 
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In 8 and 9, diameter DOE 1 chord AB at F, AOC is a diameter, and 
BC is a chord of circle O. 


8. If mÉC = 60, find: a. mAB b. mZA D 
c. mLC d. mAD e. mL AOD 
f. mCE 


9. I mL AOD = 35, find: a. mAD b. mDB A 
c. mBC d.mZA e.mZC £f. mZB 
g. mCE h. mAE 








"WV 


E 
Ex. 8 and 9 


10. If AABC is inscribed in a circle so thatmAB:mBC:mCA = 2:3:4, 
find: a. mAB b. mBC c. mCA d. mZA e. mZB 


f. mC 
R 
| 11. Quadrilateral PQRS is inscribed in a circle, 
Q and mPQ :mQR :mRS:m$P = 1:2:4:5. 
p Find: a. mPQ b. mQR c. mRS 
d. mõ e. mLS f. mZQ g. mZR 
S h. mZP 
Ex. 11 





Ex. 12 Ex. 13 


12. Given: Chords AD and BC of circle O intersect at E, AB = CD. 
To prove: AABE = ACDE. 
13. Given: Diameters BOD and COA intersect at the center of cir- 
cle O. 
To prove: AABC = ADCB. 
14. Given: Chords AC and BD of circle O intersect at E, AB = CD. 
To prove: AABC = ADCB. 
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3-4 TANGENTS AND SECANTS 


A line may have two points, one 
point, or no points in common with 
a circle, as shown in the diagram. 


———— D 


B DEFINITION. A tangent to a circle 
is a line in the plane of the circle that 
intersects the circle in exactly one 
point. 





In the diagram, line m is tangent to 
circle O because the line intersects the circle at only one point, P. 


B DEFINITION. A secant of a circle is a line that intersects the circle 
in two points. 


In the diagram, line k is a secant of circle O because the line intersects 
the circle at two points, A and B. 


WE Postulate 2. At a given point on a circle, there is one and only one 
tangent to the circle. 


Let P be any point on circle O and OP a 
radius to that point. If line m containing 
points P and Q is perpendicular to OP, it 
follows that OQ > OP because the per- 
pendicular is the shortest distance from a 
point to a line. Therefore, every point on 
line m except P is outside of circle O, and 
line m must be tangent to circle O. From 
this discussion we may prove the follow- 
ing theorem. 





B Theorem 17. If a line is perpendicular to a radius at its point 
of intersection with the circle, the line is tangent to the circle. 


It is left to the student to write a formal proof of the theorem. 
Our next theorem is the converse of theorem 11. 


il Theorem 72. If a line is tangent to a circle, the line is perpendicular 
to the radius drawn to the point of tangency. 
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P We are given that line m is tan- 
: gent to circle O at point P, and we 
will use an indirect proof to show 


that m L OP. 

Either m L OP or m is not | OP. 
If we assume that m is not L OP, 
then there is some line, 5, that is 
1 OP at P. But, by theorem 11, if 
line b 1 OP, then b is tangent to circle O at P. However, two lines, m 
and b, tangent to circle O at P, contradicts postulate 2. Therefore, our 
assumption that m is not | OP is false, and line m L OP must be true. 





Construction of Tangents 


Theorem 11 suggests a method of con- 
structing a tangent to a circle at a given 
point on the circle. If P 1s a point on cir- 
cle O at which the tangent is to be con- 


structed, draw OP. Construct a perpen- 
{> 

dicular to OP at P. Since AP 1 OP, line 

AP | is tangent to circle O at P. 





If R is any point outside of 
circle O, two tangents can be 
drawn to circle O from R. The 
construction is shown in the 
diagram. Draw OR and bisect it. 
If the midpoint of OR is Q, 
draw a circle with Q as the cen- 
ter and OQ as the radius. This 
circle will intersect circle O in 
two points, P and P'. Draw 
*—R ——3À 
RP and RP’. Since an angle 
inscribed in a semicircle is a 
right angle, / OPR and LOP'R 
are right angles, each of which 
is inscribed in a semicircle of 

—- eS {> 
circle Q. Thus, RP | OP and RP'1 OP' because of these right angles. 
The lines RP and RP' are therefore tangent to circle O since each line is 
perpendicular to a radius at its point of contact with the circle. 
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Common Tangents 


li DEFINITION. A common tangent is a line that is tangent to each 
of two circles. 


4—R 

In Fig. 1, AB is tangent to circle O 
{> 
at A and to circle O' at B. Line CD 
is tangent to circle P at C and to cir- 
{4} {+ 
cle P' at D. Therefore, AB and CD 

are common tangents. 
Common internal tangents inter- 
sect the line segment joining the cen- 

4— 

ters of the circles. Line AB is a 
common internal tangent because 
AB intersects OO'. Common ex- 
ternal tangents do not intersect the 
line segment joining the centers of 

a 
the circles. Line CD is a common 

4—— 

external tangent because CD does Fig. 1 
not intersect PP’. 





Two circles in the same plane are said to 
be tangent to each other if they are tan- 
gent to the same line at the same point. 


In Fig. 2, ST is tangent to circle O and 
to circle O' at T. Circle O is tangent to 
circle O'. Since all of the points of each 
circle, except the point of tangency, are Exioriüally Tangont Gida 
exterior points of the other circle, the ?; 

is a common internal tangent, 
circles are externally tangent. Since ST Fig. 2 


intersects OO' ST T is a common internal 
tangent. 





pa 

In Fig. 3, MN is tangent to circle P 
and to circle P' at M. Circle P is tangent 
to circle P'. Since all of the points of 
one circle, except the point of tangency, 
are in the interior of the other circle, 
the circles are internally tangent. | Since 
MN does not intersect PP’, MN is a _ Internally Tangent Circles 
common external tangent to circles MN is a common external tangent. 
P and P'. Fig. 3 
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As shown in the diagram, two circles can have four, three, two, one, 
or no common tangents. 





Tangent Segments 
B DEFINITION. A tangent segment is a segment of a tangent line, 
one of whose endpoints is the point of tangency. 


P 


In the diagram, PQ and PR are tangent 


os — 
segments of the tangents PQ and PR to 
the circle O from P. 





B Theorem 13. Tangent segments drawn to a circle from an external 
point are congruent. 


P 
Given: PQ tangent to circle O at Q. 
PR tangent to circle O at R. 
To prove: PQ = PR. 
Plan: Draw OQ, OR, and OP. Prove 


right triangles PQO and PRO 
congruent by hy. leg = hy. leg. 
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Proof: | Statements Reasons 


l. PQ tangent to circle Oat Q. | 1. Given. 

PR tangent to circle O at R. 
{> — 

2. PQ LOQ. 2. If a line is tangent to a circle, it 
D T a mun . . . 
PR LOR. is perpendicular to the radius 

drawn to the point of tangency. 

3. LPQO and Z PRO are right 3. Perpendicular lines intersect and 


angles. form right angles. 
4. QO = RO. (leg = leg) 4. All radii of the same circle are 
congruent. 
5. OP = OP. (hy. = hy.) 5. Reflexive property of equality. 
6. Rt. APQO = rt. APRO. 6. Hy. leg = hy. leg. 
7. PQ = PR. | 7. Corresponding parts of congru- 
ent triangles are congruent. 


[]ComRorLAnv 13-1. If two tangents are drawn to a circle from an ex- 
ternal point, the line determined by that point and the center of the 
circle bisects the angle formed by the tangents. 


In the proof of theorem 13, APQO and APRO were shown to be 


congruent. Therefore, A QPO and LRPO are congruent, and PO bisects 
LQPR. 


A Polygon Circumscribed About a Circle 

A polygon is circumscribed about a circle if each side of the polygon 
is tangent to the circle. When a polygon is circumscribed about a circle, 
the circle is inscribed in the polygon. 

For example, in the accompanying diagram 
AB is tangent to circle O at E, BC is tangent 
to circle O at F, CD is tangent to circle O at G, 
and DA is tangent to circle O at H. Therefore: 
1. Polygon ABCD is circumscribed about cir- 


cle O. 
2. Circle O is inscribed in polygon ABCD. 





From corollary 13-1, we know that the line joining the center of a 
circle to an external point bisects the angle formed by the tangents to 
the circle from this point. Therefore, to inscribe a circle in a polygon, 
we must determine that the bisectors of each angle of the polygon meet 
in a point that is the center of the inscribed circle. 
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To demonstrate the truth of this B 
statement, consider the following 
construction for any given triangle 
ABC. 


1. Bisect LA and bisect LC. The 
bisectors of these angles will 
meet at a point called O. 

2. Draw OF LAB, OE 1 BC, and A 
OD 1 CA. 

3. Since LOFA = LODA (right angles are congruent), FAO = / DAO 
(an angle bisector forms congruent angles) and AO = AO, it follows 
that AFAO = ADAO by a.a.s. = a.a.s. 

4. Similarly, ADCO = AECO by a.a.s. = a.a.s. 

5. Therefore, OF = OD, and OD = OE since corresponding parts of 
congruent triangles are congruent. 

6. Draw circle O with radii OF, OD, and OE. Since these radii are per- 
pendicular, respectively, to AB, AC, and BC, it follows that the sides 
of the triangle are tangent to circle O and AABC is circumscribed 
about circle O. 








| MODEL PROBLEMS 


1. Triangle ABC is circumscribed about 
circle O, with D, E, and F being 
points of tangency for AB, BC, and 
— 

CA, respectively. If AF =6 and 
EB = 7, find the length of AB. 
Solution: Since tangent segments 
drawn to a circle from an external 
point are congruent, it follows that 
AF = AD = 6 and EB = DB = 7. 
Thus, AB = AD + DB = 6 + 7 = 13. 


Answer: AB = 183 





y il 


2. Point P is 10 cm from the center of a circle whose radius measures 
6 cm. Find the length of a tangent segment from P to the circle. 


Solution: Let R be a point at which a line from P is tangent to 
circle O. Since / ORP is a right angle, AORP is a right triangle in 
which OR = 6 and OP = 10. 
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Let PR = the length of the tangent segment 
from P to the circle. 
By the Pythagorean Theorem: 


(OR)? + (PR)? = (OP)? 
6? + (PR)? = 10? 
36 + (PR)? = 100 
(PR)* = 64 
(A length is positive.) PR =8 





Answer: 8cm 





EXERCISES | _ 


In 1 and 2, AABC is circumscribed about a circle, and D, E, and F 


are points of tangency. 





A 
D 
F 
B C E B 


Ex. 1 Ex. 2 
1. Let AD = 5, EB = 5, and CF = 10. 
a. Find the lengths AB, BC, and CA. 
b. Show that AABC is isosceles. 
2. Let AF = 10, CE = 20, and BD = 30. 
a. Find the lengths AB, BC, and CA. 
b. Show that AABC is a right triangle. 


In 3-9, PQ is tangent to circle O at P, SQ is tangent to circle O at S, 
-_ 
and OQ intersects circle O at T and R. 
3. If OP = 15 and PQ = 20, find: 


a. OQ b. QS 

4. If OQ = 25 and PQ = 24, find 
PO. 

5. If OP = 10 and PQ = 10, find: 
a. QS b. OQ 





6. If RT = 12 and RQ = 4, find: T 
a. PO b. OQ c.PQ d. QS 
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7. If OP = 9 and RQ = 6, find: a. OQ b. PQ c. QS 
8. If PQ = 2x - 4, SQ =x + 4,andOP = 1x +1, find: a. x b. PQ 


c. OP d. OQ 
9. If PQ = 4x - 1, SQ =x + 11, and OP = 2x, find: a. x b. PQ 
c. OP d. OQ 





Ex. 10 Ex. 11 


10. Given: PQ and PR tangent to circle O at Q and FR. 
To prove: LPQR = LPRQ. 
— €— 
11. Given: AC and BC tangent to circle O at A and B. 
— 
To prove: OC bisects LAOB. 


i, 


AD = BD. 


12. Given: A^. ABC circumscribed about 
circle O with points of 
tangency D, E, and F; 
AB = AC. 
To prove: E is the midpoint of BC. 





3-5 ANGLES FORMED BY TANGENTS, 
CHORDS, AND SECANTS 


We have seen how the measures of central angles and inscribed angles 
are related to the measures of their intercepted arcs. In this section, we 
will study other angles formed by tangents, chords, and secants. 


E Theorem 14. The measure of an angle formed by a tangent and a 
chord intersecting at the point of tangency is equal to one-half the mea- 
sure of the intercepted arc. 
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Given: Tangent PS intersects PR at 
point P on circle O. 
To prove: mL SPR = lmPR. 


Plan: The following steps outline a 
proof of the theorem. 





1. Draw diameter POQ and chord QR, 
forming A PQR with LR a right angle. 

2. Angle RQP and angle RPQ are comple- 
mentary because they are the acute angles of a right triangle. 


3. Since radius OP | tangent PS, LSPR and / RPQ are complementary. 
4. Since the complements of the same angle are congruent, 
¿SPR = zRQP. = 
5. Since 4 RQP is an inscribed angle, mL RQP = $3 mPR. 
6. By substitution: mL SPR = imPR. 


[The formal proof is left to the student. ] 


E Theorem 15. The measure of an angle formed by two chords inter- 
secting within a circle is equal to one-half the sum of the measures of 
the arcs intercepted by the angle and by its vertical angle. 


Given: Chords AB and CD intersect at E within 
the circle. 
To prove: mL AED = l(mAD * mBC). 
mZCEB = 4(mAD + mBC). 
Plan: Draw chord BD, forming inscribed angles 
B and D. 
Thus, mZ B = imÁD, and mZ D = 4mBC. 
Note that LAED is an exterior angle of A BED. 
Therefore, mL AED = mZ B + m/D 
=imAD + tmBC 
= 1(mAD + mBC). 
Since vertical angles are congruent, mzCEB = mzAED 
Therefore, mzCEB = +(mAD + m BÓ). 


[The formal proof is left to the student.] 





Note: To show that mz CEA = mzBED = limÁC + mBD), 
draw AD. 
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ll Theorem 16. The measure of an angle formed by a tangent and a 
secant, or two secants, or two tangents intersecting outside a circle is 
equal to one-half the difference of the intercepted arcs. 


Since three separate cases are involved in this theorem, we will pre- 
sent an illustration of each case. By supplying the reasons for the given 
statements in each of the following cases, the student can write a 
formal proof of this theorem. 


Case I. An angle formed by a tangent and a secant intersecting out- 
side the circle. 


{y} 
Given: Tangent PRS and secant 
u—— 
PTQ intersect at P outside 


circle O. 
To prove: mLP = i(mRQ - mRT). 


Proof: 1. Draw chord RQ. 
2. mZ P + m/Q =mZSRQ. 





3. mZ P - mZSRQ - m/Q. 
4 mZSRQ = imRQ. 
5. mZQ - imRT. 
6 mLP = imRQ- imRT. 
7 mZ P =4(mRQ - mRT). 


Case II. An angle formed by two secants intersecting outside the 
circle, p 


Given:  Secants PTR and PQS in- p 
tersect at P outside cir- . 





cle O. 
To prove: mLP = i(mRS - mTQ). 
Proof: 1. Draw chord RQ. 
2. mL P + mLR = mZ RQGS. 
3. mZP =mZRQS - mZR. 
4. mL RQS = imRS. 
5 mZR - imTQ. 
6 mZP =4mRS - $mTQ. 
7 mZP = i(mRS - mTQ). 
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Case III. An angle formed by two tangents intersecting outside the 
circle. (Note that the intercepted arcs are a major arc and a minor arc 


having common endpoints.) 


4——— — 
Given: Tangents PRS and PQ intersect at P 
outside circle O. 


To prove: mLP = i(mRTQ - mRQ). 





Proof: 1. Draw chord RQ. 
2. mL P + mZLPQR = mZSRQ. 
3 m/ P = mL SRQ - mZPQR. 
4. m SRQ = imRTQ. 
5 mL PQR - imRQ 
6 mZP - imRTQ - imRQ. 
7 mZ P =1(mRTQ - mRQ). 

MODEL PROBLEMS | 





1. A tangent and a secant are drawn to 
circle O from an external point P. The 
tangent intersects the circle at Q and the 
secant at R and S. 


If mQR : mRS : m$Q = 2:3 24, find: 
a. mQR b. mRS C. m$Q 
d. mzP e. mzPQR f. mzPRQ 


Solution 
a. Let mQR = 2x Ax + 3x + 4x = 360 
mRS = 3x 9x = 360 


= 40 
mSQ = 4 e i 
" mQR - 2x - 80 


b. mRS = 3x = 120 Ans. | C. mSQ = 





Ans. 
4x = 160 Ans. 
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d. mZP = ¿(mQ - mQR) | e. mZPQR = imQR 
- $(160 - 80) = 1(80) 
= 4(80)= 40 Ans. - 40 Ans. 


f. m/ PRQ = 180 - (mL P + m PQR) 
= 180 - (40 + 40) 
= 180 - 80 
= 100 Ans. 


Note: In part f, the measure of LPRQ, an angle formed by a 
secant and a chord, is not equal to one-half the intercepted arc. 


2. Two tangents are drawn to a circle from an external point R such 
that m/ R = 70. Find the measures of the major arc and the minor 
arc into which the circle is divided by the points of tangency. 


Solution: Let P and Q be the points of tangency R 
and let S be any point on the major arc. p 
x = mPQ 
360- x = mPSQ 
mLR =4(mPSQ- mPQ) Q 
70 = $£(360 - x - x) 
70 = 1(360 - 2x) S 
70 = 180 - x 
x = 110 


Answer: Measure of the minor arc is 110. 
Measure of the major arc is 250. 


EXERCISES 





—— ay =e 
In 1-6, secants SQP and TRP intersect at P. 


If mST = 200 and mQR = 100, find mZP. 
If mST = 150 and mQR = 70, find mZP. 
If mST = 100 and mQR = 10, find mZP. 
If mST = 210 and mZP = 50, find mQR. 
If mST = 185 and mZP = 80, find mQR. 
If mZ P = 10 and mQR = 10, find mST. 





oO 9 RM 


Ex. 1to 6 
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<-> *—— 
In 7-12, tangent PQ and secant PRT intersect at P. 


7. If mQT = 90 and mQR = 30, find m/ P. 

8. If mQT = 112 and mQR = 75, find m4 P. 

9. If mQT = 88 and mQR = 10, find m4 P. 
10. If mQT = 200 and mZP = 80, find mQR. 
11. If mQT = 150 and mZP = 25, find mQR. 
12. If mZ P = 45 and mQR = 90, find mQT. 





Ex. 7 to 12 


*— {=> 
In 13-18, tangents PQ and PR intersect at P; 

point S is on major arc QR. 
13. IfmQSR = 200, find mZ P. 
14. If mQSR = 300, find mZP. 
15. If mQR = 110, find m/ P. 
16. If mQR - 150, find mZ P. 
17. If mZP = 90, find mQR. 

: Pom. 
Ex. 13 to 18 18. If mZP = 75, find mQSR. 


P 





In 19-24, chords AB and CD of the circle intersect 
at E. 
19. If mÁC = 20 and mBD = 100, find mZ AEC. 
20. If mCB = 120 and mAD = 180, find mL AED. 
21. IfmAC = 27 and mDB = 81, find mL DEB. 
22. IfmAC = 30 and mZ AEC = 55, find mBD. 
23. IfmBD = 75 and mZ DEB = 60, find mAC. 
24. If mL AED = 100 and mCB:mDA = 3:5 find: Ex. 19 to 24 

a. mCB b. mDA 





25. Two tangent segments PA and PB are drawn to circle O from an 
external point P. If the measure of major arc AB is 220, find 
m/ APB. 

26. Two tangent segments PA and PB are drawn to circle O from ex- 
ternal point P. If the measure of the major arc AB is twice the 
measure of the minor arc AB, find mL APB. 
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Ex. 27 Ex. 28 


27. Line PA is tangent to circle O at A and secant PBC intersects circle 
O at B and C. Chord AD intersects chord BC at E, AB and CD are 
chords, mAC = 70, mZP = 15, and mCD:mBD = 3:2. Find: 

a. mAB b. mBD c. mCD d. mL PAB 
e. m/ BCD f. mZCED g. mL ABP h. mL PAD 
n X——k 

28. In the diagram, AOB is a diameter of circle O, CB is tangent to the 
circle at B, EAC and EFB are secants, OD is a radius, mAD = 100, 
mZABF = 20. Find: 


a. mL AOD b. mZCAB c. mAF d. mLE 
e. m4 EAB f. m/C g. mL ABC 
A 


— 
Ca 
ğ A 


B 
Ex. 29 





Ex. 30 


29. In the diagram, PA and PB are tangent to circle O at A and B, 
respectively. Diameter BD and chord AC intersect at E, mCB = 
120, and mZP = 50. Find: 

a. mAB b. mAD c. mCD d. mL DEC e. nZ PAC 


30. 


31. 


32. 


33. 
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In the diagram, PA is tangent to circle O at A and PC intersects 
circle O at D and C. Chord CA is drawn, chords BA and CD inter- 
sect at E, mBC = 45, m/ BEC = 65, mBD = x. mCA = 2x + 20. 
Find: 

a.mDA b.mBD c. m¿CPA d. mLBAC e. m/ BAP 





Ex. 31 Ex. 32 


In the diagram, PÀ is tangent to circle O at A, PBC is a secant, AB 
and CA are chords, m/ P = 40, and mAC:mAB = 7:3. Find: 
a. mÁ b. mBC c. n/ ACB d. mL ABC e. m/iPAB 
f. mZ ABP 

«——— ———> 
In the diagram, MUD is tangent to circle O at U, secants HOLD 

+ — — 

and FORM intersect at O, and mRU = mUL - 65. Find: 
a. mHR b. mFL c. mLFOL d. mLLOR e. mLFMD 
f. mZHDM 


BUS is tangent to circle O at U, 
secant BAN intersects diameter TOE 
at R, mÉN - 60, mEA = 40, and 
mAU:mUT = 4:3. Find: 





a. mNT b. mzERA 
c. mAU d. mUT 
e. mzERN f. mzBSE 
g. mzNBS 
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Ex. 34 Ex. 35 


34. In the diagram, PRY and PCB are tangents to circle O at R and C, 
respectively. Diameter COIN and chord RIM intersect at point J, 
mNM = 50, and mZP = 40. Find: 

a. mMC b. mRC c. mNR d. mL RIC 
e. mL RIN f. mLOCB g. n4 MRY h. mZ MRP 

35. In the diagram, tangent RC intersects the circle at C, secant RAT 
intersects the circle at A and T, AC and TC are chords, CBT is a 
major arc, and mTA :mAC:mCBT = 1:3:5. Find: 

a, mTA b. mAC c. mCB d. mZCTA 
e. m/ ACR f. mZCRT g. nA ACT h. mZCAR 


Miscellaneous Exercises 


—— —> 

In 36-41, secants PAB and PCD are 
drawn to circle O from P. Chords BC 
and AD intersect at E. Line GF is tan- 
gent to the circle at D. Chord BOC is a 
diameter and OD is a radius. 


36. Express each of the following in 
terms of the measures of inter- 





cepted arcs. 
a. m/ COD b. mZ ABC 
c. m/ BEA d. mZP 
e. m CDF =a 
37, Name an angle congruent to each Ex. 36 to 41 
of the following: 


a. LABC b. 1L BAD c. LCED d. LCDB e. LPAD 
38. If mÁB = 140, find mL ABC. 
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39. If mBD = 80 and mAC = 30, find: 
a. mZP b. mZAEC c. mZCOD d.mZCDF e. m4 BOD 
40. If mBD = mCD and mBA:mAC = 4:1, find: 
a. mBD b. nÁC c. mAB d. nZP e, mL ADF 
f. mLAEB g. mLADC 
41. If mZ AEB = 130 and mAB = 150, find: 
a. mÓD b. mAC c. mBD d. mZCOD e. mZBCD 
f. mZP g. m/ZCDA h.mZPAD i. mZLCDF 


3-6 MEASURES OF CHORDS, TANGENT 
SEGMENTS, AND SECANT SEGMENTS 


We have been using some theorems to establish the relationships be- 
tween the measures of angles of a circle and the measures of the inter- 
cepted arcs. Now we will study the measures of line segments related 
to the circle. To do this, we will need to use similar triangles. Recall 
that two polygons are similar if there is a one-to-one correspondence 
between vertices such that: 


1. all pairs of corresponding angles are congruent; and 
2. the ratios of the lengths of all pairs of corresponding sides are equal. 


As a consequence of this definition, we know that the following state- 
ment is true: 
E Corresponding sides of similar triangles are in proportion. 


The most commonly used method of proving that two triangles are 
similar is the following theorem: 


iM Two triangles are similar if two angles of one triangle are congruent 
to two angles of the other. 


We will use these statements about similar triangles to prove the fol- 
lowing theorem: 


E Theorem 17. If two chords intersect within a circle, the product of 

the measures of the segments of one chord equals the product of the 

measures of the segments of the other. 

Given: Chords AB and CD intersect at E, an 
interior point of circle O. 

To prove: (AE)(EB) = (CE)(ED). 


Plan: Draw AD and BC. Prove A AED ~ ACEB 
by a.a. = a.a. 





LILLLALLLLEMJI LL 142412 1 
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Proof: Statements 
1. Draw AD and BC. 
2, LA = LC. (a. =a) 


3. LD& LB. (a. =a.) 
4. AAED ~ ACEB. 
AE _ ED 


5. A = TR 


` CE EB 


6. (AE)(EB) = (CE)(ED). 





Reasons 
1. Two points determine a line. 


2. Inscribed angles of a circle that inter- 
cept the same arc are congruent. 


3. Same as reason 2. 

4, aa. = a.a. 

5. Corresponding sides of similar tri- 
angles are in proportion. 


6. In a proportion, the product of the 
means is equal to the product of the 
extremes, 





Does a similar relationship exist for two 
secants intersecting outside the circle? First 
let us identify the segments formed when a 
secant line intersects a circle. In the diagram, 
EH intersects the circle in points F and H, 
forming three segments: 


1. FH is a chord of the circle because its endpoints are points on the 


circle. 


2. EF is called an external segment of the secant because it is a line seg- 
ment whose endpoints are an external point and a point on the circle 
nearer to the external point than any other point of chord FH. 


3. EH is called a secant segment because it is a line segment whose end- 
points are an external point and a point on the circle farther from 
the external point than any other point of chord FH. The secant seg- 
ment is the sum of the chord and the external segment of the secant. 


E Theorem 18. If two secants intersect outside a circle, then the prod- 
uct of the measures of one secant segment and its external segment is 
equal to the product of the measures of the other secant segment and 


its external segment. 


Given: Secants ABC and ADE intersect at A, outside a circle. 
To prove: (AC)(AB) = (AE)(AD). 


Plan: 


(ACXAB) — (AEXAD). 
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Draw BE and CD. Since | A 
ZC = ZE, and zA = ZA, 
it follows by a.a. = aa. 
that AACD ~ AAEB. 
AC AD 
Thus, —— = —, o 
us AE AB Or 





: 
[The formal proof is left to the student.] 


A similar theorem can be proved when a tangent and a secant intersect. 


E Theorem 19. If a tangent and a secant are drawn to a circle from an 
external point, then the square of the measure of the tangent segment 
is equal to the product of the measures of the secant segment and its 
external segment. 


Given: 


Tangent PA and secant PBC 
intersect at P, outside a 
circle. 





To prove: (PA)? - (PC)(PB). 
Plan: Draw AC and AB. 
Prove APAB ~ APCA by 
a.a. = a.a. 
Proof: Statements Reasons 
1. Draw AC and AB. 1. Two points determine a line. 
2. mLPAB = 4mAB. 2. Theorem 14. 
3. mZC = 1AB. 3. Theorem 10. 
4. mZ PAB = m/C. 4. Transitive property of equality. 
5. LPAB = LC. 9. Two angles are congruent if they have 
the same measure. 
D. EP ZLPP, 6. Reflexive property of congruence. 
7. APAB ~ APCA. | T. aa. S ad. 
8. PB. Es. 8. Corresponding sides of similar triangles 
PA PC l NS 
are 1n proportion. 
9. (PA)* = (PC)(PB). 9. In a proportion, the product of the means 


equals the product of the extremes. 
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Note: If two means of a proportion are equal, then either mean is 
called the mean proportional between the remaining two terms of the 
proportion. For example, in 2 = 4$, and in (6)? = (2)(18), 6 is the 
mean proportional between 2 and 18. Therefore, theorem 19 could be 
restated as follows: 


lll If a tangent and a secant are drawn to a circle from an external point, 


then the measure of the tangent segment is the mean proportional be- 
tween the measures of the secant segment and its external segment. 


[ MODEL PROBLEMS 





1. In the accompanying diagram, PC is tangent 
to the circle at C, and PAB is a secant with 
PA = 3 and AB = 9. Find PC. 


Solution 


PB =PA+AB=3+9= 12. 
Let x = PC. 


1. Since a tangent and a secant are drawn to a circle from an exter- 
nal point, it follows that: (PC)? = (PA)(PB) 
2. Substitute values: (x)? = (3)(12) 
x? = 36 





6 


3. Solve for x: x =H 
4. Since a length is positive: PC = 6 


Answer: PC = 6 


2. Chords AB and CD intersect in a circle at point 
E. If AE = 6, EB = 10, and ED = 12, find CE. 


Solution 


1. As an aid, draw and label the chords in a 
circle, as shown at the right. 
Let x = CE. 

2. Since the product of the measures of the 
segments of one chord equals the product of the measures of the 
segments of the other: (CE)(ED) = (AE)(EB) 

3. Substitute values: (x)(12) = (6)(10) 
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4. Solve for x: (x)(12) = (6)(10) 
12x = 60 
x=5 


Answer: CE = 5 


3. Find the length of a chord 3 cm from the center of a circle whose 
radius measures 5 cm, 


Solution 


1. As an aid, draw and label the chords in a 
circle, as shown at the right. Here, the dis- 
tance from the center of the circle to chord 
AB is shown by OE = 3. 

Thus, CE = OC - OF =5- 3-2 
ED=EO+O0D=3+5=8 

2. Since a diameter | to a chord bisects the 

chord, let x = AE, and x = EB. 


uod 





3. Write the relationship: (AE)(EB) = (CE)(ED) 
4. Substitute values: (x)(x) = (2)(8) 
5. Solve for x: x? = 16 

- t4 


a 
6. Since a length is positive: AB = AE + EB=4+4=8 
Answer: The length of the chord is 8 cm. 


Note: An alternate solution to this problem is found on page 106, 
model problem 1. 


4. From point P, secants PAB and PCD are drawn P 
to a circle. If PA = 3, PB = 8, and CD is 2 less 
than PC, find PD. 


Solution 


1. Let PC = x, 
CD =x - 2, 
PD = PC + CD = 2x - 2, 

2. Since the product of the measures of one 
secant segment and its external segment equals the product of 
the measures of the other secant segment and its external seg- 
ment, write the relationship: (PD)(PC) = (PB)(PA) 

3. Substitute values: (2x - 2)(x) = (8)(3) 

4. Multiply: 2x? — 2x = 24 





B 
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5. Solve the quadratic equation: 


Qx2 - 2x - 24=0 
Q(x? - x - 12) =0 
2(x - 4)(x + 3) =0 
x-4=0|x+3=0 
x=4 x 7-3 (Reject the negative value.) 





Answer: PD = 2x - 27 2(4) - 27 6. 





In 1-10, chords AB and CD intersect at E. G 


mop mir 


I 
e: ma 


E 
T 


- 
b 


wn 
92 


If CE = 12, ED = 2, and AE = 8, find EB. 

If CE = 18, ED = 2, and BE = 6, find AE. 

If AE = 8, EB = 9, and CE = 12, find ED. B 
If CE = 18, ED = 6, and AE = 4, find EB. D 
If AB = 9, EA = 4, and CE = 2, find ED. 

If AB = 20, BE = 8, and CE = 16, find ED. bin 44040 

If AE = 9, EB = 16, and CE = ED, find CE. 

If EB = 8, ED = 10, and AE is 1 more than CE, find CE. 

If AE = 3, CE = 5, and ED is 4 less than EB, find EB. 

If CE = 4, ED = 12, and EB is 2 more than AE, find AE. 


J. Chords CD and JK intersect at point E within a circle. If CE = 10, 


ED = 6, and JE = 4, find EK. 

Chords AB and CD intersect at point E within a circle; AE = 9 
and EB =1. a. If CD = 6 and CE = x, what expression repre- 
sents ED in terms of x? b. Find CE. c. Find ED. 

If chords AB and RS intersect at point E within a circle so that 
AE = 3, EB = 16, and RE:ES = 3:4, find: 

a. RE b. ES c. RS 


XR 
In 14-21, AF is tangent to the circle at F, 
i 
F and secant ABC intersects the circle at B and C. 


14. If AF = 8 and AB = 4, find AC. 
15. If AC = 12 and AB = 3, find AF. 
B 16. If AF = 6 and AC = 9, find AB. 
17. If AB = 2 and BC = 6, find AF. 
! 18. If AB = 4 and BC = 21, find AF. 
C 19. If AC: AB = 4:1 and AF = 12, find AB. 
90. I£ AB: BC = 1:3 and AF = 4, find AB. 
Ex KONO 21. If AF = 10 and BC = 15, find AB. 
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-——— €——À 
In 22-28, secants ABC and ADE intersect at A 
point A outside the circle. 


30. 


32. 


If AC = 15, AB = 6, and AE = 10, find AD. 3 
If AC = 20, AB = 5, and AD = 4, find AE. 

If AB = 9, BC = 11, and AD = 10, find AE. * 

If AB = 3, BC = 7, and AD = 5, find DE. 

If AB = 2, AD = 3, and DE = 5, find BC. 

If AD = 6, AE = 10, and AC = 12, fina: 

a. AB b. BC C 

If AC - 18, AB - 4, and ED - 1, find AD. Ex. 22 to 28 


In a circle, diameter AB is extended through B to an external 
point P, and tangent segment PC is drawn to point C on the circle. 
If BP = 4 4 and PC = 6, find the length of AB. 

Secant ABC and tangent AD intersect at A outside the circle, 
while B, C, and D are points on the circle. If AB = 16 and BC = 9, 
find the length of the tangent segment, AD. 


3l. In the diagram, tangent PA and secant 


A 
gn ae j 
C o Yos p PBC are drawn to circle O from point P. 
b- 8 Chord DE bisects chord BC at M, PA = 4, 
Ç / PB = 2, and DE = 10. Find: 
E a. PC b. BC c. CM 


d. DM where DM > ME 
Ex. 31 


<-> 
In the diagram, secants PAB and 
———À 
PCD are drawn to a circle from 


P. Chords AD and BC intersect 
at E, with BE > EC. If PA = 14, A D 
AB=10, PC=16, AE= 4, C 
ED = 4, and BC = 10, find: 
a. PD b.CD c.CE d. EB 
Ex. 32 
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3-7 REVIEW EXERCISES 


A E 


B e F 


Ex. 1 Ex. 2 


1. Incircle O, AOB is a diameter, OC is a radius, and mZ AOC = 140. 
Find: 
a. mÁC b. m BC c. mBAC 

2. Inacircle, chord DE = chord FE, and mDF = 80. Find: 
a. mLDEF b. mÈ c. mDFE 


3. In a circle, AOB is a diameter, OC is a radius, AB = 3x - 1, and 
OC = 2x - 3. Find: 


ET T m. 
a. X b. OC c. AB d. mACB 
In 4-8, chords AB and CD of a circle intersect at E. " 
4. If mÁC = 50 and mDB = 110, find mL AEC. 
5. If mL DEB = 60 and mAC = 45, find mDB. C 
6. If DE = 9, EC = 2, and AE = 8, find EB. 
1. If DE = 8, EC = 2, and AE = EB, find AE. 
8. If DC is a diameter, mAC = 40, and mCB - 80, 
find: D B 
a. mAD b. mZ AED c. mADB Ex. 4 to 8 
In 9-13, PÀ is tangent to circle O at A, and 
A secant PBC intersects circle O at B and C. 
P pas eun 
9. If mAC = 170 and mAB = 110, find 
m£ P. 
B 10. If mÁC = 160 and mAB = mBC, find 
mA P. 
11. If PB = 15 and PC = 60, find PA. 
C 12. If PB = 4 and BC = 5, find PA. 
Ex. 9 to 13 13. If PA = 8 and BC = 12, find: 


a. PB b. PC 
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In 14-18, diameter AB of circle O is perpendicular to chord CD at E. 


14. If CD = 10, find ED. 
15. If AE = 18 and EB = 8, find CE. 
16. If OE = 6 and OB = 10, find: 
a. EB b. AE c. CE d. CD 
17. If EB = 4 and CE = 6, find: 
a. AE b. AB c. OA 
18. If CE = 8 and AB = 20, find OE, the dis- 
tance of the chord from the center of the 
circle. 





Ex. 14 to 18 


— —— 

P In 19-23, secants PAB and PCD meet at an ex- 
| ternal point P, and intersect the circle at points 
A, B, C, and D. 

19. If BD = 130 and mAC = 40, find m/ P. 
20. If mZP = 40 and mBD = 150, find mÁC. 
21. IfPA = 4, PB = 15, and PC = 6, find PD. 
22. IfPA = 4, AB = 16, and PC = 5, find: 

a. PD b. CD 
23. IfPC = 2,CD = 4, and AB = 1, find: 





D 
Ex. 19 to 23 a. PA b. PB 


24. Two tangents to circle O from point P meet the circle at points A 
and B. 
a. If the measure of the major arc ÁB is 200, find m/ P. 
b. If the ratio of the measures of major arc AB to minor arc AB is 

13:5, find mZ P. 

25. Find the length of a chord that is 5 cm from the center of a circle 
whose radius measures 13 cm. 

26. Find the length of the radius of a circle if a chord 24 cm long is 
9 cm from the center of the circle. 


27. In the diagram, diameter AOB is extended 
— 
to point C, CD is tangent to the circle at D, 
DOE is a diameter and mBD:mAD = 2:7. A 


Find: 
a. mBD b. mAD c. mL E 
d. mZC e. mAE f. mEB 





g. mZCDE h. mZADC 
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28. In the diagram, PÀ and PB are 
tangent to circle O at A and B, 
respectively. Diameter BOD and 
chord AC intersect at E, mCB = 
160, and m APB = 40. Find: 





, m 
a. mADCB b. mAB 
c. mCD d. mDA 
e. mZ DEC f. mZPAC 
g. mZ PBD h. mZ PBA 


29. In the diagram, PÀ is tangent to circle O 
—À 
at A, PBC intersects the circle at B and 
C, chord DE bisects chord BC at M, 
PA = 9, PB = 3, and DE = 30. Find: 
a: PC b. BC 
c. CM d. EM when EM « DM 








Ex. 30 Ex. 31 


—_— D — — 
30. Given: Secants ADB and CEB intersect at B. AD = CE. 
To prove: A ABC is isosceles. 
— *—— 
31. Given: Tangent AB and secant BDC intersect at B outside cir- 
cle O. AOC is a diameter, and AD is a chord. 
To prove: ^ ABC ~ ADAC. 


Chapter 





The Irrational Numbers 
and the Real Numbers 





4-1 COMPLETING THE REAL-NUMBER LINE 


In Chapter 1, we learned that every rational number can be associated 
with a point on the number line. Although the set of rational numbers 
is a dense set and an infinite number of rationals lies between every two 
rational numbers, the number line that contains only the graphs of all 
rational numbers is not complete. There are “holes” in the line reserved 
for numbers that are not rational. For example, 4/2, \/3, and \/5 are 
not rational numbers, but we can locate a point associated with each of 
these numbers on the number line. 

In Fig. 1, a square is constructed 
on the number line so that each of TX 
the sides of the square measures 1. "T 
When its diagonal, which measures 
d, is drawn, a right triangle is formed. 
By the Pythagorean Theorem: 

d’ = 1° + 1° 

d=1+1=2 Fig. 1 

d = V2 (a length is positive) 
By placing the point of a pair of compasses on 0 on the number line 
and opening the compasses to the length V2, we can swing an arc so as 
to locate the point associated with V2 on the number line. 

In Fig. 2, we can use the same process to construct a rectangle whose 
sides measure 1 and V2. A diagonal whose measure is d is drawn. The 
Pythagorean Theorem is applied: 





d? = 1? + (V2? 
d*=1+2=38 
d= N3 


Another arc is then swung to locate 
the point associated with V3 on 
the number line. 
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In Fig. 3, a rectangle whose sides 
measure 1 and 2 is used to help us 


locate the graph of 4/5 on the num- 
ber line. 





Fig. 3 


The Irrational Numbers 


The numbers 4/2, 4/3, and 4/5 are irrational numbers. To define an 
irrational number, let us recall a discovery made in Chapter 1; namely, 
a number is rational if and only if the number can be expressed as a 
repeating decimal. 


E DEFINITION. An irrational number is a non-repeating decimal 
(one that does not terminate or end). 


There are infinitely many irrational numbers. Consider these examples: 
.10110111011110111110... AND  -.123456'7891011121314... 


In each case, the three dots indicate that the pattern continues without 
end. Note, however, that the same sequence of numbers does not re- 


peat, as in .8 = .833...= 1. Thus, there is no way to represent either 
number shown in the form of a rational number, that is, T where a 


and b are integers and b # 0. 
If k is a positive number but not a perfect square, then Jk is irra- 


tional. Such irrational numbers include 4/2, 4/3, v5, v1.4, and VA. 
Pi, written symbolically as 7, is also an irrational number. 


T = 3.1415926535897932384626433832795028841971 ... 


Here, the three dots indicate that the number continues, but we are un- 
certain of the next digit or we do not wish to display the digits any 
further. While modern computers can calculate 7 to thousands of deci- 
mal places, the exact value of m cannot be written as a finite decimal. 
For this reason, we often use approximate rational values when work- 


ing with m and other irrational numbers. For example, T ~ 22 or 


n = 3.140r7 = 3.1416. 

The symbol “=” is read as “is approximately equal to." The table 
of square roots on page 746 also indicates approximate rational values 
for many irrational numbers, such as: 


VZ « 1.414 V8 =~ 1.732 V5 « 2.236 
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The Real Numbers 


B DEFINITION. The set of real numbers is the union of the set of 
rational numbers and the set of irrational numbers. 


In other words, every number that can be expressed as a decimal, 
whether the decimal is repeating or non-repeating, is a real number. 
By identifying points that correspond to irrational numbers as well as 
points that correspond to rational numbers, we completely fill in the 
real-number line. 






-4 -3 l-2 l-4 o!l1 l2 sd 4 
-26 -v2 i V3 T 


There is a one-to-one correspondence between the set of real num- 
bers and the set of points on the number line. Thus: 


1. For every real number, there is one and only one point on the num- 
ber line, and 

2. For every point on the number line, there is one and only one real 
number. 


The Properties of the Real Numbers 


The set of real numbers, symbolized here as R, is an ordered field 
under the operations of addition and multiplication. The properties 
that held for the set of rational numbers in Chapter 1 are now extended 
to the set of real numbers. Let us restate these properties for R, both in 
words and in symbols. 


E (Real Numbers, +, *, >) is an ordered field, satisfying the following 
properties: 


In Words In Symbols 
1. (R, +) is closed. 1. Via ER: 
atb-7cwherec ER. 
2. (R, +) is associative. a: Won ER: 
(a+b)+c=a+(b+c), 
3. (R, +) has a unique 8, J, ER, V, ER: 
identity element (zero). x+Q=x,and0+x =x. 


4. Every element of (R, +) 4. VER, d... € R: 
has an inverse (-x). x + (-x) = 0, and (-x) +x » 0. 
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5. (R, *) is commutative. D V,€R: atb*bt*a. 
6. (R/{0}, *) is closed. 6. V, , € R/{0}: 
ab = c where c € R/{0}. 
7. (R/{0}, -) is associative. ts, Vis = RHOJ: (ab)c = a(bc). 
8. (R/{0}, -) has a unique 8. 3, € R/{0}, V, € RHO}: 
identity element (one). x*1-7x,andl-:x^x. 
9. Every element of 9. V. € R/(0), 3, € R/(0): 
(R/10), -) has an x 
(2) xd ando rL 
inverse | — . x x 
x 
10. (R/{0}, -) is 10. Y,» € R/(0: ab = ba. 
commutative. 
11. Multiplication distrib- 11. V5, ER: a(b + c) = ab + ac, 
utes over addition. and ab + ac 7» a(b +c). 


12. Trichotomy Property. 12. V, , € R, one and only one is true: 
a>b,ora=b,ora<b. 


13. Transitive Property of 13. V, ,,, € R: 
Inequalities. Ifa ^ band b >c, thena >c. 
If c < b and b « a,then c <a. 


14. Addition Property of 14, V, i, ER: 
Inequalities. Ifa >b,thena+c>bte. 
Ifa «b,thena*c &b * c. 


15. Multiplication Property 15. V,.,.. € R where c is positive: 
of Inequalities. If a >b and c > 0, then ac > bc. 
If a <b and c > 0, then ac < bc. 
Vabe € R where c is negative: 
If a >b and c € 0, then ac < bc. 
If a <b and c € 0, then ac > bc. 


In addition to the properties of an ordered field, the set of real 
numbers obeys the postulates of equality and the zero property of 
multiplication: 


1. Reflexive Property of 1l. V ER: a=a. 
Equality. 


2. Symmetric Property 2. Vi, € R: If a = b,then b = a. 
of Equality. 
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3. Transitive Property of 3. Wase ER: 


Equality. Ifa = band b = c, thena = c. 
4. Substitution Property 4. V, € R: 
of Equality. If a = b, then a or b may replace 


each other in any expression. 
5. Addition Property of D. Vibe ER: 


Equality. Ifa =b,thenat+c=b+c. 

6. Multiplication B, M no ER: 
Property of Equality. If a = b, then ac = bc. 

7. Zero Property of T. VER: x-Q=0,and0-x =0. 
Multiplication. 


From this point on, unless otherwise stated, assume that all work is 
to be performed using the domain of real numbers. 


EXERCISES 





In 1-15, tell whether the number is rational or irrational. 


1.2 3 0 3. /2 4. /625 5. m 6. /90 
7.4 8 367 9. Vi 10. Vi 11. v3.6 12. 4.36 
13. .20202020... 14. .2020020002... 15. .248163264... 


16. Is the set of irrational numbers closed under addition? (Hint: Add 
V/3 and - 4/3.) 
17. Isthe set of irrational numbers closed under multiplication? 
18. a. Construct a rectangle whose sides measure 1 and 3 so that one 
of its vertices touches 0 on a number line. 
b. Using this rectangle, locate the graph of 4/10 on the number 
line. 
c. Locate the graph of -wy 10 on the same number line. 


In 19-26, identify the property of the real numbers that is illustrated 
by the given statement. 


19. /19 *0-4./19 20. r+(-r)=0 21 Vi0-1-410 


22. /8 L2 i. 8 28. dpi i, perdeden 
3 


25. 3(2+/7)=3-24+38/7 26. 3+(2+vVT)=(3+2)+\T 
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In 27-30, tell which of the three given statements is true. 


27. .2> 3 or 2= Bor.2 <..2 
28. VŽ >14 orV/2 =140r/2 < 1.4 


29. r1» 22 orn -22 op-«?2 30. b» $orb-$orb5«$ 


«e 


4-2 GRAPHING SOLUTION SETS INVOLVING 
ONE VARIABLE ON A NUMBER LINE 


The graph of a solution set of an open sentence involving one variable 
is the set of points on the real-number line that are associated with ele- 
ments of the solution set. In constructing or reading such graphs, we 
observe: 


1. A darkened circle e is drawn as a point on the number line to 
represent a number in the solution set. 

2. A darkened segment —— or a darkened ray ===> indicates that 
all real numbers associated with points on the segment or the ray are 
in the solution set. 

3. A non-darkened circle © shown as an endpoint of a segment or a 
ray indicates that the number associated with that point is not 
found in the solution set. 








Graph the solution set of 3x * 8 « 5. 


How to Proceed Solution 

1. Simplify the given inequality. Since 3x+8<5 
3x + 8 <5 and x < -1 are equiva- 3x+8-8<5-8 
lent, both sentences have the same 3x < -3 
solution set and, thus, the same <<] 
graph. 

2. The graph consists of all points to Answer: 
the left of -1, and a non-darkened | | 
circle shows that -1 is not included. Sk Soe! Oo: 


Graphing Conjunctions and Disjunctions 


The expression 1 < x < 5 is read as “1 is less than x, and x is less 
than 5." In logic, we learned that a conjunction is a compound sen- 
tence that combines two simple sentences by using the word *'and" (in 
symbols: ^). Thus, we observe: 
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1 < x < 5 is equivalent to the conjunction (1 < x) A (x < 5). 

Also, 1 < x < 5 is equivalent to the conjunction (x > 1) A (x < 5). 
The solution set of a conjunction of two open sentences contains 
only those values of the variable that are true for both open sentences. 


Thus, the graph of the solution set of a conjunction is the intersection 
of the graphs of the simple open sentences. 


L ExAMPLEe: Graph the solution set of (x > 1) A (x < 5). 


How to Proceed Solution 
1. Think of the graph of x ^1 Think: 
and the graph of x « 5 as they x21 
would appear on the same num- A 


ber line. 


2. The graph of the solution set 
of the conjunction is the inter- = 
section of the two sets of points Answer 
seen in step 1. Thus, any point | | 
on the graph will be true for eT 
both condition. (x > 1) and MANN E ice 
(x « 5). 


Note: The graph of (x > 1) A (x < 5) isalsothe graph of 1 < x < 5. 


A disjunction is a compound sentence that combines two simple sen- 
tences by using the word “or” (in symbols: V). The solution set of a 
disjunction of two open sentences contains all values of the variable 
that are true for either one or the other open sentence, or both. Thus, 
the graph of the solution set of a disjunction is the union of the graphs 
of the simple open sentences. 





[]ExaAMPLE: Graph the solution set of (x > 2) V (6 < x). 


How to Proceed Solution 


1. Think of the graph of x 22 Think: 
and the graph of 6 < x (equiva- 


x22 
lent to x > 6) as they would [oum E 
appear on the same number | | 6«x 
Hne, oe eo 
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2. The graph of the solution set Write: 
of the disjunction is the union 
of the two sets of points seen Answer | 
in step 1. Thus, any point on ile ete ni 
the graph will fit one or both )12345878 | 
of the conditions (x 2 2) or 
(6 « x). 








[MODEL PROBLEM |  [ . |— | 1 1 1 1 1 1 1j 


Which of the following expressionsis -== 


represented by the graph at the right? -3 -2 -1 0 12 3 4 5 
(1) (x € -1) ^ (x 2 0) (2) (x € -1) ^ (x » 0) 
(3) (x € -1) V (x 2 0) (4) (x < -1) V (x > 0) 


Solution: The graph shows the union of two sets of points having no 
elements in common. Since union indicates a disjunction, study only 
choices (3) or (4), which involve the word *'*or," shown by the symbol 
V. The graph indicates that - 1 is not an element of the set, while 0 is an 
element. Therefore, the correct choice is (x < -1) V (x 2 0). 


Answer: (8) (x <-1) V (x = 0) 


EXERCISES 


In 1-19, graph the solution set of the given sentence on a number line. 


1. x * 7 «8 2. 3x 2.18 8. 22x 

4. 2y- 32 7 5. 5+4y>5 6. 6y- 5-7 

7. bk «Ah - 2 8. 5<8+w 9. 3<2-p 

10. 2x * 6-29 11. 4y - 121 12. x+4>4+7 
D _ X 4% iE. 24 

13. 25s 2 14. 3 125 15. -3<x <0 

16. (x >-2) A(x < 4) 17. (x > 2) V (x € -4) 

18. (y <1) V (y < 5) 19. (y 2-2)V(y >-1) 


In 20-23, graph the given set on a real-number line. 


20. (xl3 <x € 8) 21. (yl-212 <y <14) 
22. {kl(k <-5) V (k > -3)} 23. (xl(x < -3) V (x € -1.3)} 


24 


25. 


26. 


27. 


The Irrational Numbers and the Real Numbers 149 


. Which of the following expres- ee ee ee 


sions is represented by the graph 


at the right? ae QU EN S 


(1)-2«x $1 (2) (x —-2) V (x <1) 
(3)-2Xx«1 (4) (x 2 -2) V (x € 1) 

Which of the following expres- 

sions is represented by the | | | ? | t | | : 
graph at the right? -5 =4 -3 -2A 0 1j 


(1) (x < -3) A (x 2 -1) (2) (x <-8) V (x 2-1) 
(3) (x € -3) ^ (x > -1) (4) (x < -3) V (x >-1) 


Which of the following expres- 
sions is represented by the graph | | | | | | 


at the right? OW -—3—2 —1 D Td 2 
(1) (y 21)V(y» -2) (2) (y21)V(y 2-2) 

(3) (y 2 1) A (y » -2) (4) (y 2 1) À (y 2-2) 
Which expression has the entire real-number line as its graph? 
(1) (x > 6) ^ (x € 10) (2) (x <6) ^ (x 2 10) 

(3) (x > 6) V (x € 10) (4) (x < 6) V (x = 10) 


4-3 ABSOLUTE-VALUE EQUATIONS 


The absolute value of a real number n, written in symbols as |n|, can 
be defined in various ways. 


il ARITHMETIC DEFINITION. The absolute value of a real number 
n is the maximum of the number n and its additive inverse (-n). In 
symbols: 


|n| = n max (-n) 


L] EXAMPLES: 


i 
2. 
3. 


Since |4| = 4 max (-4) = 4, we write: |4| 2 4 
Since |- 3| = (- 3) max 3 = 3, we write: |-3| 2 3 
The absolute value of 0 is defined as 0 itself: lo] = 0 


Note that |0| = 0 max 0 = 0. 


E GEOMETRIC DEFINITION. The absolute value of a real number n 
is the distance between the graphs of the numbers n and 0 on the real- 
number line. 
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[] ExAMPLE 1: [] ExAMPLE 2: [] ExAMPLE 3: 
—1 0 1 2 3 4 -3 -2-1 O0 1 —3-2-1 0 1 


The distance between | The distance between | The distance from 0 
the graphs of 4 and 0 | the graphs of -3 and | to itself is 0. Thus: 


is 4. Thus: 0 is 3. Thus: lol = 0 
|4| = 4 |-3| 2 8 
O ExAMPLE 4: 
The solution set of the absolute-value equation 2units 2 units 
|x| = 2 is (2, -2) because the graphs of 2 and -2 
are each at a distance of 2 units from the graph of oA TE 


0. Thus, |-2| = 2 and |2| = 2. 
Some mathematicians write |x| = 2 as |x - 0| = 2 to show that the 
distance between the graphs of x and 0 is 2. 


B ALGEBRAIC DEFINITION. The absolute value of a real number n 
is defined as: 
In|2n,iífn20 ano |nl=-n,ifn <0 


In example 4 above, using a geometric approach, we saw that the 
solution set of |x| = 2 is {2,-2}. Let us redo this problem, using the 
algebraic definition. 


[]ExAMPLE: Solve |x| = 2. 


If x = 0, then |x| = x. If x < 0, then |x| = -x. 
When |x| = 2, When |x| = 2, 
x=2 -x =2 

x=-2 


Answer: x =2orx=-2 oR solution set = {2,-2}. 


Derived Equations 


In the example just seen, the equations “x = 2 or x = -2" are derived 
from the absolute-value equation |x| = 2. In general: 


If |x| = k where k > 0, we derive the equations “x = k or x = -k.” 


The procedure for solving an absolute-value equation involves the 
use of such derived equations. This procedure is outlined in model 
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problems 1 and 2 that follow. Remember, the roots of all derived equa- 
tions must be checked in the original equation so that extraneous roots 
are not included in the answer or the solution set. 


[MODEL PROBLEMS 





1. Solve |x - 4| = 3 and graph the solution set. 


How to Proceed 


1. Write the absolute- 
value equation. 


Solution 
|x- 4|2 3 


ET a eaa. 


2. Using disjunction, 
write two derived 


equations. 
3. Solve the derived x-4+4=8+4/]x-4+4=-3+4 
equations. x= 7 | x=1 
4. Check the roots of Check for x = 7. | Check for x = 1. 
the derived equa- hec dnd Ix - 4-3 
tions in the abso- ? ? 
lute-value equation I - 4 2 x ains 2 4 
' i 3 +8 -3l 2 3 
3-238 9-78 
(True) (True) 





5. Write the answer or 
the solution set. 


6. Graph the solution 
set. 


Answer: x = Torx =1 
OR 


solution set = {1, 7} 


a E a. S E E 


-1 0 123 45 B 7T B8 89 





Note: In geometric terms, SR a 
|x- 4[=8 means that the dis- 
tance between the graphs of x and -1 0123 45 67 89 
4 is 3 units. Given |x - 4| = 3, we 
know that x = 1 or x = 7. At the right, notice how the distance be- 
tween the graphs of 1 and 4 is 3, and the distance between the graphs 
of 7 and 4 is also 3. 
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2. Solve |x| * 3 » 2x and graph the solution set. 


How to Proceed 


1. Write the given equa- 
tion. 


2. Transform the equa- 
tion into an equivalent 
sentence in which the 
absolute-value expres- 
sion is isolated on one 
side of the equation. 


3. Using the algebraic 
definition, write two 
equations. 


4. Solve the equations. 
(Notice the second 
equation. Since x < 0 
and x = 1 are not both 
true, x = 1 cannot be 
a root. See the check.) 


5. Check the roots of the 
derived equations in 
the original absolute- 
value equation. (Note 
that x =1 is an ex- 
traneous root because 
1 is not a root of the 
absolute-value equa- 
tion.) 


6. Write the answer. 


7. Graph the solution set. 





Solution 


Ix| + 3 = 2x 


lx+ 3- 3= 2x- 3 
Ix = 2x- 3 


If x = 0, |x| =x. | If x <0, |x| = -x. 


lx] = 2x - 3 lx] 2 2x - 3 
x = 2y > d -x= 2x- 3 
-e d -3x = -83 
x=8 x=1 


Check for x = 8. 


lx] +3 = 2x 


Check for x = 1. 
|x| +3 = 2x 


|3| + 3  2(3) 1| + 3 2 2(1) 
34326 1+3i2 
6=6 4=2 
(True) (False) 


Answer: x =3 
OR 


solution set = {3} 


23 4 5 


-2-1 0 1 





Alternate Method: In step 3, write the two derived equations 
x = 2x - 3 and x =-(2x - 8). These equations have the roots x = 3 
and x = 1, respectively. 
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3. Which is the solution set of |n| = -5? 
(1) {5} (2) {-5} (3) {5,-5} (4) { } 


Solution 


There is no number whose absolute value is a negative number. This 


can be demonstrated by checking 5 and - 5 in the equation |n| = - 5. 
Check for n = 5, | Check for n = - 5. 
5| = -5 | -5| 4-5 
= -5 (False) | 5 = -5 (False) 


Thus, the solution set is the empty set. 
Answer: (4) { } 





EXERCISES 


In 1-31: a. Solve the absolute-value equation. b. Graph the solu- 
tion set if it is not empty. 





1l. |x| =4 2. |y| * 4 3. |-w| =2 4. |n| » -9 
5. |p| = 0 6. |2k|=7 7. |x) * 382 4 8. |ly| - 472 
9. 5+ |m|=1 10. |x + 3) =4 11. |y - 4| 2 

12. |5* mi ^1 183. |l. * 4| 6 14. |2- k| * 3 

15. |2b5 * 9| * 0 16. |y - 3| 53 17. |y- 3) 5 -3 

18. |2- b| 2*4 19. |4 - 3x| =x 20. |4- x| = 3x 

21. |x|- 4= 3x 22. |3x|* 42x 23. |2k - 3| - k 

24. |k- 3| 2k 25. |k| - 3 = Qk 26. |2k|+3=k 

27. |y- 1| = 3y 28. |2x * 5| x *4 29. |2x * 5| x *1 


30. |y +3|+5=2y 31. |y- 4|- 3y - 6 


In 32-34, select the numeral preceding the expression that best 
answers the question. 


32. Which of the given equations has ( ) as its solution set? 
(1) Ix] = 7 (2) [eal = 7 (3) Ix]=-7 (4) Ix - 7/=0 
33, Which of the given equations has a solution set consisting of one 
and only one real number? 
CL) y 1 (2) Iyl = 2 (3) lyl=-3 (4) lyl =0 
94. Which expression correctly states the derived equations for 
Ix| + 3 = 5? 
(1) (x + 3 = 5) V (x + 3 =-5) (2) (x = 2) V (x = -2) 
(3) (x + 3 = 5) A (x + 3 =-5) (4) (x = 2) ^ (x = -2) 
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4-4 ABSOLUTE-VALUE INEQUALITIES 


Study the three conditions that involve absolute value and their corre- 
sponding graphs, shown here. 


Case I. |x| = 2 Case II. |x| <2 Case III. |x| > 2 


ef 


“3-2-1 0 1 2 3 2 3 





Case I. If |x| = 2, we learned that “x = -2 or x = 2." Recall that the 
distance between the graphs of -2 and O is 2 units, and the distance 
between the graphs of 2 and O is also 2 units. 


Case II. If |x| < 2, then the distance between the graphs of x and 0 
is less than 2 units. Thus, x may be any real number less than 2 and 
greater than -2. The solution set, written as {x|-2 < x < 2}, is equiva- 
lent to the conjunction {x|x > -2 and x < 2}. 

Let us apply the algebraic definition of absolute value to the general 
case: |x| < k, where k is positive. 

1. Ifx 20, |x| =x. When |x| € k, 
x < k. Therefore, 0 € x < k. 
2. I£ x « 0, |x| = -x. When |x| < k, 
-x <k, or 
x > -k. Therefore, -k <x <0. 
3. The solution of |x| <k, when k > 0, is (-k <x <0) V (0 Sx <k). 
The union of these disjoint sets can be written as -k < x < k. 


We have therefore proved: 
B If |x| < k, where k is positive, its solution set is (x |-k <x < k}. 


The graph of (x|-k <x < k}, as shown atthe — 9——$—d4—$—- 
right, is a segment that includes the graphs of all - 0 k 
real numbers between -k and k, but excludes the 
graphs of these endpoints. 

From |x| < k, where k is positive, we can derive the expressions: 


«b «x«hk" or “x — -hand x < k” 
on “(x >-k) ^ (x <k)” 


Case III. If |x| > 2, then the distance between the graphs of x and 0 
is greater than 2 units. Thus, x may be any real number greater than 2 
or less than -2. The solution set, written as {x |x < -2 or x > 2} or as 
{x |(x <-2) V (x > 2)), is a disjunction of two sets of numbers with 
no elements in common. 
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Again, we will apply the algebraic definition of absolute value to the 

general case: |x| > k, where k is positive. 
1. Ifx = 0, |x| = x. When |x| > k, 

x > k. Therefore, x > k. 
2. If x <0, |x| = -x. When |x| > k, 

-x > k, or 

x < -k. Therefore, x < -k. 

3. The solution of |x| > k, when k > 0,is (x < -k) V (x > k). 


We have therefore proved: 


B If |x| ^ k, where k is positive, its solution set is: 
(xix <-k orx >k 


The graph of {x|x <-k orx > kj,asshownat 4 4 | 4 


the right, is the union of two rays, one to the 
right of k and one to the left of -k, excluding the -k 0 
graphs of the endpoints of these rays. 

From |x| > k, where k is positive, we can derive the expressions: 


"x «-horx k" or “(x <-k) V (x >k)” 


MODEL PROBLEMS 





1. Solve |2x + 3| < 7 and graph the solution set. 


How to Proceed Solution 

1. Write the given in- |I2x *8| «7 
equality. 

2. Write a derived ex- -1 < 2a +3 <7 
pression. 


3. Simplify: add -3 to -T1 = 83 < 2e+38-3<=.7-83 


each member of the -10 < 0:4 
inequality, and di- >p SEAS 
vide each member 
by 2. 

* cu. the solution Solution set: {x|-5 « x « 2) 


| *r- a ee ca 


—p-5—4—-3-2-1 0 17 2 3 


9. Graph the solution 
set. 
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Note: In step 2, it is possible to write “2x + 3 > -T and 2x + 3 < T” 
as the derived expression. By simplifying this expression, we arrive at 
the solution set (x |x > -5 and x < 2}, which is equivalent to the solu- 
tion set (x |-5 <x < 2]. 


2. Solve |3 + y|- 2 = 0 and graph the solution set. 


How to Proceed Solution 
1. Write the given in- IS+y|-22>0 
equality. 
2. Transform the inequal- ISty|-2+2>0+2 
ity into an equivalent I8*y|22 


sentence in which the 
absolute value is iso- 
lated on one side of 


the inequality. 

3. Write a derived expres- 3+y<-2 or 34y 22 
sion. | 

4. Add -3 to each mem- | 3*4 y - 3<-2-3 3+y-322-3 
ber of the inequality. y<-5 or y >-1 


5. Write the solution set. 
6. Graph the solution set. | | 


Solution set: (y|y <-5ory 2-1} 





-7-6-5-4-8-2-1 0 1 





In 1-18: a. Solve the absolute-value inequality. b. Graph the solu- 
tion set. 





1. Ix| <3 2. |y| 5 3 3. |w| <4 

A, 5/24 5. |2x| 55 6. |-3y| € 18 

7. Ix|- 1&4 8. 34 |y| $5 9. l- 221.5 
10. Ix - 1| € 4 11. I3 y| € 5 12. |x - 2] 2 1.5 
i3. |æ]: x *5 k 

13. |= 12 14. | : |«2 15. $+ 2|<2 


16. 12b * 3| 5 5 17. |2 + 3d| 2.4 18. |2m - 1] 2 
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In 19-24, select the numeral preceding the expression or the diagram 
that best completes the sentence or answers the question. 


19. Which is the solution set of |2x - 3| < 5? 


(1) ix[-4 « x «€ 1) (2) {x|x «-4orx > 1) 

(3) {x|/-l<x*#<4 (4) (x|x <-lorx > 4} 
20. Which represents the solution set for y in [8+ y| > 3? 

(1) tyl(y € -11) V (y > -5)} (2) (yl-11 <y <- 5) 

(3) {yl(y € -5) V (y > 5)} (4) {yl-5<y <5} 
21. If|2- x| > 8, the solution set is: 

(1) (x|-6 <x < 10) (2) {x|x ^ -60rx < 10} 

(3) {x|-10 <x < 6) (4) {x|x < -6 or x > 10) 


22. Which of the given inequalities has ¢ as its solution set? 
(1) |x| > 2 (2) |x| <2 (3) |x| > -2 (4) |x| <-2 


23. Which is the graph of the solution set of |x - 3] > 4? 


(1) Hp RRR RH (2) ARR eH 
=] 7 =d 7 

(3) HHHH (4) HHHH 
= 7 -1 7 

24. Which of the following inequal- _ Lt bpd dy = 

ities has a solution set represented E | 

by the graph at the right? 4-2 0 2 4 8 a8 

(1) xx- 4] «2 (2) [x - 2| €4 

(3) |x - 4| 22 (4) |x - 2] ^ 4 


4-5 ROOTS AND RADICALS 


Square Root 


To solve a quadratic equation, we often work with real numbers that 
have a radical sign, —- . Consider the three examples that follow. 


O ExAMPLE 1: [] EXAMPLE 2: 
Solve x? = 25 Solve y? = 3 
x = t/25 y-7tV8 
x = 4/25 or -/25 y= J3 or -/3 
x= Sor-5 Solution set = (4/3, -/3 } 


Solution set = (5,-5] 


158 Integrated Mathematics: Course Ill 
MEE Lace ena ee a N 


C] EXAMPLE 3: 
If the area of a square is 3, find the length of one side of 


the square. y 
Let y = the length of one side. 
Since side? = area: y 
y^ 28 


y = +/3 


(A length is positive only.) 
Solution set = {/3 } 


B DEFINITION. A square root of a number is one of two equal 
factors. 


We say that the square root of a number k is x if and only if x - x = k, 
2 = 
or x^ =k. 

In example 1 above, 5 is a square root of 25 because (5)(5) = 25. In 
the same way, -5 is a square root of 25 because (-5)(-5) = 25. Thus, 
25 has two square roots, written *4/ 25 or +5. These square roots are 
rational numbers. 

In example 2, J/3 is a square root of 3 because (/3)(/3) = 3, and 
-4/3 is a square root of 3 because (- V/3) (7/3) = 3. Thus, 3 has two 
square roots, written +,/3 or 4/3 or -\/3. These square roots are 
irrational numbers. 

In certain situations, such as the geometric problem in example 3, we 
restrict the solution set to include only the positive square root. Notice, 
however, that we determined the solution set by solving a quadratic 
equation and finding both square roots of a number. All three examples 
shown above lead us to the following observation: 


ll Every positive real number has two square roots. 


If k > 0, the square roots of k are £k, that is, Vh Or - Vk. To indi- 
cate that both square roots are to be found, we place a plus sign and a 
minus sign together in front of the radical sign. For example: 


+,/49 = 21 tV = 43 ty/.16 = t4 


B DEFINITION. The principal square root of a positive number k is 
its positive square root, Vk. 


Thus, a principal square root indicates only one root. For example: 


v/49 - 7 V4 =2 V.16 = 4 
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To indicate that only the negative square root of a number is to be 
found, we place a minus sign in front of the radical sign. For example: 


-4/49 = -7 -V4 = -3 -V16 = -.4 


For numbers that are not positive real numbers, we observe: 


1. The square root of zero is zero, that is, \/0 = 0. This is true because 
0 is the only number whose square is 0. 

2. The square roots of a negative real number are not real numbers. If 
k <0, then *4/k are not real numbers. For example, 4/-4 is not a 
real number because there is no real number that, when squared, 
is - 4. We will study these square roots in Chapter 14, The Complex 
Numbers. 


Cube Root 
B DEFINITION. A cube root ofa number is one of three equal factors. 


The cube root of a number k is x, written Yk = x, if and only if 
x +x +x =k, or x? =k. Since (2)(2)(2) = 8, we can say that 2 isa 
cube root of 8. 

Every nonzero real number has three cube roots, one of which is a 
real number called the principal cube root of the number. For example, 
when we write V8 - 2, we are indicating that 2 is the principal cube 
root of 8. The other two cube roots of 8 are not real numbers; these 
roots will be studied in Chapter 14, The Complex Numbers. 

Since (-5)(-5)(-5) = -125, we know that 4/-125 = -5. Notice that 
-9 is a real number. By the definition stated earlier, -5 is the principal 
cube root of - 125. Let us consider other examples: 


Ls 3 3 3 
V64 = 4 V-64 = -4 V =1 V-d =-4 


We observe that the principal cube root of a positive real number is a 
positive real, and the principal cube root of a negative real number is a 
negative real. Because 0 is the only number whose cube is 0, we know 


that V0 = 0. 


The nth Root of a Number 


E DEFINITION. The nth root of a number (where n is any counting 
number) is one of n equal factors. For example: 


Since (3)(3) (3) (3) = 81, then 3 isa fourth root of 81, written /81 = 3. 
Since x -x-«x-*x-*x-73x^, then x is a fifth root of x5, written 


MOE us 


X X. 
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The principal nth root of a number k is written as: 


vh 


where: k = the radicand 
n = the index, a counting number that indicates the root 
to be taken 


vk = the radical, or principal nth root of k 





For example, v 32 is a radical whose radicand is 32 and whose index 
is 5. When the radical is a square root, as ins/81, it is understood that 
the index is 2. 

To determine the value of +/k, the principal nth root of k, we observe: 


1. If n is an odd counting number, then Vh = the one real number r 
such that r” = k. For example: 


Ji26-5 —4—32--2  dYi-1 VW1=-1  wvo0-0 


2. If n is an even counting number and k is a non-negative number, 
then vk = the non-negative real number r such that r” = k. For 
example: 

VA00(or4/100)-10  w625-5 W1i=1  wvoO0-0 
(Note: If n is an even counting number and k is a negative number, as 


in y-9 and Ji, then vh is not defined in the set of real numbers. 
These roots will be defined in Chapter 14, The Complex Numbers.) 





MODEL PROBLEMS 


1. Find the square root of 144. 


Solution: There are two square roots of 144, written */144. Since 
(12) (12) = 144, and (-12) (-12) = 144, then +4/144 = +12. 
Answer: +12 or -12 OR +12 


2. Evaluate the given expression by finding the indicated root. Let 
each variable represent a positive number. 


a. /144 b. /100x^ c. N/-8y? d. -<-1 
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Solution Answer 


a. Since 1/144 indicates the principal a. V 144 = 12 


square root of 144, then 4/144 = 12. 
b. Since (10x?)(10x?) = 100x^, then b. /100x* = 10x? 


VA00x* = 10x?. i 
c. Since (-2y)(-2y)(-2y) = -8y?, then e. Y -8y? = -2y 
VC8y* = -2y. 


d. Here, -\/-1 = aiT) = -(-1)= 1. d. aT -1 


3. Find the smallest integral value of x for which \/2x - 9 represents 
a real number. 


Solution 


1. A square-root radical is a real number if and 
only if the radicand is greater than or equal to 


zero. Thus, we write the inequality: 2x -9 20 

2. Simplify the inequality. 2x 29 
x 244 

3. Since x 2 44 is equivalent to the inequality x-5 


2x - 9 = 0, select the smallest integer x so that 
x > 44 is true. 

4. Check the answer (x = 5) and the next smallest integer (x = 4). 
If x = 5, then 2x - 9 = J/2(5) - 9 = v10 - 9 = v1, a real 
number. If x = 4, then /2x - 9 = /2(4) - 9-2 J/8- 9- V/-1, 


not a real number. 


Answer: 5 





[ EXERCISES 


In 1-40, evaluate the given expression by finding the indicated 
root(s). Let each variable represent a positive number. 


1. 2. +/9 3. -/9 4. 225 
5. V ASI 6. Vn? 7. 25 8. +/.04 
9. 64 10. 4/64 11. 4/64 12. -4/400 
13. 81x? 14. V/4y* 15. -ybi 16. J16x!$ 

4 25 a? m$ 
if. £V is, YF 19. ty$s 20. Vio 
21. /27 22. 4-27 23. -V27 24. -V-27 
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25. 4/1000 26 


8 
bo 
an 
oS 


217. 4/-125 28. 


. Yk? 
29. 4/-8y?? 30. »/81 31. -4/625 32. V0 
33. w/16x!6 34. x/-248 35. 4/32y5 36. -4/x19 
37. V-1 38. --]1 39. -4/.008 40. -A-x? 


In 41-52, state whether the number is rational or irrational. 


41. 25 42. 8 43. 4/8 44. 4-1 
45. +/27 46. -4/196 47. 1.44 48. 4.04 
49. V/A 50. V4 51. V/-343 52. »/.64 


In 53-56, find the smallest value of x for which the radical represents 
a real number. 


53. Vx-8 54. Vx +3 55. V2x- 5 56. /3x - 10 


In 57-64, find the smallest integral value of x for which the radical 
represents a real number. 


57. /ax-5 58. V3x- 10 59. wV5x 60. «ix -25 
61. V2x +i 62. V4+3x 683. | RE 64. y 22 





65. True or False: The principal square root of a positive number is 
positive. 

66. True or False: The principal nth root of a nonzero number is posi- 
tive. 


67. True or False: If n is an even counting number, then Vk" = |k]. 

68. a. Solveforx: 5? + x? = 13? 

. In a right triangle whose hypotenuse measures 13, one leg has a 
measure of 5. Find the measure of the other leg. 

. In what ways are parts a and b alike? 

. In what ways are parts a and b different? 

. Solve for n: n? = 

. If the area of a square is 7, find the length of one of its sides. 

. In what ways are parts a and b different? 


o p 


69. 


ont r &o 


. Solve forx: 2x? = 4 

. If the diagonal of a square has a length of 
2, find the length of one side of the square. 

c. In what ways are parts a and b different? 

d. Find the area of the square described in 

part b. 


70. 


E 
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71. a. Find the one real number y such that y? - 
1000. 

b. If the volume of a cube is 1000 cubic centi- 
meters (written cm?), find the length of one 
edge of the cube. 

c. In what ways are parts a and b alike? 

d. If a cube whose volume is 1000 cm? is filled 
with water, the cube will hold 1 liter (or 
1000 milliliters) of the liquid. How many milliliters are con- 
tained in 1 cm? of water? 





Ex. 71 


In 72-83, solve for the variable when the replacement set is the set of 
real numbers. 


72. x?^-16 73. y? = 169 7A. w2=5 

75. 3y? = 75 16. k? = 75 Ti. n^- 4=0 
78. x? - 1020 79. x? +1=0 80. y?+1=0 
81. 8b° =1 82. y* «16 83. n^- 81=0 


In 84 and 85, select the numeral preceding the expression that best 
answers the question. 
84. Which radical is not a real number? 
(1) -vI (2) V-1 (3) -V1 (4) V-1 
85. Which of the following statements is false? 
(1) -VV = -4 (2) V4) = -4 
(3) VC3* = -3 (4) V(-3)* = 3 


86. Let k represent any non-negative real number. 
a. For what real numbers is the sentence k = Vh true? 
b. For what real numbers is the sentence k > /k true? 
c. For what real numbers is the sentence k < Vk true? 


4-6 APPROXIMATING RATIONAL VALUES 
OF SQUARE ROOTS 


To evaluate the square root of a number k where k > 0, we observe: 


1. If k equals the square of some rational number, then \/& is a rational 
number. Square-root radicals that are rational numbers include: 


V25-vV(5?-5 Vi-vy-2 V62 =VĒ5F -= 25 


2. If k is not equal to the square of some rational number and k > 0, 
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then vÈ is an irrational number. Square-root radicals that are irra- 
tional numbers include: 


In our daily lives, we often use approximate rational values for irra- 
tional numbers. For example, if we know mathematically that a piece 
of wood needed for a project is to be 4/2 meters long, we would prob- 
ably ask the worker at the lumber yard for a piece of wood slightly 
longer than 1.4 meters. Although 4/2 # 1.4 and /2 # 1.414, the irra- 
tional number 4/2 is close enough to the rational number 1.414 so that 


we can state /2 ^ 1.414, or 4/2 “is approximately equal to” 1.414. 

Let us consider some methods for evaluating a square root. If the 
radical is an irrational number, each method will lead us to an approxi- 
mate rational value. Since the equipment needed for methods 1 and 2 
might not always be available, it is recommended that either method 3 
or method 4 be learned in addition to the first two methods. 


Method 1: The Calculator 
After entering the radicand k and press- | — | 
ing the “square root” key in the proper r1 r^ J h /] h H 
sequence needed, we find the value (or 
approximate rational value) of V/h by reading the number displayed on 
the calculator. For example, the approximate rational value of /5 is 
displayed on one calculator as shown above. 

The number 2.236068 may be rounded off to any convenient number 
of decimal places less than the six places in the display, as shown below. 
V/5 = 2.236 or /5 = 2.236 to the nearest thousandth 

V5 © 2.24 or y5 = 2.24 to the nearest hundredth 
/5 © 2.2 or /5 = 2.2 to the nearest tenth 
In general, to round off a number to n decimal places, we drop all 
digits to the right of that place. If, however, the digit in the (n * 1) 


decimal place is 5 or more, we add 1 to the digit in the n decimal place 
and drop all appropriate digits to obtain the rounded-off number. 


Method 2: The Square-Root Table 
The table on page 746 helps us to evaluate square roots. 


E Procedure 1: The table on page 746 lists the values of the principal 
square roots of integers from 1 through 150. Approximate rational 
values are given to the nearest thousandth. For example: 


v 31 = 5.568 AND 148 = 11.958 


The Irrational Numbers and the Real Numbers 165 


E Procedure 2: Study the portion of the 
table reproduced here at the right to see 
how we may determine the square roots of 
certain numbers greater than 150. Since 
30? = 900, we know that 4/900 = 30. 
Thus, for every number in the “Square” 
column, its principal square root is found 
to the immediate left in the “No.” column. Here, we also see: 


v 961 = 31 V 1024 - 32 


E Procedure 3: If a number is greater than 150 but is not a perfect 
square, we can find a quick approximation of the square root of the 


number. For example, to approximate 4/1000, consider the portion 
of the table reproduced above: 
Since 961 < 1000 < 1024, 


then y 961 < 4/1000 < y 1024, 
or 31 < 4/1000 < 32 


Thus, 4/1000 lies between 31 and 32. In methods 3 and 4, which fol- 
low, we will learn how to find more precise approximations. 





Method 3: Divide and Average 


E Observation 7: If the divisor of a number and the resulting quo- 
tient are equal, then the square root of the number is either the divisor 


or the quotient. For example, 144 divided by 12 is 12. Thus, y 144 = 12. 


12 
Division: 12)144 Square Root: 4/144 = 12 


E Observation 2: If the divisor of a number and the resulting quotient 
are unequal, then the square root of the number lies somewhere be- 
tween the divisor and the quotient. For example: 
_16 mes 
Division: 9)144 indicates that 4/144 lies between 9 and 16. 

The average of the divisor and the quotient is an approximation of 
the square root of the number. By repeating this process of “divide and 
average," where the average is used as the new divisor, we will find a 
better approximation of the square root. For example: 


Divide and Average Divide and Average 


11.5 


16 ! ! 
TN 16+9_ 35 - 11.5 +12.5 24. 
9)144 > E mus Re 12.5 | 12,5,)144.0,0 a UN  —- = 12 
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This process may be repeated as many times as needed. With each 
step, the quotient may be found to one more decimal place than there 
is in the divisor. Study the model problem that follows. 





| MODEL PROBLEM 


By the “divide and average" method, find y 1000 to the nearest tenth. 








How to Proceed Solution 

1. Select a number as an ap- Since 31 < 4/1000 < 32, select 31 as 
proximation of 4/ 1000. the approximation. 

2. Divide 1000 by 31, find- Divide and Average 
ing the quotient to one 32.9 3992 4 31 
decimal place (here, 32.2). 31)1000.0 ES xm 
Then, find the average of 93 
the quotient 32.2 and the — "70 = 63.2 
divisor 31. 

82 - 31.6 
80 ' 
62 
18 

3. Divide 1000 by 31.6, the Divide and Average 
average just found. The 3164 31.64 + 31.6 
quotient is now found to 31.6 1000.0 00 NE GN 
two decimal places (here, "* g4g 
31.64). Then, find the . 63.24 

E 520 9 
average of the quotient 316 
31.64 and the divisor 31.6. 2040 = 31.62 

1896 
1440 
1264 

176 


4. Round off the approxima- — 3/1000 = 31.62 
tion to the nearest tenth. 1000 = 31.6 to the nearest tenth 


Answer: 4/1000 = 31.6 to the nearest tenth 


p——— SE EE E SS OS 
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Method 4: The Square-Root Algorithm 


An algorithm is a process or a method used in calculation. An algo- 
rithm to find the square root of a number (or an approximate rational 
value for the square root) is described in the model problem that 
follows. 





_MODEL PROBLEM] 


Use the square-root algorithm to find 4/1000 to the nearest tenth. 





How to Proceed Solution 


l. Place a decimal point in the number Step 1: 

and in the quotient. From the decimal TARR 
point in the number, move to the left 1998 
and mark off groups of two digits. For | 
each group of two digits, there will be 10 00.00 00 
a single digit in the quotient. Thus, 

place two groups of “00” to the right 

of the decimal in the number so that 

the quotient will be in hundredths. 


2. Below the first group at the left, Step 2: 
write the largest perfect square that 


is equal to or less than that group. Sub- - L—— 
tract the perfect square from the group. v 10 00.00 00 
Write the square root of the perfect 9 

square above the first group in the 1 
quotient, 

3. Bring down the next group of two Step 3: 

digits and annex this group to the re- 3 

mainder. Form a divisor by doubling —AL—— 
the root in the quotient found to this 10 00.00 00 


point and annexing a ** " to represent 9 | 
a digit. Disregard decimal points in o. | 1 00 
writing the divisor. (Here, doubling — 

the root 3 gives 6. Thus, ‘“‘6_” is a 

divisor in the ''sixties," and ** " be- 

low it represents a single digit.) 
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4. Replace each “‘_” with the same digit Step 4: 


so that the product of the divisor and 3 1 

the digit is equal to or less than the re- —— 
mainder. Write the product under the v 10 00.00 00 
remainder and subtract. Write the digit 9 


that replaces '." above the next 61 100 
group of two digits in the quotient. 1 61 
(Here, 61 + 1 = 61, and 100 - 61 = 39. 39 
Note that 62-2 is a product larger 

than the remainder 100. Place the digit 

1 in the quotient so that the root is 

now 31.) 


5. Repeat Step 3. (Here, doublingtheroot Step 5: 
31 gives 62. Thus, *62 " is a three- 


place number.) a 
4/10 00.00 00 
| 9 





6. Repeat Step 4. (Here, 626 + 6 = 3756, Step 6: 
and 3900 - 3756 = 144. Place the digit 


6 in the quotient; the root is now 31.6.) ———— 
4/10 00.00 00 





7. Repeat Step 3. (Here, doubling the Step 7: 
root 316 gives 632. Thus, “632_”’ is 


a four-place number.) Jio 00.00 00 
10 00.00 00 
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8. Repeat Step 4. (Here, 6322-2 = Step 8: 
12644, and 14400 - 12644 - 1756. 
The digit 2 in the quotient makes the 
root 31.62.) 





9. Round off the root to the nearest Step 9: 


tenth. v 1000 « 31.62 
v/1000 = 31.6 to the 


nearest tenth 
Answer: 1/1000 = 31.6 to the nearest tenth 


(Note: In the square-root algorithm, Steps 3 and 4 are repeated over 
and over again. However, if an exact square root can be found, as in 


vy 6.25 = 2.5, a remainder of zero will be reached in the process.) 


[ EXERCISES 


In 1-10, use the table on page 746 to find the principal square root 
of the given number. If necessary, express the square root correct to 
the nearest thousandth. 


1. 81 2. 121 3. 54 4. 130 9. 109 
6. 196 7. 149 8. 784 9. 1849 10. 7744 


In 11-20, use the table on page 746 to find the principal square root 
of the given number correct to the nearest tenth. 
iis di 12. 38 13. 57 14. 65 15. 13 
16. 99 17. 102 18. 82 19. 120 20. 143 


In 21-24, use the table on page 746 to find two consecutive positive 
integers such that the given radical lies between these integers. 


21. 4/300 22. 4/1200 23. vy 9300 24. y 13,706 
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In 25-44, the principal square root of the given number is an integer, 
or a rational number terminating in one decimal place. Find the princi- 
pal square root by: (a) the square-root algorithm (b) the ‘‘divide-and- 
average" method. 


25. 2601 26. 6561 27. 1089 28. 576 

29. 2809 30. 361 91. 441 32. 1681 
33. 53.29 34. 6.76 35. 46.24 36. 1162.81 
37. 26,244 38. 19,881 39. 24,025 40. 372.49 
41. 54,756 42. 112.36 43. 432.64 44. 94,249 


In 45-60, find the principal square root of the given number to the 
nearest tenth by: (a) the square-root algorithm (b) the **divide-and- 
average" method. 


45. .18 46. .32 47. .88 48. .79 
49. 27 50. 2.65 51. 70 52. 41.56 
53. 3.21 54. 70.5 55. 39.8 56. 2.48 
57. 180 58. 500 59. 222 60. 345 


4-7 SIMPLIFYING A RADICAL 


Square-Root Radicals With 2b Radicands 


Since /9 - 16 =+/144 = 12 and V9 -/16 = 3 - 4 = 12, it can be 
said that \/9 - 16 =./9 - 4/16. This lan illustrates the following 
property: 


E The square root of a product of positive numbers is equal to the 
product of the square roots of the numbers. 


In general, if a and b are positive numbers: 
,/a-b= Va . Vb 


If the radicand of a square-root radical is a positive integer and if the 
radicand contains a factor that is a perfect square, then we can use the 
given rule to find one or more equivalent radicals. For example: 


00 = /4- 50 = y4 - /50 = 2/50 
= /25-8 = V25 - /8 = 5/8 
/200 = / 100-2 = V 100 - /2 = 10/2 
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BDEFINITION. The simplest form of a square-root radical is a 


monomial of the form k«/r where k is a nonzero rational number and 
the radicand r is a positive integer containing no perfect-square factors 
other than 1. 


In other words, the greatest perfect square has been factored out of 
the radicand. The greatest perfect-square factor of 200 is 100. Since 


200 724/100 - 4/2 = 10/2 and since the radicand 2 contains no 
perfect-square factors other than 1, we can state: 

\/ 200 in its simplest form is 104/2 
(Note: In 24/50, the radicand 50 contains a perfect-square factor of 
25. In 54/8, the radicand 8 contains a perfect-square factor of 4. For 
these reasons, neither 24/50 nor 54/8 is the simplest form of 4/200.) 


Square-Root Radicals With Fractional Radicands 


: ys. . d yË 23 V3. - XS ! 
Since 16 4 and Vie 4 then | 16 ^ Vie: This example 


illustrates the following property: 


E The square root of a quotient of positive numbers is equal to the 
quotient of the square roots of the numbers. 


In general, if a and b are positive numbers: ys = va 
b b 
This rule is used to simplify a square-root radical in which the radi- 
cand is a fraction. Remember that the simplest form of a square-root 
radical is kx/r where k is rational and the radicand r is a positive integer. 
Let us consider two cases. 


Case I. If the denominator of the fractional radicand is a perfect 
square, apply the rule directly. For example: 


| af. SS «E 
In simplest form: 16 /16 EJ Ans. 


Since SR d i ilk V5, we can write the simplest form of VŠ 
v5 


4 





in two ways, namely, Or 4. Compare each monomial to the 
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general form k4/r to see that k = 4, a rational number, and the radi- 
cand r = 5, a positive integer. 

Case II. If the denominator of the fractional radicand is not a per- 
fect square, multiply the fraction by some form of the identity element 
1 to find an equivalent fraction whose denominator is a perfect square. 
Then, apply the given rule. For example: 


" | yi-yi 3_,/6 V6 . V6 
In simplest form: 3 3.3" 9 dri z-a Ans. 


Here, observe that 2 is multiplied by 3 (a form of the identity element 
1) to transform 2 to the equivalent fraction $. The rule is applied at 


this point, showing us that the simplest form of y2 is T or i V6 


When this expression is compared to the general form k yr, we see that 
k = 4, a rational number, and the radicand r = 6, a positive integer. 


[9 «9 | /2 
Note: It is true that = ——, but the fraction —= does not fit 

3 v3 y3 
the general form of a radical in simplest form, namely, k v/r. Later in 
this chapter, we will study a method for handling fractions such as 


VZ 


73" For now, let us follow the procedures outlined in Case II.) 


Radicals of Index n 
The rules we have just learned for square-root radicals (or radicals of 
index 2) can be extended to radicals having another index. 
In general, if a and b are positive numbers and the index n is a count- 
ing number, it can be shown that: 


MB wo iy 


Just as we found perfect-square factors to simplify radicals of index 
2, we will find perfect-cube factors to simplify radicals of index 3, and 
so on. The simplest form of a radical whose index is a counting num- 
ber n is now written as k4/r. Here, k is a nonzero rational number and 
the radicand r is a positive integer containing no factor other than 1 
that is a perfect nth power. For example: 


1. In simplest form: 340 = 8-52 4/8 - 4/57 24/5 Ans. 
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MODEL PROBLEMS | 





1. Simplify the radicals: a. 4/48 b. 4/48 


How to Proceed Solution Solution 
1. Factor the a. V 48 - J/ 16 - 3 b. 48 = 48-6 
radicand so 


that the per- | 
fect power is a 
factor. 
2. Express the V 48 = 16 - 3 J48 = 48 - 46 
radical as the 


product of the 
roots of the 


factors. 

3. Simplify the V48 = 4/8 YTE = 24/6 
radical con- 
taining the Answer: 44/3 Answer: 24/6 
largest perfect 
power. 


2. Simplify the radical expressions. (All variables represent positive 
numbers.) 


a. 2/98 b. 44/96x? c. V/45a*b? d. 4n? 


Solution: Use the procedure outlined in model problem 1. If neces- 
sary, simplify terms outside the radical as the fourth step. 


a. 2/98 = 2./49-2- 2/49 - VZ = 2- 1/2 = 14/2 Ans. 
b. $V96x?/-1J16x7-.6-lJ 16x. (6 =1 - Ax /6- x /6 


Ans. 


. vV/A5ba^b? =./9atb2 . = 9a*^b? - ./5b = 3a?b/5b Ans. 


d. 4/n? = 4n$ - n = 4 n5 bd Ans. 
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3. 








— | 3 
Express in simplest form: a. V4b b. Vi 
How to Proceed Solution Solution 
1. Change the radicand | a. V = V45- $3 | b. V$-vi-2 
to an equivalent frac- aU E | 2M 
tion whose denomi- | ae Vs 
nator is a perfect 
power. | 
| 
2. Express the radical as _ v3 v6 
the quotient of two 36 X8 
roots. 
3. Simplify the radical - /3 " 36 
in the denominator. 6 2 
2. M3 ol E YE lv 
Answer: a. -g~ Ot ev3 b. “5 or 2V6 
Simplify the radicals: a. V zs b. V 7b 


Solution: Use the procedure outlined in model problem 3. How- 
ever, the radical remaining in the numerator may sometimes be 
simplified, as seen in these problems. 





8 V8  V4-2 4-2 _ 2/2 2, 

p/—— = ——— m ————— m ——————M—— m ——— — Ans. 
a V25 v25 235 V25 p gy7 Ans 
» 8. 28. 5. pit. 5 _ VB -Y5 _ 25 
. 5 5 5 125 125 3/125 5 


Ans. 


EXERCISES 


In 1-28, simplify the radical expressions. (All variables represent posi- 
tive numbers.) 


1. 75 2. 32 3. v45 4. -4/300 
5. 24 6. 4/24 7. V 54 8. 4/54 

9. 24/50 10. -34/28 11. 54/12 12. 34/56 
13. 148 14. 24/500 15. -2427 16. $80 
17. 49x 18. Va?b 19. Jn? 20. ./4cd? 
21. V 9y? 22. 7\/40x2 23. /200w 24. J18a?b5 
25. -2J/63k* 26. 24/20y 27. W16x® 28. $4/125y5 
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In 29-48, write the expression in simplest form. (All variables repre- 
sent positive numbers.) 


29. VŽ 30. 12V & 31. 4/11 32. VZ 
33. Vi 34. 6/4 35. -V$ 36. VŠ 
37. 8 Š 38. - VAL 39. Vi 40. 4/2 
41. VA 42. Av sl 43. J4 44. Y 


5 
Xx a* w? yz 
45. ys 46. 5 47. - 48. r 


In 49-60: a. Write the expression in simplest form. b. Find the 
approximate rational value of the expression to the nearest tenth by 


using V2 7 1.414, /3 ~ 1.732, or V5 « 2.236. 


49. 4/98 50. 4/20 51. 4/108 52. ./180 
53. V147 54. 14/72 55. 2/125 56. VÀ 
97. vi 98. V3 59. VE 60. Vz 


In 61-63, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


61. Which radical expression is not equivalent to //800? 

(1) 10/8 (2) 4/50 (3) 54/16 (4) 20/2 
62. Which radical expression is not equivalent to 4/1000? 

(1) 10 (2) 54/8 (3) 24/125 (4) 44/25 
63. If the sides of a triangle measure 64//6, 34/24, 

and 24/54, then the triangle is best described 3V24 2v54 


as being: 
(1) isosceles (2) scalene 
(3) equilateral (4) right eve 


4-8 ADDING AND SUBTRACTING RADICALS 


Like radicals are radicals that have the same index and the same radi- 


cand. For example, 3/7 and 2/7 are like radicals. Also, 5/2 and Y2 
are like radicals. 

Recall that addition and subtraction of like monomial terms is based 
on the distributive property. For example, 3y + 2y = (3 + 2)y = 5y. 
In the same way, we use the distributive property to add and subtract 
like radicals. Consider the examples on the next page. 


il—1L.4 1.1. LL 1 212-1. 14.12 
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(J ExAMPLE 1: 


Find the perimeter of a rectangle whose sides 
measure 34/7 and 24/7. 


Addition: 


3/7 + 2/7 + 3/71 + 2/7 


=(3+2+3+2)/7 


3V7 


-10/7 Ans. 
2V7 
O EXAMPLE 2: 
Subtract /2 from 54/2. 
Subtraction: 


5V2 - V2 
= 5/2 - 1⁄2 
= (5 - 1)2 


= 4/2 Ans. 


Unlike radicals are radicals that do not have the same index, or the 
same radicand, or both. In many cases, the sum or the difference of un- 
like radicals cannot be stated as a single term. For example: 


1. /5 and 4/3 are unlike radicals whose sum is \/5 + 4/3. 


2. T and yT are unlike radicals whose difference is 4/7 - v7, in 
the order given. 


But wait! In some cases, radicals that are unlike can be transformed 
into radicals that are like. When this happens, as seen in the following 
example, the sum or the difference of the radicals can be combined into 
a single term. 


[]ExaMPLE 3: Simplify 4/48 + V12 - 4/3. 


V48 + V12 - V3 = 16:3 + V4- 3- V3 
= Vi6 - V8 + V4: V3 - VB 
= AV3 + 2V3 - 1/3 
= (4+ 2- 1)V3 
= 5/3 Ans. 
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i PROCEDURE. To add (or subtract) radicals: 
l. If necessary, simplify the radicals to be added or subtracted. 
2. Combine like radicals by using the distributive property. 
Since a radical sometimes represents an irrational number, let us make 


two general observations regarding sums (or differences) involving irra- 
tional numbers. 


1. The sum (or difference) of two irrational numbers may be either an 
irrational number or a rational number. 


[L]ExaMrPLE 1: Add the irrational numbers V5 and J3. 
The sum is V5 + V3 ,an irrational number. 


O ExaMPLE 2:. Add the irrational numbers 4/5 and - 4/5. 
The sum is \/5 + (-./5) = 0, a rational number. 


2. The sum (or difference) of an irrational number and a rational num- 
ber is an irrational num ber. 


[]ExaMPLE 3: Add V/3 (irrational) and 8 (rational). 
The sum is /3 + 8, or 8 + 4/3, an irrational number. 


C]ExaAMPLE 4: Subtract 8 from 4/3. 
The difference is \/3 - 8, an irrational number. 


MODEL PROBLEMS | —. /. |  —  .— — ü 


1, Express in simplest form: 4/27 + 6v4 + 50 - y8 





How to Proceed Solution 
1. Simplifyeach y27 + 6vł + v50 -48 
radical. 
-J9.8 + 6/1. 3 + /25-2 -/4-2 


= VB -V3+6 Yo e 38. VI- VT- VI 


29 , 
= 3/3 T 5V2 -2y2 


1 
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2. Combine like = 3/3 + 2/8 * 5/2 = 2/2 


radicals by ae E". 
usse ihe =(3+2)/3 + (5 - 24/2 
distributive =65./3+3/2 Ans. 
property. 


2. a. Find the sum of the irrational numbers: 24/5 and (9 - 4/20) 
b. Is the sum rational or irrational? 


Solution 


a. 2/5 + (9 - /20) = 2/5 +9 - 4-572 /5 +9- 2/5 - 9. 


b. The sum, 9, is a rational number. 


Answer: a. 9 b. rational 





EXERCISES 


In 1-15, combine the radicals. (All variables represent positive num- 
bers.) 


1. 8/3 + 9/3 2. 6/7 - 4/77 3. 8/6 - y6 
4. /72 + /18 6. V48 + 4/75 6. 63 - 28 
7. »/180 - 4/80 8. 28 - 32 9. /54 + 3/24 


10. 81x + 9x 11. VW46y - V20y 12. 9x3 - 9x3 
3/7 | ! | 
13. s ; 14. 2V i &3J/ 4 15. 125 + Vt 


In 16-25, write the expression in simplest form. (All variables repre- 
sent positive numbers.) 


16. 700 + 8/7 - 34/28 17. X160 - 4/40 + 4/90 

18. v50 - /98 + 4/128 19. 4192 - 4/2" - 4/108 

20. 4/20 + v5 + V150 - 96 21. 125 + 12 - 45 + /75 
22. ./64x - 8x + </27x 23. 4/250y? - J/16y? 

24. V4 + V2 - 45 90 25. Vi «Vi + v44 


In 26-35, two irrational numbers are given. a. Find the sum of the 
numbers in simplest form. b. Is the sum rational or irrational? 


26. 14 + 3/14 27. 3/17 + (-A/17) 
28. 54/7 + (- 115) 29. 1243 + (- 34/12) 


bx | 
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30. (8+ V2) * (9 - V2) 31. 615 + (2 - 34/60) 


32. (8 - X5) + (3 + 20) 33. (10 - 8/6) + 4/216 
34. 24/3 + (256 - 4/52) 35. (V4 - 13) + 14117 


In 36 and 37, select the numeral preceding the expression that best 
answers the question. 
36. Which expression is equivalent to the sum of V/600 and 4/400? 
(1) 104/10 (2) 104/6 + 20 (3) 12/6 (4) 30/6 
37. Which expression is equivalent to Vi * V2 T Vi ? 


3 2 6 66 | 21 
ove aXX gM om 


In 38-41, express the perimeter of the figure: (a) in simplest radical 
form (b) as a rational number correct to the nearest tenth. 


De V 75 V48 | V 18 
V 45 
38. 





v27 3 
39. 40. 41. 


4-9 MULTIPLYING RADICALS WITH 
THE SAME INDEX 


Monomial Terms 


If a and b are positive numbers and the index n is a counting number, 
we have learned that {Ya * b = Y'a - Yb. By applying the symmetric 
property of equality to the given statement, we form a rule to find the 
product of two radicals with the same index, namely: 

If a and b are positive numbers and the index n is a counting number, 
then: 


va -Vb =Va-b 
For example, 4/2 - VT = 4/14, and ~/5 - Y4 = 4/20. Let us extend 


this concept to the multiplication of terms containing radicals with 
coefficients. 
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[]ExaAMPLE: If the sides of a rectangle oVe 


measure 54/3 and 24/6, find the area of 
the rectangle. 


5V3 


Solution: In a rectangle, area A = lw. Notice how the associative and 
commutative properties of multiplication are used to find the area. 


A = lw = (5/3) (2V6) = 5 + (V3-2)- V6- 5-(2- V3) - V6 
= (5 + 2)(V3 - V6) = 10/18 
The area contains a radical that can be simplified: 
A = 10/18 = 10/9 - 2 = 10/9 - v2 =10- 3/2 = 30/2 
Answer: 30/2 


From this example, we make the following generalization: If a and b 
are positive numbers and the index n is a counting number, then: 


x Va -yr/b = xyVab 


E PROCEDURE. To multiply monomial terms containing radicals 
with the same index: 

1. Multiply the coefficients to find the coefficient of the product. 

2. Multiply the radicands to find the radicand of the product. 

3. If possible, simplify the radical in the resulting product. 


Polynomial Terms 
By using the distributive property and the procedure outlined above, 
we can multiply polynomial expressions containing radical terms. 


L]ExaAMrPLE 1: Multiplying a polynomial by a monomial. 
V5(8V2 + VT) = V5 - 3V2 + V5 - V7 
= 910 + 35 Ans. 


[]ExaAMPLE 2: Multiplying a polynomial by a polynomial. 


Three methods, similar to those learned in multiplying algebraic poly- 


nomials, are given here to find the product (2 + 4/3)(6 - 4/3). Notice 
the use of the distributive property in each method. 
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Method 1 
(2 + J3)(6 - V3) 
= 2(6 - 3) + V3(6 - V3) 
-2.6-2- 34 V/3-.6- /3- 3 


=12- 2,/3 + 6/3 - 3 

=12-3-2/3+6/3 

=9+4/3 Ans. 
Method 2 
6 - 3 
243 


2(6 - y3) > 12 - 2/3 
V3(6- V3)> X *6v3-3 
12*4/3-3-29-*4V3 Ans. 


Method 3 
12 
| -3 
Here, we use the procedure learned to multi- [ 
ply binomials mentally. To state the answer in (2 + V3)(6 - 3) 


simplest terms, we must combine 12 and - 3, as +6./3 

well as the like radicals 64/3 and -24/3. -24/3 
=12+4/3 - 3 
=9+4/3 Ans. 


Since a radical sometimes represents an irrational number, let us make 
two general observations regarding products involving irrational numbers. 
1. The product of two irrational numbers may be either an irrational 

number or a rational number. 
For example, V/3+ V5 = V15 (irrational), 
while V2 * /18 = 4/36 = 6 (rational). 


2. The product of an irrational number and any nonzero rational num- 
ber is an irrational number. 


For example, the product of 4/15 and 6 is 64/15 (irrational). 
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1. Multiply: a. 85-1415 b. 4x? . V 16x^ 


How to 
Proceed Solution Solution 
1. Multiply |a. 85-1415 b. 4vx? - /16x^ 
tae coeffi- | -(8-1)(V5-V15) | -(4-1)(V&* - V/16x*) 
cients, and " | ca s 
ict = 2/15 = AN 16x* 
the radi- 
cands. 
2. Simplify = 225 - 3 = 48x6 - 2 
is iE = 225 - /3 = 4X8x8 . 2 
seein =2-5/3 = 4. 2x? /2 
product, | =10V3 Ans. = 8x? 4/2 Ans. 





2. Find the area of a square whose side measures 24/5. 


Solution 


Area = (2V5)? = 2\/5 - 2/5 
= (2 + 2)(/5 - v5) 
= 4/25 
=4.5 
= 20 Ans. 





3. a. Multiply: (4 + /6)(4 - V6) 
b. Is the product rational or irrational? 


Solution 


a. (4+ V6)(4- V6) 
- 4(4 - V6) * V6(4- V6) 
-4.4- A 6 * V6-4- V6 - V6 
= 16 - 4,/6 + 4/6 - 6 
= 10 Ans. 


b. The product 10 is rational. Ans. 
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EXERCISES | 


In 1-24, multiply and express the product in simplest form. (All vari- 
ables represent positive numbers.) 


3 /2(24/8 - 
. VZ(4V6 - 2/24 + 54/3) 


3. 4/5 - 10 
6. 2/14. 6/7 
9. 5Vi .4/18 
12. vab? » y/ab5 
15. </9x? . /6x 


27. 
30. 
33. 


V3) 


. (9- V2)(7 + V2) 
. (10 - /5)(10 + V5) 


(8V7)? 
(4/2) 
(24/6) 


1. V5 - v20 2. 3/32. 2 
4. i418. v6 5. 8V3 - i15 
7. Vi VT 8. V2 - v3 
10. Vx + Wx 11. V6y? -V/2y 
13. 45. 4/25 14. 24/2-44/4 
16. V 3(4V3 + VIZ) 17%: 
18. 2/5(34/2 + v45 - 4/5) 19 
20. (2+ JV7)(3 + VT) 21 
22. (5+ /3)? 23 
24. (3 + 2\/8)(3 - 2V3) 

In 25-36, raise the expression to the indicated power, and simplify 
the result. 
25. (VIT)? 26. (24/10)? 
28. (1/8) 29. (8/1)? 
31. (YZ) 32. (V9)? 
34. (4 * V5) 35. (3- 2)? 


36. 


(1 - v8)? 


In 37-46, two irrational numbers are given. a. Find the product of 
the numbers in simplest form. b. Is the product rational or irrational? 


37. 
39. 
41. 
43. 
45. 


In 47-50, express the area of the figure in simplest form. 


4 


5/5 - 3/73 

24/3 - 10/12 
V/5(24/20 + 4/2) 
(2 + /10)(5 + 4/10) 
(5 + \/10)(5 - 4/10) 


3v2 


4T. 48. 


38. 
40. 
42. 
44. 
46. 


8/8 + 2/2 
8/10 -4V2 
3 /6(2 /6 - 4/24) 


(2 + V10)(5 - VTO) 
(2 + V8)ü - V2) 
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51. The base and the height of a parallelogram measure 34/77 cm and 
23/14 cm, respectively. Find the number of square centimeters in 
the area of the parallelogram, expressed: (a) in simplest radical 
form (b) asa rational number correct to the nearest tenth. 

52. Find the value of x? - 4 when: 

a. x=5 b. x = y5 c x=-2 


d. £= 4/3 e, x9M3-1 f. x=3+VJ2 
53. Find the value of x? - 4x - 1 when: 


a. x39 b. x= 4/535 c. x-272-4wV5 


4-10 DIVIDING RADICALS WITH 
THE SAME INDEX 


If a and b are positive numbers and the index n is a counting number, 


n/g $ a 
we have learned that j*- Ye. By applying the symmetric property 
of equality to the given statement, we form a rule to find the quotient 
of two radicals with the same index, namely: 

If a and b are positive numbers and the index n is a counting number, 





then: 
vb Vb 
V30 . /30 VA8 3/48 y 
For example, Je = p" V/5 and Ig = 6 /8 = 2. Let 


us extend this concept to the division of radical terms having coeffi- 
cients. 


[]ExAMPLE: A parallelogram whose area is 104/6 |h22 v3 
has a height h = 24/3. Find the length of its base b. HE = 
Solution: In a parallelogram, area A = bh. Therefore, b = 4 The neces- 


sary division is performed by using a property of fractions: = = P : = 


Im Up ee ee án 
h ai 2 Js 2 F8 " ig 
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From this example, we make the following generalization: If a and b 
are positive numbers and the index n is a counting number, then: 


NEN ee Xx n/a. 


yb y Vb 


E PROCEDURE. To divide monomial terms containing radicals with 
the same index: 





1. Divide the coefficients to find the coefficient of the quotient. 
2. Divide the radicands to find the radicand of the quotient. 
3. If possible, simplify the radical in the resulting quotient. 





Since a radical sometimes represents an irrational number, let us 
make two general observations regarding quotients involving irrational 
numbers. 


1. The quotient of two irrational numbers may be either an irrational 
number or a rational number. 
For example, V40 + V8 = V5 (irrational), 
while 440 + 410 = V4 = 2 (rational). 


2. The quotient of an irrational number and any nonzero rational 
number, in either order, is an irrational number. 


: V5 | 
For example, V5 + 2 = > (irrational). 


Also, 2 + V5 = nit? ely 
V5 





| MODEL PROBLEMS 
1. Divide: a. 48/54 + 12/3 b. W/82x4 + 27x 








How to Proceed | Solution Solution 
1. Divide the coeffi- | a. 484/54 b. J/32 x^ 
clents, and divide 12/3 9 Sx 


the radicands. 


48 v54 tk 
"da JS 2 Wx 
1.5 


= 44/18 = 91 132.x3 
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2. Simplify the radi- = AV 18 = 24 3233 
cal in the resulting 
quotient. ET Jd = Lya? . YF 
=4. 3V2 -L odd 
-12J2 Ans. -xv/4 Ans. 
158 - 5/6 
Simplify the expression: ———————- 
implify the expression 5J3 


Solution: Divide each term in the numerator by the denominator. 


15/8- 5/6 15/8 5/6 15 VB 5 V6 


" Sv?  — B2 bya 5 y$ b 2 
-3/4-1V/3-23-2-1-V/8-6- V3 Ans. 


[EXERCISES | MMNMEENMEMMMENMEMENMMEMMENMEMENMNMENNNEM 


In 1-18, divide and express the quotient in simplest form. (All vari- 
ables represent positive numbers.) 


i. 


/80 + V5 2. 1947 * 24/7 3. 7170+ VIT 


4. V 150 + y3 5. 10/24 + 2/2 6. 960 + 3/3 




















A 284/90 " 244/48 " 454/40 
to "2 ^ A86 ` 604/10 
30/128 11 EN ED 12 3/96 
| 6423 ^ 154/10 ' 12/4 
13. YA 14. 2 54y* 15. VLLL 
6 /2y 2 /5ab3 
P» + /48 2/5 + 6/15 V108 - 150 
16. ————— — 17. ———— — 18. 
V3 2/5 0*6 


In 19-24, two irrational numbers are given. a. Find the quotient of 
the numbers in simplest form. b. Is the quotient rational or irrational? 


19. v54 + 6 20. 24/90 + 4/18 21. 4192 + 3/3 


22. 


v/12 + 4/32 án 8 /24 + 12/2 3i v50 - V8 


V8 l 4/2 ee) 


The Irrational Numbers and the Real Numbers 187 
In 25-27, express the quotient: (a) in simplest radical form (b) as the 
approximate rational value to the nearest tenth. 





124/70 V 96 + V27 34/20 - J/15 
25. | 26. —————— 27. —————— 
24/7 V3 V5 


28. In a rectangle, if the area 
A =12.\/30 and the base 
b = 3V5, find the measure 
of the height h. h 
29. In a triangle, if the area 
A = 9/6 and the base b = 
3/3, find the measure of | n. — 
the height A. b=3vV5 b=3V3 
Ex. 28 Ex. 29 





30. a. If the perimeter of a square is 3/80, what is the length of one 
side of the square? b. What is the area of the square? 


4-11 RATIONALIZING A DENOMINATOR 
CONTAINING A RADICAL 


Monomial Denominators 


o @ | 
In the last section, it was stated that 2 + 4/5 = —=, an irrational 


JB 


number. While the fraction JE has an irrational number as its denom- 
inator, it is possible to multiply this fraction by some form of the iden- 
tity element 1 to find an equivalent fraction with a rational denom- 
inator. For example: 

A 2 1, 2. VB. aV 

V5 v5 V5 V5 65 
B DEFINITION. To rationalize the denominator of a fraction (where 
the denominator is not a rational number) means to find an equivalent 
fraction in which the denominator is a rational number. 


1= 
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2 
Thus, when we rationalize the denominator of ——, we find the 


J’ 


5 
where the denominator 5 is a rational number. 





equivalent fraction 


The process of rationalizing a denominator allows us to simplify the 
computation needed to approximate the rational value of the expres- 
sion. Compare the following computations: 


1. Without rationalizing the denominator: 


2 ,, 2 "099000 2000000. go, 
v5 2.2836 2.236 2236 


2. With rationalizing the denominator: 


2 _ 2V5  2(2236) 4472 | 


Vb 5 5 5 


These examples show us that the rational approximation for A is 


V5 


.894 to three decimal places. Without rationalizing the denominator, we 
must divide by 2.236. However, once the denominator is rationalized 


2 2/5 s 
and V8 becomes -g we need only divide by 5 to find the approx- 


imate rational value. 


Binomial Denominators 


Given the fraction aa how can we rationalize its denominator? 
4 + V11 

First, let us recall that the product of two binomials of the form (a + b) 

and (a - b) is a binomial that is written as the difference of two squares: 


(a + b)(a- b) =a? - b? 


We will apply this product rule to a special set of binomials. Let a or 
b (or both terms) be a square-root radical that is irrational. Let any 
term, a or b, that is not a radical be a rational number. For example, if 
b is a square-root radical that is irrational, such as 4/11, then b? = 11, 
a rational number. Of course, if b is rational, then b? is rational. The 
same rules apply to a and a?. Therefore, using this set, we find that the 
product a? - b? is the difference of two rational numbers, which is a 
rational number. Consider the following examples: 
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1. (4 * V11)(4- 11) 16- 11-5 The product is rational. 
2. (VT + 5)(VT - 5)27- 25 = -18 The product is rational. 
3. (V8 - V/5)(/8 + vV5)=8-5=3 The product is rational. 
Binomials such as (4 + y/I1) and (4 - 4/11) are called conjugates of 
each other. The conjugate of (4/7 + 5) is (yT - 5), and the conjugate 


of (V8 - V5) is (V8 + V5). 


2 
Therefore, to rationalize the denominator in —————, we multipl 


this fraction by a form of the identity element 1 where both numerator 
and denominator are equal to the conjugate of the given denominator. 


; ; ; 2 
[] ExAMPLE: Rationalize the denominator of i3 Vii 
Solution 
—2 2.2 4. 2. .4- vil) 
4* Vll 4+Vil (4* VII) (4- VII) 
- B 2/11 8- 2/11 dins 
16 - 11 5 


The procedures for rationalizing a denominator containing a radical 
are stated in the model problems that follow. 





MODEL PROBLEMS 











1. Rationalize the denominator: Te 
How to Proceed Solution 

1. Multiply the fraction by a 10 10 - T 10 — /2 
form of the identity element /8 8 8 2 
1 to find an equivalent frac- 
tion with a rational denomi- _ 10/2 
nator. Let the numerator and v 16 
denominator of the identity 1 10/2 
equal the least radical to yield TUA 
the rational denominator. 

2. Simplify the result. = PE Ans. 


bo 
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Note: If the identity 1 does not involve the least radical, then the 
radical in the resulting fraction can be simplified. 


10 10 V8 10y8 10y/4-2 10:22 2042 542 
2 


V8 v8 V8 8 8 8 8 
v6 


2. Rationalize the d ni : 
e denominator 1 J9 





Solution: Use the procedure outlined in model problem 1. Here, 
the ae fraction cannot be aa 





297399 Cee 4-3 uw PUR 


3. Express SOT as an equivalent fraction with a rational denomi- 
nator. 


How to Proceed Solution 
1. Multiply the fraction by a 6 6 (3 + V5) 


form of the identity ele- 3- vB (3-7/5) (3 (8 4/5) 
ment 1, where both numer- 


ator and denominator of =- 9(8 + V5) v5) 
the identity 1 equal the 9-5 
conjugate of the denomina- 

tor of the given fraction. = $3 + y5) 


2. Simplify the result. 


3 
_ B(3 + V5) 
Æ 
2 


Answer: 


3(3 + v5) | 9483/5 
2 mc 





2 is equivalent to: 


4. The expression Y = 
9 + 3- -= 
pY aS gy gy 


3 (4) 34 3/7 
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Solution: Use the procedure outlined in model problem 8. Notice 
that the numerator of the resulting fraction is factored to simplify 
the result. 


VT*1 ISI va Q7*1 Tt 758/742 
V7-2 417-2 WT-2) @/7 + 2) T 








.3*3/T Rey Se YT 5, s 





l. 


ih 


16. 


21. 


25. 


29. 


33. 









































= e 9 -9. 3. 8 4 a8. B o. 
V7 ” wf ' J/5 ' 4/10 ' /6 
ae an 2 ie dim 
/3 " «Is "48 . wvb50 " 9/27 
E Se TE 3. E TEE 10 
18 12. 2/3 13. 2/5 14. 1/6 15. 5 28 
5/2 V6 3/8 2 473 
Te 1. aor JA 18. 4.48 19 yg %3 Y 
5 4 1 5 
22. - , + 
2-/3 i 3 44/2 m 4*5 = 4+/6 
6 9 6 | 4 
4 - 4/10 26. 5- 13 zh /7+2 28. V 15 - 3 
4 11 12 V7 
3 ! i i | 
V5-3 d 8-5 € V17 +5 3s 3-7 
Ys , uS 35. —V gg EAS 





$ 
3 
$ 
$ 
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ds 6-1 38 1-411 ai 1*5 án 1*3 
"Bev " 4- 1i " 8- V5 * 8- J/3 

"m 1+/5 4o V 10 - 3 43. VT VS 44 5/2 +1 
" B* xb ' 410-2 VU -X83 ' 2/2-1 


In 45-52, using 4/2 = 1.414 and 4/3 = 1.732, approximate the value 
of the fraction rounded off to two decimal places. (Hint: Rationalize 
the denominator before finding the approximate rational value.) 





| 1 1 3 01-42 
= = a 48, —— 
aD: 46. 75 al. oa V2 
J3-1 1 13 2- 8 
Mer gA W gm — "^ roy: | 


In 53-56, change the given expression to an equivalent fraction that 
does not have a radical in its denominator. (All variables represent posi- 
tive numbers.) 

1 y Va 6 
> 54. —— 00. ~= 56. —— 
vk Vy vb v/ 6x 


In 57-60, select the numeral preceding the expression that best com- 
pletes the sentence. 


53. 


ee | 
97. The expression - 4-7 is equivalent to: 


a) £5Yx* (gy 34*YT quy ga yvT (4) eae VT) 


| 2 : 
58. An expression equivalent to JIB-AÀ 155 
(1) 2/15 *4 (2) 2/15+8 (3) -2/15- 4 (4) -2/15- 8 





| NEC EIS — Q 
59. The expression Jwi is equivalent to: 
(1) v2 (2) 2 (3) 3 (4) 4 * /2 


60. The expression xe is equivalent to: 


v6 2 


(1) > (2) (3) V2 (4) - V2 
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4-12 THE QUADRATIC FORMULA AND 
QUADRATIC EQUATIONS 
WITH REAL ROOTS 


We have learned that a quadratic equation is an equation that can be 
written in the form ax? + bx + c = 0, where a, b, and c are real num- 
bers and a Æ 0. 


If a quadratic equation has rational | Solve: x? + 3x - 10 = 0 


roots, it is possible to solve the equa- | (x - 2x + 5)=0 
tion by factoring ax? + bx + c, and x --e]0]d-Bsew 
setting each factor equal to zero. An x = 2 x=-5 


example of a quadratic equation with 
rational roots is shown at the right; Answer: x 20rx 7-9 


the check is left to the student. OR 
solution set = (2, -5} 


Not every quadratic equation has rational roots. Therefore, some 
quadratic equations cannot be solved by factoring. Recall that we 
learned another procedure to find the roots of a quadratic equation 
ax? + bx + c = 0, namely, the use of the quadratic formula: 

_ -b t yb? - 4ac 


idm 2a 


In Course II, we learned two derivations of the quadratic formula, 
each based upon the completion of a square. One of these derivations 
is restated here. 


Derivation of the Quadratic Formula 
How to Proceed Solution 


Given the general quadratic 
equation, where a, b, and c 


are real numbers and a # 0: ax? * bx *c- 0 (a#0) 

1. Multiply both sides of the 4a(ax^ + bx +c) = 4a - O 
equation by 4a. Aa^x* + Aabx + 4ac = 0 

2. Transform the equation,  4a*?x? + 4abx = - 4ac 


keeping all terms contain- 
ing x on the left-hand 
side. 


3. Form a perfect square. 4a*x* + 4abx + b? = b? - 4ac 
Since (2ax + b)? = 
4a*x? + Aabx + b?, add 
b? to both sides. 
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4. Show the square of a (2ax + b)? = b? - Aac 
binomial on the left. 
5. Take the square root of 2ax + b = tw b? - 4ac 


both sides. Show two 
roots at the right by 
writing + before the 
radical. 


6. Add - b to both sides. 2ax 


7. Divide both sides by 2a 
to obtain the quadratic 
formula. 


-b tb? - 4ac 
B -b tyb? - 4ac 
2a 


Thus, by the quadratic formula, the two roots of the equation are: 


_ -b + Vb? - 4ac -b - Vb? - 4ac 


Recall that the discriminant b? - 4ac (the expression under the 
radical sign) indicates the nature of the roots of the quadratic equation: 


1. If the discriminant b^ - 4ac is a positive number that is a perfect 
square or if b? - 4ac = 0, the quadratic equation has rational roots. 
(See model problem 1 that follows.) 

2. If the discriminant b? - 4ac is a positive number that is not a per- 
fect square, the quadratic equation has irrational roots. (See model 
problem 2 that follows.) 

8. If the discriminant b? - 4ac is a negative number, the roots of the 
quadratic equation are not real. We will study such equations in 
Chapter 14 of this book. 


For now, let us limit the study of quadratic equations to those equa- 
tions having real roots, that is, roots that are rational or irrational. 


MODEL PROBLEMS 


1. Using the quadratic formula, find the roots of 2x? + 5x = 12. 


How to Proceed Solution 
1. Transform the equation so 2x? + 5x = 12 
that one side is 0. 2x? + 5x - 1220 


2. Compare the equation to ü€2,0955,c"-12 
ax? + bx +c = 0 to deter- 
mine a, b, and c. 
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-b t X/b? - 4ac 





3. Substitute the values of a, x 


b, and c in the quadratic 2a ; 
formula, and simplify. y = 09) + V(Sy - 4(2)(- 12) 
| 2(2) 
- -5 t V 25 + 96 
4 
7D Xt 121  -§ £11 
x =: vw ES 
4 4 
4. (The check of each root in x, = ——L x, = 25051 

the original equation is left | | 
to the student.) - s = 2 us 23 19 =-4 


Answer: x = 3 orx=-4 or solution set = (2,- 4) 

Note: The discriminant b? - 4ac = 121, a positive number that 
is a perfect square. Since the roots of 2x? + 5x - 12 = 0 are rational, 
it is possible to solve this equation by factoring: (2x - 3)(x + 4) = 0. 
When each factor is set equal to zero, the roots are x = $ and x = - 4. 


2. a. Solve x^ - 10x + 13 = 0 for values of x expressed in simplest 
radical form, and check the roots. 
b. Solve x? - 10x + 13 = 0 for values of x to the nearest tenth. 


Solution 


a. 1. Compare x? - 10x + 13 = 0 with ax? + bx + c = O to deter- 
mine that a = 1, b = - 10, and c = 18. 


2. Substitute these values in the quadratic formula, and simplify. 


_-b+Vb? - 4ac _ -(-10) + V (C10) - 4(1)13) 


2a 2(1) 
_10+Vi00- 52 10 54/48 
2 2 


(Note: Simplify the radical.) 


— 10 V 16-3 
2 


t A/S | | 
= 10 z $10,429 stays Ans. 


3. Check each root in the original equation. 
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Check for x = 5 + 24/8 


x? - 10x +13=0 
(5 + 24/3)(5 + 24/3) - 10(5 + 24/3) +1320 
25 + 20\/3 + 12- 50 - 20/3 +1320 
25 + 204/8 + 12 - 50 - 204/3 +1320 
50 - 5020 
0-0 (True) 
Check for x = 5 - 2/3 
x? - 10x +13=0 
(5 - 2\/8)(5 - 2/3) - 10(5 - 2/3) +1320 
25 - 20/8 + 12 - 50 + 20\/3 +1340 
25 - 2075 + 12 - 50 + 2073 * 13 40 
50 - 5020 
0-70 (True) 
b. 1. Since the roots of x? - 10x + 13 = 0 are L E 
/3.00 00 


5 + 24/3, use any acceptable method (such 
as the algorithm shown at the right) to find 
a rational approximation for 4/3. This ap- 
proximation is found to two decimal places, 
one more than that required in the answer. 
2. Substitute the approximation 1.73 for4/3, 
and compute each root. Only in the final 
step is the root rounded off to the nearest tenth. 

x, =5 + 2 /8 & 5 + 2(1.73) = 5 + 3.46 

= 8.46 = 8.5 (nearest tenth) 
x, =5- 2/8 = 5- 2(1.73) = 5 - 3.46 

= 1.54 = 1.5 (nearest tenth) 


Answer: a. x =5+2\/8 orx =5- 2\/3 
(sometimes written x = 5 + 24/3) 


OR 


solution set = (5 + 2./3,5 - 24/3) 
b. x =8.5o0rx=1.5 or solution set = (8.5, 1.5} 





Note: The discriminant b* - 4ac = 48, a positive number that is 
not a perfect square. Since the roots of x? - 10x + 13 = 0 are 
irrational, the equation cannot be solved by factoring. 
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In 1-9, find the roots of the equation by using the quadratic formula, 
and check. Express irrational roots in simplest radical form. 

1. x + 2x- 24720 2. 3x?* 7x 42-0 3. 2x?^* 5-7 11x 
4. x*- 6x * 1-0 5. x^- 6x * 9-0 6. x 6x *1 

7. 2x^- 9-0 8. x^ - 6x + 31 9. x(x + 4)=1 


In 10-15, solve the quadratic equation for values of x expressed in 
simplest radical form, and check. 
10. x? - 8x * 18-0 11. x?-10x+18=0 12. x2? =2x+5 
13. x? = 6x + 11 14. 3x?- 5-0 15. x(x + 8) = 34 
In 16-21, solve the quadratic equation for values of x: (a) expressed 
in simplest radical form (b) to the nearest tenth. 
16. x*-12x+29=0 17. x*10x*1-720 18. x? +3= 7x 








19. 2x? + 1 = 4x 20. 3x? = 2(x + 2) 21. Ax? = Ax + 39 
In 22-30, find the roots of the equation to the nearest tenth. 

22. x? - 3x- 5-0 23. 2x? +x =7 24. 3x(x - 2)=1 

25. x? +8= 10x 26. 5x? =8- x 27. x? = A(3x - 2) 

28. 2 r> 5 29. 2 r ad 30. 29 z 5 


31. The length of a rectangle is 4 more than its width. 
a. Find the dimensions of the rectangle if its area is 12. Check. 
b. Find the dimensions of the rectangle if its area is 8. Check. 


4-13 SOLVING RADICAL EQUATIONS 


A radical equation in one variable, such as /x - 2 = 5, is an equation 
in which the variable is contained in a radical. To solve a radical equa- 
tion, we find a derived equation that does not contain radicals, as out- 
lined in the procedure and model problems that follow. 


E PROCEDURE. To solve a radical equation containing only one 
radical: 


l. Isolate the radical so that it is the only term on one side of the 
equation. 


2. If the radical is a square root, square both sides of the equation. If 
the radical is a cube root, cube both sides, and so forth. 
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3. Solve the derived equation that is formed. 


. Since the derived equation may not be equivalent to the original 


radical equation, check all roots in the radical equation and reject 


any roots that are extraneous. 


MODEL PROBLEMS]  . | | | | | |  . 


1. Solve and check: vx- 2-75 


Solution Check 
1. Write the equation. wWx-2=5 sfx - 2=6 
2. Square both sides. (Vx - 2)? = (5)? | 27-2245 
3. Solve the derived x - 2=25 95 26 
equation. x= 21 
4. Check the root in 5 =5 
the original equa- (True) 


tion (shown at the 
right). 


Answer: x = 27 OR solution set = {27} 


2. Solve and check: /2y -1+7=4 


Solution Check 
1. Write the equation. /2y - 1+7=4 J/2y-1+7=4 
2. Isolate the radical. /2y-1=-8 /2(5)- 1+724 
3. Square both sides. (s/2y - 1)? = (-8)? J/9+724 
4, Solve the derived 2y- 1729 34754 
equation. 2y = 10 1024 
y= 
5. Check the root in (False) 


the original equa- 
tion (shown at the 


right). 


Since y = 5 is an extraneous root of the radical equation, it is re- 
jected. Therefore, the equation has no root, and the solution set is 


empty. 
Answer: ( } or @ 
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3. Solve and check: x = 1 + vx +5 


Solution 
1. Write the equation. x-7ltyWx-45 
2. Isolate the radical. x-l=yx+5 
3. Square both sides. (x - 1) = (Vx + 5)? 
4. Solve the derived x^- 2x+l=x+5 
quadratic equation. x? - 3x-4=0 


(x - 4)(x +1)=0 
x-4=0/x+1=0 
x=4 x=-]1 


9. Check each root in Check forx = 4| Checkforx =-1 
eme opu SHUP pete EE| guid vx*5 
441«4*5|-121«4J-1-46 
4£1-44/9 -121+ 74 


42143 -121+2 

4=4 (True) | -1=8 (False) 
(Reject the root 
xw -1.) 


Answer: x ^4 or solution set = (4) 


4. Solve and check: 8,/x - 2 - 2V/x*820 


Note: If a radical equation contains two radicals, there is no defi- 
nite procedure to use in eliminating the radicals. However, as shown 
in the solution that follows, it is often helpful to transform the 
equation so that one radical is isolated on one side of the equation. 
In this case, we can then eliminate the radicals by squaring both 


sides. 
Solution Check 
BVx- 2- 2/x+8=0 BVix- 2- 2/x+8=0 


B\/x - 2 = 2./x + 8 8,/10 - 2- 2,/10+ 820 
(3 /x - 2)? = (2\/x + 8)’ 9/8 - 2,/18 £0 


Q(x - 2) = 4(x + 8) 8/4 -2- 2,/9-220 
9x - 18 = 4x + 32 8-2,/2-2-3/220 
5x = 50 | 6/2 - 6/250 
x= 10 020 
(True) 


Answer: x =10 om solution set = {10} 
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"EXERCISES | 


In 1-40, solve the radical equation and check. 


1. Vx = 38 2. V3x =6 3. 3/x =6 
4. V6x =3 5. Jy -4 6. 2x = -2 
7. /2x = -2 8. T * x7 9. 5b * Vy =3 
10. /y-6- i TEL 12. /5*y-283 


2 
13. 4-x=8 14. \V 2x + 


16. 4- yx = 17. /2y *5 --8 18. x - 6x * 1 
19. y= /6y + 16 20. x ^x 21. y = 2/2y - 3 
229. x = 2 /83- x 23. y- 2-2 Vy 24. x- 3=2/x 
25. yx? +13=x+1 26. Vx? - 12 =x- 2 

27. y- 82 /y? + 3y 28. 5+ V/4y- 3=: 

29. x- 1-2 /5x- 9 30. x * 2- 3x * 16 
31. V2- 2y =y * 8 32. y-3«./30- 2y 
383. x -4A* /2x- 8 34. 3x = 2/ 3x - 1 

35. V5k - 3 = Vk + 13 36. /k-1-Vk*5 
37. 8/y- 38- /3y +3 38. 2/y +T - yy + 257 
39. /x- 9 -x-*3 40. Vx? +4 =2\/x+4 


In 41-48, select the numeral preceding the expression that best com- 

pletes the sentence or answers the question. 
41. The solution set of the equation x = y 5x + 14 is: 

(1) {7,-2} (2) (-2) (3) {7} (4) {} 
42. The equation y2 - x = 2 - x has for its roots: 

(1) 1, only (2) 2, only (3) 1and 2 (4) neither 1 nor 2 
43. The equation yy - 2 = 2 - y has for its roots: 

(1) 2and 3 (2) 2, only (3) 3, only (4) neither 2 nor 3 
44. The solution set of 5 - y 2x = 9 is: 


(1) {8} (2) {2} (8) {2,-2} (4) {} 
45. The solution set of /x? + 8 = 2 /2x - 1 is: 
(1) (2, 6) (2) (2) (3) {6} (4) Ø 


46. Given the equation y = 34/y, its roots are: 
(1) 0, only (2) Oand3 (8) 3, only (4) Oand9 
47. Which equation has 4 as a root? 
(1) x =/20- x (2) /x =2-x 
(3)J/x*5-21-x (4) /2x- 1 2-1 
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48. Which equation has roots of 1 and 3? 


(1) y "4 2y- 1 (2) y=V4y - 3 
(3 y=V/6y - 9 (4) y-3*6- 2y 


4-14 REVIEW EXERCISES 


In 1-5, identify the property of the real numbers that is illustrated by 
the given statement. 


1. 7194/7 2. V5 + (-V/5) =0 
3. V2 + (/2 + /3) = (/2 * 2) * VB 
4. V2(/2 * /3) - /2-/2 * 2 - 8 
5. V3 >2o0ory3=20r y3 <2 


In 6-11, solve the absolute-value equation. 


6. |x|- 3=5 7. Ix - 3|=5 8. |2x - 3| * 5 
9. Iy- 2] 2-2 10. |3y - 4| 2 y 11. |y| - 4» Sy 


In 12-17, graph the solution set of the given sentence on a real- 
number line. 


12. 4x- 327 13. 1<3+¥y 14. -2<x 


<3 
15. (x < 2) V (x > 8) 16. |x- 8|» 4 17. 4*|y| €6 


In 18-21, select the numeral preceding the expression or the diagram 
that best completes the sentence or answers the question. 


18. The solution set of |3x + 1| = 2 is: 


(1) 3) (2) ($.-3) (3) ($,-1) (4) (-1,1) 
19. Which represents the solution set for x in the inequality |3 - x| > 6? 
(1) {x|x -9 or x > 8 (2) ix|x < -3 or x > 9) 
(3) {x|x « -9 or x > -3) (4) ixl-3 <x « 9) 
20. Which is the graph of the solution set of |x + 4| < 2? 
0) <= tt, OOF) sO +H 
—6 —2 —6 —2 


(3) =< Reet o 0 tt ett 
-6 -2 -6 -2 
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21. Which is the graph of the solution set of |6 + y| 2 1? 


(1) --—-—-4-----»- (2) tt 


-F ud -7 -—5 
(3) -HHH (9 <= e+ + 
=7 =$ -7 -5 


In 22-24, find the smallest integral value of x for which the radical 
represents a real number. 


22. Vx +9 23. J/3x - 14 24. /7 + 2x 


In 25-32, evaluate the expression by finding the indicated root(s). 


25. 81 26. -y 625 27. t4 196 28. y .64 


29. 30 30. 4/-64 31. -4/-8 32. 4-1 
In 33-36, write the expression in simplest radical form. 
33. v28 34. 8b? 35. VŽ 36. 6/4 


In 37-46, perform the indicated operation, and write the answer in 
simplest form. 





37. /90 + 40 38. 4/98 - 24/18 39. (34/5)? 
= 6y 60 
ieee E ` ! 

40. VE «2 41. 25 - 15 42. A8 
43. /300 + V50 - /72 + /3 44, J/3(24/2 - 4/6) 

3/7 + 12/21 

45. (2 ++/5)(3 - V5) 46. 3/7 

In 47-50, rationalize the denominator. If possible, simplify the result. 


30 4+/2 


4 3 
“5 enag 7 wb: 3 


In 51-54, two irrational numbers are given. a. Perform the indicated 
operation. b. Is the result rational or irrational? 


51. (2 + 3/6) + (5 - v54) 52. (8 + /38)(5 - V3) 
53. 3/50 - 54/18 54. (72 + 10)(7/2 - 10) 
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In 55-57, solve the quadratic equation for values of x: (a) expressed 
in simplest radical form (b) to the nearest tenth. 


55. 


x?- 8x +4=0 56. x^ + 4x =6 57. 83x? = 2(x + 1) 


In 58-60, solve the radical equation and check. 
58. V/Ax *1-75 59. x -/8x +28 60. 2- x =9 


In 61-63, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


61. 


62. 


63. 


65. 


7 ‘wh 
The expression 4+ JS is equivalent to: 


a) £x» py SE (3) 2-V2 (4) 2+V72 


2 
The equation x + 2 = y 34 - 3x has for its roots: 
(1) -10 and 3 (2) -10, only 
(3) 3, only (4) neither - 10 nor 3 
Which of the following equations has a solution set that is empty? 


(1) Vx +1=2 (2) /x+1=2 
(3) Vx +2=1 (4) V/x * 221 


The park department wants to place a A 
distance marker at F, the beginning of two 
straight paths through a rectangular park, 
ABCD, One path extends to an adjacent 
side and the other to an opposite corner of E 
the park, as shown in the diagram. The 
length of the park, CD, is 12 km and the 
total length of the two paths, FE + FD, is 
18 km. If F is equidistant from E and C, 
what are the distances FE and FD to be 
listed on the marker? 


Two congruent circles drawn in the interior of 
a square are each tangent to two adjacent 
sides of the square and to each other, as 
shown in the diagram. If the measure of a side 
of the square is 16, find the radius of each 
circle. 





Chapter 





Transformation Geometry 
and Coordinates 





5-1 WHAT IS A TRANSFORMATION? 


Imagine that a string of beads contains one large bead, 
two smaller dark beads, and thirty white beads of equal 
size. The string breaks! Beads bounce on the floor. Now 
imagine that someone gets a new cord and starts to 
restring the beads. The single large bead will be in the 
same position on the new string. The two smaller dark 
beads may be in the same position, or they may exchange 
places. The thirty beads of equal size, in all probability, 
will take up new positions. However, when completed, 
the new string of beads will look exactly like the old one. 





Now think of any plane or flat surface. The 
points on the plane are like beads. Under a trans- 
formation of the plane, points will move about: 
some points may remain fixed and other points will 
change position. However, after the transforma- 
tion, the plane appears once again, full and complete, with no missing 
points. 





E DEFINITION. A transformation of the plane is a one-to-one corre- 
spondence between the points in a plane that demonstrates a change 1n 
position or a fixed position for each point in the plane. 

An infinite number of transformations can take place in a plane. In 
this chapter, we will review a few special transformations, each of 
which follows a definite pattern or rule. These coordinate rules have 
been studied in Course II. 
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5-2 LINE REFLECTIONS AND LINE SYMMETRY 


Line Reflections 


At the right, AABC = AA'B'C. One i 
triangle will "fit exactly" on top of the 
other if we fold this page along line k, the 
line of reflection. Thus, points A and A' 
correspond to each other, and points B and 
B' correspond to each other. Point C is 
called a fixed point because C is found on p 
the line of reflection. 

The term image is used to describe the 





B' 





A Tje ee ee ee es BB 


relationship of these points, just as we A A 
might think of one point as being the 
mirror image of another. 

In Symbols In Words 


A > A', and A' > A. The image of A is A’, and the image of A' is A. 
B > B', and B' > B. The image of B is B', and the image of B' is B. 
Ü = The image of C is C. 


If the image of A is A', we may also say that the preimage of A' is A. 


A reflection in the line k is indicated in symbols as r,. Thus, to show 
that the images are formed under a reflection in line k, we can write: 


r,(A) = A'. | Under a reflection in line k, the image of A is A’. 
r,(B) = B'. |. Under a reflection in line k, the image of B is B'. 
r,(C) — C. Under a reflection in line k, the image of C is C. 


In the diagram, AA' and BB' are drawn c! 
to connect two points and their images. | 
Notice how line k, the line of reflection, is 
related to these segments: 


l. Line £ is perpendicular to each segment 


AA' and BB’. 

2. Line k bisects each of these segments. If 
M is the intersection of AA’ and line k, 
then AM = MA'. Similarly, if R is the 
intersection of BB' and line k, then 
BR = RB'. 
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E DEFINITION. A reflection in a line k is a transformation of the plane 
such that: 


1. If point P is not on line k, the image of P is P', where line k is the 
perpendicular bisector of PP'. 


2. If point P is on line k, the image of P is P. 


Under a line reflection, the image of a segment is another segment, 
as in AB ^ A'B', or r,(AB) = A'B'. Also, the image of an angle is 
another angle, as in zABC  zA'B'C, or r,(zABC) = zA'B'C. 


Line Symmetry 


If every point in a figure moves to its 
image through a reflection in a line, and 
the figure appears to be unchanged, this 
line of reflection is called an axis of 
symmetry, and the figure is said to have 
line symmetry. 

As drawn here, the butterfly has verti- 
cal symmetry and the word BIKE has 
horizontal symmetry. 





B DEFINITION. Line symmetry occurs in a H 
figure when the figure is its own image under a | 
reflection in a line. Such a line is called the axis 
of symmetry. 


It is possible for a figure to have more than 
one axis of symmetry, or reflection line. Rect- 
angle EFGH has two axes of symmetry, namely, 
line m and line p. Thus, rectangle EFGH has 
both vertical symmetry and horizontal symmetry. H 





| 

| 

i 
m 


[EXERCIBES [OO 


1. Tell which of the following words have line symmetry and, if such 
symmetry exists, draw a line of reflection through the word. 


a. BOXED b. COOKIE ec. AXIOM d. CHECKERS 
e. MOUTH £ TOOT g. MYTH h. WITHOUT 
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2. Using the words from exercise 1 that do not have line symmetry, 
print the letters of each word in a vertical column. Which of these 
words now has line symmetry? 


In 3-9, which refer to the accompanying 
diagram, the reflection of ^ ABC in line k is 
^ DEC. 


3. What is the image of point A under the 
line reflection? 

4. n(B)2? 5. r,(C)2? 6. n=? 

7. What is the preimage of point B under 
the line reflection? 

8. r,(zABC) =? 9. r,(DE) =? 





In 10-19: a. On your paper, copy the given figure or sketch the 
geometric figure named. b. Tell the number of lines of symmetry each 
figure has, if any, and sketch them on your drawing. 


10. 11. 12. rectangle 13. square 
14. rhombus 15. parallelogram 
| 16. circle 17. equilateral triangle 


parabola star 18. ellipse 19. isosceles triangle 


5-3 LINE REFLECTIONS IN 
COORDINATE GEOMETRY 


Many transformations in the coordinate plane can be described by 
rules involving the variables x and y. These rules are often discovered 
by inductive reasoning. 


L]ExaAMPLE 1: At the right, the 
vertices of AABC are A(1, 6), 
B(4, 3), and C(2, -1). These ver- 
tices are reflected in the y-axis; 
and their images, when connected, 
form AA'B'C'. We observe: 

A(1, 6) A (-1, 6) 

B(4, 3) ^ B'(-4,3) 

C(2, -1) —^ C'(-2,-1) 


From these examples we form a 
general rule. 
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ll Under a reflection in the y-axis: 


P(x, y) PCr, y) OR Py caxitgl s V) = (-x,y») 


[]ExaAMPLE 2: In the diagram, the end- 
points of AB are A(3, 0) and B (4, 3). These 
endpoints are reflected in the line whose 
equation is y = x, and A'B' is formed. We 
observe: 





A(3, 0) > A'(0, 3) 
B(4, 3) ^ B'(8, 4) 


From these examples we form a general 
rule. 





ll Under a reflection in the line y = x: 


P(x,y) > P'(y,x) on 


O ExAMPLE 3: At the right, the ver- 
tices of quadrilateral ABCD are 
A(1, 3), B(2, 1), C(7, 1), and D(5, 5). 
These vertices are reflected in the 
x-axis; and their images, when con- 
nected, form quadrilateral A'B'C'D'. 
We observe: 


A(1, 3) > A'(1, -3) 
B(2, 1) > B'(2, -1) 
C(1,1)-* C'(T,-1) 
D(5, 5) ^ D'(5, -5) 


From these examples we form a 
general rule. 





E Under a reflection in the x-axis: 


P(x,y) > P'(x, -y) OR Feast, 9) = (x,-») 


Properties Under a Line Reflection 


To study some properties preserved under a line reflection, let us 
recall from Course IJ some formulas used in coordinate geometry, 
namely: 
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Distance. The distance between two points whose coordinates are 
(x1, y1) and (x5, y4) is given by the formula: 


Qe, — Xo)? (y, - y3)* 


Slope. If the coordinates of two points on a line are (x,, y,) and 
(X5, Y2) where x, # x, the slope of the line is: 


su ds Fs -Fi 
X5 n X1 
Midpoint. If the endpoints of a line segment have the coordinates 
(x1, Yı) and (x5, Y2), the coordinates of the midpoint are: 


S +x, Ji NN 

2 " 2 

Now, let us use the quadrilaterals ABCD and A'B'C'D' from example 
3 above to observe some properties preserved under a line reflection. 


l. Distance is preserved; that is, each segment and its image are equal 
in length. 
In example 3, AB > A'B'. 


For A (1, 3) and B (2, 1): For A' (1, —3) and B' (2, —1X 

AB = V(1 - 2 + (3 - 17 A'B' = Ka — 27 + [-3 - (-1f' 
= -17 + 2? = v(-1) + (-27 
z Jil - rd 
= 45 - 5 





Therefore, when the image of AB is A'B', the lengths are equal; 
AB = A'B' = V5. Similarly, BC > B'C', and BC = B'C' = 5. 
2. Angle measure is preserved; that is, each angle and its image are 


equal in measure. 
In example 3, ¿DAB > zD'A'B'. 





For A(1, 3, D(5, 5) and BQ, 1): | For A'1, —3), D'(6, —5) and B'2, —1): 
Slope of DA -2— = = = = Slope of 
Eee oe NN 
f — = 9 | = rae = 4 = 
Slope of AB = gt = a 5 9 
io ami -8-CD -2 
Slope of A'B' = ————— = = 


1-2 -1 
D'A' 1 A'B' and m zD'A'B' = 90°. 
Thus, ¿DAB > zD'A'B' and mzDAB = mzD'A'B' = 90°. 


DA L AB and m ¿DAB = 90°. 
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3. Parallelism is preserved; that is, if two lines are parallel, then their 
images will be parallel lines. 

In example 3, the slope of AB is -2 and the slope of DC is -2. 
Since the the slopes are equal, then AB ll DC. Examine their images: 
AB > A'B', and DC — D'C'. Since the slope of A'B' is *2 and the 
slope of D'C' is *2, then A'B' || D'C'. 

4. Collinearity is preserved; that is, if three or more points lie on a 
straight line, their images will also lie on a straight line. 

In example 3, points B, E, and C are collinear points that lie on 
the line whose equation is y = 1. Their images B', E', and C' are also 
collinear since these points lie on the line whose equation is y = - 1. 

5. A midpoint is preserved; that is, given three points such that one is 
the midpoint of the line segment whose endpoints are the other two 
points, then their images will be related in the same way. 

In example 3, let A(1,3) = (x,, y,) and D (5,5) = (x;, Y2). The mid- 
point of AD is M, and the coordinates of M are: 


X, +X, yty) = (125275) - (S. 2)- 4 
2 = 2 | 27 4 2*2 B58) 


The images of these points are A'(1, - 3), D'(5, - 5), and M'(3, - 4). 
Using A'(1, -3) and D'(5, -5), we see that the coordinates of the 
midpoint of A'D' are: 


AS -a= 8) [6 98. | 
= 2 a (3, 4) 


Therefore, M' is the midpoint of A'D'. 











The properties observed for this specific example will be true for any 
figure and its image under a line reflection. 





MODEL PROBLEM 


Given A ABC whose vertices are A(1, 3), B(-2, 0), and C(4, - 3). 
a. On one set of axes, draw A ABC and its image A A'B'C' under a re- 
flection in the y-axis. 


b. Find the coordinates of all points on the sides of ^A ABC that remain 
fixed under the given line reflection. 
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Solution: 
a. In step 1, draw and label AABC. In step 2, | A(1,3) ^ A'(-1,3) 
find the images of the vertices of AABC by | B(-2,0) > B'(2,0) 
using the rule P(x, y) > P'(-x, y). Draw | C(4, - 3) ^ C'(-4,-3) 
and label AA'B'C'. 
Step 1 





ENS. em m m LOILOILII.IL Ed I 

b. Under a reflection in the y-axis, points on the y-axis remain fixed. 
The sides of A ABC intersect the y-axis at (0, 2) and (0, - 1). As seen 
in the graph, only these two points are common to both triangles. 


Answer: a. See the graph labeled Step 2. b. (0, 2) and (0,-1) 


i 
i 
t 
| 
| 
| 
b 





1. Under a reflection in the x-axis, the image of (x, y) is 
2. Under a reflection in the y-axis, the image of (x, y) is 
3. Under a reflection in the line y = x, the image of (x, y) is 








In 4-7, find the image of the point under a reflection in the x-axis. 


4. (5, 7) 5. (6, —2) 6. (—-1, —4) 4. (9, 0) 


In 8-11, find the image of the point under a reflection in the y-axis. 


8. (5, 7) 9. (—4, 10) 10. (0, 6) 11. (—1, —5) 


In 12-15, find the image of the point under a reflection in the 
line y = x. 


12. (5, 7) 13. (—3, 8) 14. (0, —2) 15. (6, 6) 
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16. a. Using the rule (x, y) > (x, —y), find the images of C(1, 4), 
A(5, 1), and 7(4, 5), namely, C', A', and T”. 
b. On one set of axes, draw ACAT and AC'A'T'. 
c. Find the lengths of CA and C'A'. 
d. Is distance preserved under the given transformation? 





17. a. Using the rule (x, y) ^ (—x, y), find the images of D(2, 3), 
O(0, 0), and G(3, —2), namely, D', O', and G”. 
b. On one set of axes, draw ^ DOG and AD'O'G'. 
c. Find the measures of z DOG and zD'O'G'. 
(Hint: Look at the slopes.) 
d. Is angle measure preserved under the given transformation? 


In 18-20, the vertices of A ABC are A(1, 4), B(3, 0), and C(—3, —4). 


18. ^ ABC is reflected in the x-axis. 

a. Find the coordinates of the images - 
A', B', and C" of the vertices. 

b. On one set of axes, draw ^ ABC 
and AA'B'C'. 

c. Find the coordinates of all points 
on the sides of A ABC that remain 
fixed under the given reflection. 


19. AABC is reflected in the y-axis. 
Answer again parts a, b, and c of 
exercise 18 for this line reflection. 


20. AABC is reflected in the line y = x. Ex. 18 to 20 
Answer again parts a, b, and c of 
exercise 18 for this line reflection. 





In 21-24, the image of ^ ABC under a line reflection is ^ A'B'C'. 


a. Using the given coordinates, draw ^ ABC and ^ A'B'C' on one set 
of axes. 
b. Find the equation of the line of reflection. 


21. AABC: A(2, 4), B(2, 1), and C(-1, 1). 
NA'B'C': A'(4, 4), B'(4, 1), and C'(7, 1). 
22. /AABC: A(1, 3), B(2, 5), and C(5, 3). 
A^ A'B'C* A'(1, 1), B''B, —1), and C'(5, 1). 
23. AABC: A(1, 4), B(2, 1), and C(4, 2). 
^ A'B'C*: A'(—5, 4), B'(—6, 1), and C'(—8, 2). 


24. AABC: A(4, 2), B(6, 2), and C(2, —1). 
A^ A‘B'C': A'(2, 4), B'(2, 6), and C'(—1, 2). 
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25. The vertices of ^ RST are R(0, 0), S(1, 2), and T(4, 1). If ^RST is 
reflected in the line whose equation is y — 3, find the coordinates 
of the images R', S', and T". 


5-4 POINT REFLECTIONS AND 
POINT SYMMETRY 


Point Reflections 


In the diagram that follows, ^ ABC is reflected through point P, and 
its image AA'B'C' is formed. To find this image under a reflection 
through point P, the following steps are taken: 


Step 1: From each vertex of A ABC, a segment is drawn through point 
P to its image such that the distance from the vertex to point P 
is equal to the distance from point P to the image. Here, AA', 
BB', and CC’ pass through point P so that AP = PA', BP = PB’, 
and CP = PC’. 

Step 2: The images A’, B', and C' are connected to form A^ A'B'C', 
which is the reflection of A ABC through point P. 


Given Step 1 Step 2 





A reflection in a point P is indicated in symbols as Rp. To name the 
specific images under a reflection in point P, we write: 


In Symbols In Words 


Rp(A) =A’. Under a reflection in point P, the image of A is A'. 

Rp(B) = B'. Under a reflection in point P, the image of B is B'. 

Rp(C) = C'. Under a reflection in point P, the image of C is C'. 
Under the point reflection just described, point P is the midpoint of 
each of the segments AA', BB', and CC', leading to our definition. 
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Notice, however, that one point remains fixed in the plane, namely, 
point P itself. 


B DEFINITION. A reflection in a point P is a transformation of the 
plane such that: 


1. The image of the fixed point P is P. 
2. For all other points, the image of K is K' where P is the midpoint 


of KK'. 


Point Symmetry 


Imagine that every point in a figure 
moves to an image in the figure 
through a point of reflection located in 
the "center" of the figure. 

This point of reflection is also 
called a point of symmetry, and each 
figure has point symmetry. 


As shown here, a pinwheel and a 
playing card have point symmetry. 


Certain letters and words also have a 
point of symmetry. S MOW 


We can think of point symmetry as "turning the picture around” or 
"moving the picture through a half-turn.” Try it. Turn the book upside 
down. Do the pictures look the same? They should, if they have point 
symmetry. 





E DEFINITION. Point symmetry occurs in a figure when the figure is 
its own image under a reflection in a point. 


In the diagram, ABCD is a parallelogram whose diag- A B 
onals AC and BD intersect at point E. This point E is a 
point of symmetry for [| JABCD. Thus, A > C, B > D, 


C — A, D B, interior points of AB have their images 
in DC, and so forth. While [| JABCD has point symme- 
try, it does not have line symmetry. 











Draw a geometric figure that has both line symmetry and point 
symmetry. 


Answer: The square EFGH contains four lines 
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of reflection, each of which demon- 
strates line symmetry. 

The four lines of reflection intersect 
at P, the point of symmetry. 





Note: other solutions are possible: rectangles, circles, regular poly- 
gons with an even number of sides. 





Tell which of the following words have point symmetry and, if such 
symmetry exists, locate the reflection point in the word. 


a. SIS b. WOW c. NOON d. ZOO 
e. OX f. SWIMS g. UN h. pod 


Which capital letters of the alphabet, when printed, have both 
point symmetry and line symmetry? 


In 3-9, which refer to the accompanying diagram, A 


the reflection of A ABC through point B is A DBE. 
3. 


4. 
T. 


8. 


What is the image of A under the point reflec- 
tion? 

RAC) =? 5. RAD) =? 6. RB) =? 
What is the preimage of C under the point 
reflection? 


R,(zCAB) = ? 9. R,(CA) = ? 





In 10-17: a. On your paper, copy the given figure, or sketch the 
geometric figure named. b. Tell whether or not the figure has a point 
of symmetry and, if it does, locate the point on your drawing. 


10. 


11. 12. regular octagon 
13. line segment 
14. equilateral triangle 
15. rhombus 
16. regular pentagon 


regular hexagon star 17. ellipse 
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. On your paper, draw any triangle and label it ABC. 

. Locate point M, the midpoint of AC. 

. Draw the reflection of ^ ABC through point M. 

. Explain why the image of A is C, and the image of C is A. 

. If the image of B is B', what type of quadrilateral is ABCE"? 

Explain. 

19. Crossword puzzles in the daily paper are symmetric. Cut out a 
crossword puzzle, study the pattern created by the black and white 
squares in the puzzle, and tell if the puzzle has point symmetry, 
line symmetry, or both. 


como om 


5-5 POINT REFLECTIONS IN 
COORDINATE GEOMETRY 


A common point reflection in 
coordinate geometry is a reflec- 
tion in the origin. 


[] EXAMPLE 1: In the diagram, 
the vertices of ^ ABC are A(1, 2), 
B(5, 5), and C(5, 2). These ver- 
tices are reflected in the origin 
(point O) Their images are 
connected to form ^A'B'C'. 


A(1, 2) ^ A'(-1, —2) 
B(5, 5) > B'(—5, —5) 
C(5, 2) > C'(—5, —2) 
From these examples we form 
a general rule. 





ll Under a reflection in point O, the origin: 
P(x,y) > P(-x,-y) on R(x, y) = (-x,-y) 


The properties preserved under. a point reflection include all five 
properties listed previously for a line reflection, namely, distance, angle 
measure, parallelism, collinearity, and midpoints. 


Compositions of Transformations 


When two transformations occur, one following another, we have a 
composition of transformations. The first transformation produces an 
image, and the second transformation is performed on that image. 
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[]ExaAMPLE 2: At the right, we B'(—5,5) y (5.5)B 
again start with AABC whose | 

vertices are A(1, 2), B(5, 5), and 

C(5, 2). For the composition of 

transformations, we will consider ! 
two line reflections. First, by re- C (7 e)A'. A(1,2) (5,2)C 
flecting AABC in the y-axis, we 
form AA'B'C', or AI. Then, by 
reflecting A^ A'B'C' in the x-axis, 
we form AA"B"C", or AII. Ob- 
serve how the vertices behave: 


A(1, 2) > A'(-1,2) > A"(- 1, - 2) 
B(5, 5) > B'(-5,5) > B"(-5,- 5) B"(—5,—5) 
C(5, 2) > C'(-5, 2) > C"(-5,-2) 





Now compare the original triangle, AABC, with its final image, 
A A"B"C". How are these two triangles related? (As a hint, look at the 
diagram shown above in Example 1.) We observe: 


E The composition of a line reflection in the y-axis, followed by a line 
reflection in the x-axis, is equivalent to a single transformation, namely, 
a reflection through point O, the origin. 


If we had reflected the triangle first in the x-axis and then in the 
y-axis, would this composition be equivalent to a reflection through 
point O, the origin? The answer is yes. However, not all compositions 
wil act in the same way. In general, compositions of transformations 
are not commutative. 


[MODEL PROBLEM | _ 





The vertices of parallelogram 
ABCD are — A(1,1) £4B(8,5), 
C(9, 5), and D(7, 1). 


a. Find the coordinates of the 
^ point of symmetry for 
[JABCD. 


b. Find the image of AB under 
this point reflection. 
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Solution: 

a. Since the diagonals of a parallelogram bisect each other, the point 
of symmetry is the intersection point of the two diagonals, or the 
midpoint of either diagonal. 

Using AC, we find that the coordinates of midpoint M are: 
Lt9 tty H0 641. 
9 ? 2 )- ( 9" 4 (5, 3) 
Using BD, we find that the coordinates of midpoint M are: 


J*T B+ 1). 710 6 | 
2 IIS «dE 2)- 6.3 





b. The image of AB under a reflection in point M is CD, written 
Ry (AB) = CD. 


Answer: a. (5,3) b. CD 


EXERCISES 


1. Under a reflection in the origin, the image of (x, y) is 





In 2-5, find the image of the point under a reflection in the origin. 
2. (6, —3) d. (—1, 1) 4. (0, 0) 5. (—3, 0) 


6. a. Using the rule (x, y) ^ (—x, —y), find the images of A(2, 1), 
B(4, 5), and C(—1, 3), namely, A’, B', and C'. 
b. On one set of axes, draw ^ ABC and ^ A'B'C'. 
c. Find the coordinates of M, the midpoint of AB. 
d. Using AB and M, show that a midpoint is preserved under this 
transformation. 
7. a. Using the rule (x, y) ^ (—x, —y), find the images of A(—5, —2), 
B(—1, —2), C(-1, 4), and D(—3, 3), namely, A', B’, C', and D'. 
b. On one set of axes, draw quadrilateral ABCD and quadrilateral 
A'B'C'D'. 
c. Find the lengths of each side of ABCD and A'B'C'D' to show 
that distance is preserved under the given transformation. 
8. a. On graph paper, draw ARST whose vertices are R(—2, —1), 
S(—2, 2), and T(4, 2). 
b. Find the images of each of the vertices of ARST, namely, R', 
S', and T’, under a reflection through the origin. 
c. On the same graph used in part a, draw ^R'S'T'. 
d. Find the coordinates of all points on the sides of ARST that 
remain fixed under the point reflection. 
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a. On graph paper, draw the line whose equation is y = 5x + 2. 

b. Name the coordinates of three points on this line, and call these 
points A, B, and C. 

c. Under a point reflection in the origin, name the coordinates of 
A', B', and C', the images of the three points found in b. 

d. On graph paper, draw the line containing A’, B', and C’. 

e. What is the equation of the line drawn in d? 


In 10-17, a line whose equation is given is reflected through the 
origin. What is the equation of the line that is its image? (Hint: See 
procedures in exercise 9.) 


10. 
14. 


18. 





x228 IL y= -8 Z2y=x+5 1 y--x-1 
y=x 15 y22x-83 16 y= de 17. y = -x 
-LITLLLL 








E EN 


| -] BGS), 












are A(0, 1), B(3, 5), C(8, 5), and 

D(5, 1). 

a. Find the coordinates of M, — 
the point of symmetry for ! 
rhombus ABCD. 


The vertices of rhombus ABCD | |y 
| 1(8,5)¢ 5)C | 
X - i 


AAN - 



















. Ry(A) =? c. Ry(BC) =? 1 : 
. Ry(M) =? A(O,1) , | E D 
à Ry(zBCD) =? |O 1| | || | IIX 


Ry(zMCB) = ? 
. Find the length of AB and the length of its image. Is distance 
preserved in the given transformation? 


mmmeonae 


In 19-22, the image of A ABC under a point reflection is AA'B'C’. 


a. Using the given coordinates, draw A ABC and ^ A'B'C' on one set 


of axes. 


b. Find the coordinates of the point of reflection. 


19. 


20. 


21. 


22. 


23. 


A ABC: A(2, 2), BO, 2), CG, 4) 

AA'B'C': A'(0, 9), B'C—8, 2), C—3; 0) 

A^ ABC: A(2, 5), B(5, 6), C(2, 3) 

A^ A'B'C*: A'(2, D, B'(—1, 0), C'(2, 3) 

A ABC: A(3, 1), B(5, 5), C(6, 3) 

AA'B'C': ANS. D, BO, 3), CU, 5) 

^ ABC: A(—3, 6), BO, 7), C(2, 4) 

AA'B'C': A'(—1, 0, B'(—5, —1), C'(—6, 2) 

The vertices of ^ DEF are D(4, 3), E(8, 1), and F(8, 3). If ^ DEF is 
reflected through the point (4, 1), find the coordinates of the 
images, D', E', and F'. 
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24. The vertices of ^ ABC are A(1, 3), B(1, 1), and C(5, 1). 

a. On graph paper, draw ^ABC and its | 

image A A'B'C' under a point reflection 
through the origin. 

b. Using the same graph, reflect ^ A'B'C' 
in the x-axis to form its image 1 
^A"B"C". 

c. What single transformation is equiva- HIT PT TE 
lent to the composition of a point reflec- | 
tion through the origin followed by a 
reflection in the x-axis? 





5-6 TRANSLATIONS 


If a line reflection is like a "flip," and a point reflection is like a 
"half-turn," then a translation is like a "slide" or a "shift." 


Given Step 1 Step 2 





In the preceding diagram, ^ ABC is moved 2 centimeters in the 
direction indicated by the arrow, and its image ^ A'B'C' is formed. 


Step 1: From each vertex of ^ ABC, a segment 2 centimeters long is 
drawn parallel to the arrow that indicates the direction of this 
"shift." Thus, AA' = BB’ = CC' = 2 centimeters, and also 
AA' || BB' || CC’. 

Step 2: The images A’, B', and C' are connected to form ^ A'B'C', 


Any transformation of the plane that slides a figure as shown here is 
called a translation, symbolized by “T.” Under a translation, if one 
point moves, then all points move and no point remains fixed. 


E DEFINITION. A translation is a transformation of the plane that 
shifts every point in the plane the same distance in the same direction 
to its image. 
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A rule for a translation is easily stated in 
coordinate geometry. At the right, the 
segment AB is translated to its image A'B' 
by moving each point 3 units to the right 
and 2 units down. Thus, by counting, we 
form the rule for the translation: 


P(x, y) Pe + 3, y- 2) 
OR 
Ts. (x, y) T (x T 3, y = 2) 





@ Under a translation of a units horizontally and b units verti- 
cally: 
P(x, y) > P'x+a,y +b or Tax, y)=(œ+a, y +b) 
The properties preserved under a translation include all five proper- 
ties listed previously for a line reflection, namely, distance, angle 
measure, parallelism, collinearity, and midpoints. 


MODEL PROBLEM[ —  — — — o= 


The vertices of ^ ABC are A(—2, 1), B(1, 4), and C(2, 2). 

a. On graph paper, draw and label ^ ABC. 

b. Using the same axes, graph ^ A'B'C', the image of ^ ABC under 
the translation T5... 

c. Using the same axes, graph ^A"B"C", the image of AA'B'C' 
under the translation T ;. 

d. Name a single transformation that is equivalent to T5 followed 
by T 35. 


Solution: 


See ERE Ee 
LI. 1. JES 





a. See graph. 






b. By the first translation, 
Ts. 1, y) = (x + o, M 1). 
Thus: 


A(—2, 1) = A'(3, 0) 
B(1, 4) ^ B'(6, 3) 
C2. 2) =O", T) 
A A'B'C' is shown. 
c. By the second translation, 
T 45(x, y) = (x — 8, y + 5). 


EN 
T 
-HHRH Hst 
TLAINTLIALI 
ot ae are AN 
AT T LL 
---3H2248-7 H9 
FITTELLTLETTT. 
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Thus: A'(3, 0) > A’, 5) 
B'(6, 3) > B"(3, 8) 
C'(7, 1) — C"(4, 6) 
A A" B" C" is shown. 


d. The translation (T; ;) followed by a second translation (T ;;) is 
equivalent to a single translation (T5 5 _,.5), or simply (T, a). Ans. 





EXERCISES 


In 1-4, use (x, y) ^ (x — 3, y + 12) to find the image of the point. 
1l. (4, 4) 2. (2, 0) 3. (—3, —15) 4. (—5, —5) 


In 5-8, find the image of the point (2, 7) under the given translation. 


9. Tis 6. T; & 7. Tao 8. 1.5.8 
In 9-14, find the rule for the translation so that the image of A is A'. 
9. A(3, 8) > A'(4, 6) 10. A(1, 0) > A"'(0, 1) 

I1. 4(2, 5) — A-L D 12. A{—1, 2) > A'(—2, —3) 

13. A(0, -3) > A'(-7, —3) 14. A(4, —7) > A'(4, —2) 


15. A translation maps B(0, 2) onto B'(5, 0). Find the coordinates of C', 
the image of C(—3, 1), under the same translation. 

16. A translation maps the origin to the point (—1, 7). What is the 
image of (3, —7) under the same translation? 





17. The vertices of nine congruent 
rectangles are marked in the 
accompanying diagram. 

Under a given translation, if the 
image of D is M, find the image of: 

a. C b. F c. DH 

d. FG e. BD f. zBCG O P Q n 

18. a. On graph paper, draw AHOT whose vertices are H(—2, 0), 

O(0, 0), and TY(0, 4). 

b. Using the same axes, graph ^H'O'T', the image of AHOT 
under the translation T; . ,. 

c. Using the same axes, graph ^H"O"T", the image of ^H'O'T' 
under the translation T; 4. 

d. Name a single transformation that is equivalent to 75 _; 
followed by T!| ,. 
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19. The vertices of ^ ICE are I(—3, 1), C(-1, 0), and E(-1, 4). 
a. On graph paper, draw ^ ICE and its image AJ'C'E' under a 
line reflection in the y-axis. 
b. Using the same graph, reflect ^ I'C'E' in a line whose equa- 
tion is x = 3 to form its image ^ I"C"E". 
c. What single transformation is equivalent to a reflection in the 
y-axis followed by a reflection in the line x = 3? 


5-7 ROTATIONS 


Think of what happens to all the points on the steering wheel of a car 
as the wheel is turned. Except for the fixed point in the center of the 
wheel, every point moves through an arc so that the position of each 
point is changed by the same number of degrees. This transformation, 
which is like a “‘turn,”’ is called a rotation. 

At the right, AABC is rotated 70° 
counterclockwise about the fixed B 
point P to form its image A A'B'C'. By | 

— ——. - 
drawing rays PA and PA', we see that B's 
mL APA' = 70°. Notice that the dis- 
tance from P to A is equal to the dis- 
tance from P to A’, or PA = PA’. Also, 
mZ BPB' = 70° and PB = PB'. In the A! /A 

| -— as 709/ 
same way, if the rays PC and PC' Nai 
were drawn, we would see that P 
mZ CPC' = 70° and PC = PC". 

This rotation of 70* counterclockwise about point P is written in 
symbols as “Rp70.” Thus, Rp7o°(A) = A’ indicates that the image of 
A is A' under the rotation. It is understood in this symbolism that a 
counterclockwise direction is being taken. 








/ 


In the diagrams at the right, we observe A' 


the following: Ec 
1. The measure of the angle of rotation is 70° 
positive when the rotation is counter- A —709 A 
clockwise. | \ | 
Counter- À 
2. The measure of the angle of rotation is clockwise : 
negative when the rotation is clockwise. +70° A' 


iM DEFINITION. A rotation is a transformation of the plane about a 
point P, called the center of rotation, and through an angle of ó degrees 
such that: 
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1. The image of the fixed point P is P. 


2. For all other points, the image of K is K' where mzKPK' = ó 
and PK = PK'. 


Note: The symbol for rotation is abbreviated in two cases: 


1. Since a rotation of 180° about a point P is equivalent to a reflection 
in point P, we abbreviate Rpjigo- as Rp, the symbol for a point 
reflection. 


2. If no point is mentioned, it is assumed that the rotation is taken 
about the origin. Thus, Rs9- means a 50° rotation about O, the 
origin. 


The properties preserved under a rotation include all five properties 
listed previously for a line reflection, namely, distance, angle measure, 
parallelism, collinearity, and midpoints. 


Rotational Symmetry 


The geometric shapes at the right 
have rotational symmetry. If the equi- 
lateral triangle is rotated 120°, it is its 
own image. Notice that 3(120?) = 360°. 
The equilateral triangle is also its own 
image under a rotation of 240°, which is 
a multiple of 120°. 
If the regular pentagon is rotated 72^, it is its own image. Notice that 
5(72°) = 360°. The regular pentagon is also its own image under rota- 
tions of 144°, 216°, and 288°, each of which is a multiple of 72°. 


B DEFINITION. Rotational symmetry occurs in a figure if the figure 
is its own image under a rotation of $ degrees, and only the center 
point remains fixed. 


The most common rotation, other than that of 180^, is a rotation of 
90°, called a quarter-turn. We will state a rule for a quarter-turn about 
the origin and use this rule in the model problem to follow. 


Bl Under a rotation of 90° counterclockwise through point O, the 
origin: 
P(x,y) > P'(-y,x) OR Roo (X, y) x (y, X) 
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MODEL PROBLEM 


The vertices of A ABC are A(1, 3), B(5, 1), and C(1, 1). On one set 
of axes, draw A ABC and its image A A'B'C' under a rotation of 90? 
counterclockwise about the origin. 





Solution: 


1. AABC is graphed at the 
right. 


2. By the rule for a quarter- 
turn, P(x, y) > P'(-y, x). 
Thus: 


A(1, 3) > A'(-8, 1) 
B(5, 1) > B'(-1, 5) 
C(1, 1) > C'(-1,1) 

3. Connect the images A', B', 


and C' to form AA'B'C', 
graphed at the right. 





EXERCISES|- 





1. Under a rotation of 90? counterclockwise about the origin, the 
image of (x, y) is ___ 


2. Under a rotation of 180? about the origin, the image of (x, y) is 


In 3-9, which refer to the accompany- B 
ing diagram, AABC- ADEF by a 
quarter-turn about P. 


D 
3. What is the image of A under the ; 
quarter-turn? | \ 
» Rp oe(B) = ? 9. Rp oo(P) = ? ) 


A C p 
3 = UTR ORC E F x arn A 
6. Rpoo(CA)=? 7. mLAPD =? "S 
8. What is the preimage of FE under 
the quarter-turn? Ex. 3109 


x: 


Does mL BPE = mZLCPF? Why? 
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In 10-15, ^ ABC is rotated 90° counterclockwise to its image ^ A'B'C '. 


a. Using the rule (x, y) ^ (—y, x) and the given coordinates, find the 
images of A, B, and C. 
b. On one set of axes, draw ^A ABC and ^A A'B'C'. 


10. A(1, 1), BG, 5), and C(4, 5) 11. A(1, 2), B(1, 6), and C(3, 2) 
12. A(4, 3, B(4, -2), and C(1, -1) 13. A(1, 3), B(3, 5), and C(3, 0) 
14. A(—3, 3), B(-1, 3), and C(-1, -1) 

15. A(2, D, B(3, — 1), and C(-2, —1) 


In 16-23: a. Tell whether or not the figure drawn or named has rota- 
tional symmetry. b. Where possible, find the degree measure of the 
smallest angle that will rotate the figure to be its own image. 


16. [ 17. 18. rectangle 
19. equilateral triangle 
20. parallelogram 
21. regular pentagon 
regular octagon 22. regular hexagon 
23. circle 


24. Find the image of the point (—3, 0) under the rotation Rigo». 
25. What is the image of the point (—1, —4) under a clockwise rota- 
tion of 90? about the origin, that is, under R. 5$? 


5-8 DILATIONS 


When a photograph is enlarged or reduced, a change, or transforma- 
tion, takes place in its size. There is a constant ratio of the distances be- 
tween points in the original photograph compared to the distances 
between their images in the enlargement or reduction. This type of 
transformation is called a dilation. 


Given Step 1 Step 2 


Constant of 
dilation = 2 
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In the preceding diagram, A ABC is to be dilated so that the center of 
dilation is point O and the constant of dilation is 2. 


Step 1: From O, the center of dilation, rays are drawn to pass through 
each of the vertices of AABC. Using 2, the constant of dilation, 
the images (A’, B', and C’) are located on these rays so that 
OA'-2-0A,0B'-2- OB, and OC' = 2 - OC. 


Step 2: The images, A', B', and C', are connected to form A A'B'C'. 


This dilation, with a constant factor of 2, is written in symbols as D». 
Thus, D4(A) = A' indicates that the image of A under the dilation is A’. 

Although any point may be chosen as the center of dilation, we will 
limit dilations in this chapter to those where point O, the origin, is the 
center of dilation. 


B DEFINITION. A dilation of k, where k is a positive number called 
the constant of dilation, is a transformation of the plane such that: 


1. The image of point O, the center of dilation, is O. 


2. For all other points, the image of P is P' where OP and OP’ name 
the same ray and OP’ = k - OP. 


A rule for a dilation is stated in coordinate geometry as follows: 


ll Under a dilation of k (a positive number) whose center of dilation 
is the origin: 


P(x,y) > P'(kx,ky) or  D,(x,y) = (kx, ky) 


Compositions Involving Dilations 


At the right, AABC — AA'B'C' 
by a point reflection in the origin. - 
Then, AA'B'C'— AA"B"C" by a 
dilation of 2. This composition of a 
point reflection followed by a dila- , 
tion of 2 is equivalent to multiplying 
the x and y values in each of the p 
coordinates by - 2. 

The vertices of AABC are A(1, 3), 
B(3, 1), and C(2, 0). Under the point 
reflection, R,(x, y) = (-x,-y). Thus: : 

A(1, 3) > A'(-1, - 3) 
B(8, 1) > B'(-8,- 1) 
C(2, 0) > C'(-2, 0) 
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Under a dilation of 2, D(x, y) = (2x, 2y). Thus: 


A'(-1,-3) > A"(-2, - 6) 
B'(-3,-1) > B"(-6, -2) 
C'(-2, 0) > C"(-4, 0) 


Compare each original vertex to its final image. Here: 


A(1, 8) > A"(-2, - 6) 
B(3,1) + B"(-6,-2) 
C(2, 0) ^ C" (-4,0) 


Since these coordinates follow the rule (x, y) ^ (—2x, —2y), we will 
symbolize this composition of transformations as D ;,. This example 
illustrates the truth of the following general statement. 


BA composition of transformations consisting of a point reflection 
about the origin and a dilation of k, where K is a positive number, is 
equivalent to the single transformation: 


D -,(x, y) i (- kx, -ky) 


Under a dilation there is generally only one fixed point, namely, 
the center of dilation. If the constant of dilation is 1, however, all 
points are fixed. 

The properties preserved under a dilation include only four of the 
properties listed for the other transformations studied earlier in this 
chapter, namely, angle measure, parallelism, collinearity, and midpoints. 


ll Distance is not preserved under a dilation. 





In 1-4, use the rule (x, y) > (4x, 4y) to find the image of the given 
point. 


1. (3,5) 2. (-8,2) 3. (1,0) 4. (-4,9) 


In 5-8, find the image of the given point under a dilation of 5. 
5. (2,1) 6. (12,20) T. [S8 8. (0,-8) 
In 9-12, D_3(x, y) = (-8x,- 3y) is a composition of a half-turn about 


the origin and a dilation of 3. Using D-3, find the image of the given 
point. 


9. (6,-1) 10. (-4, 0) li. (-8,-8) 12. (10,-1) 
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In 13-22, write a single rule for a dilation, or a composition involving 
a dilation, by which the image of A is A'. 


13. 
15. 
L4 
19. 
21. 


A(2, 5) ^ A'(4, 10) 14. A(3,-1) > A'(21, - 7) 
A(10, 4) > A'(5, 2) 16. A(-20, 8) ^ A'(-5, 2) 
A (4, 6) > A'(6, 9) 18. A(4,-3) > A'(-8, 6) 
A (-2, 5)  A'(8, - 20) 20. A(-12,9) > A'(- 8,6) 
A(0, 9) > A'(0, - 3) 22. A(4,0) — A'(- 5, 0) 


In 23-27, which refer to the accompany- 
ing diagram, O is the center of dilation and R 
D,(AOQR) = AOPS. 


23. 


24. 
26. 


27. 


28. 


29. 


What is the image of R under the 
dilation? 

D,(Q) =? 25. D,(OR) =? 
If OP = PQ, what is the constant P 

of dilation k? Q 
Using the value of k from exercise 26, Ex. 23 to 27 

find the value of RQ: SP. 


O 


a. On graph paper, draw AHOG whose vertices are H(1, 2), 
O(0, 0), and G(1, 3). 

b. Using the same set of axes, graph AH'OG' such that 
D ^HOG) = AH'OG'. 

c. Using GH and G'H', show why distance is not preserved under 
the dilation. 

d. What is the ratio GH:G'H'? 


The vertices of ^HEN are H(0, 4), E(6, 4), and N(4, —2). Under a 
dilation of 5, the image of AHEN is AH'E'N'. 

a. On one set of axes, graph AHEN and AH'E'N'. 

b. Find the lengths of HE and H'E'. 

c. Find the ratio HE:H'E'. 

d. Show that AHEN ~ AH'E'N'. 
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5-9 REVIEW EXERCISES 
In 1-7, for each figure drawn or named: 


a. Does the figure have line symmetry? If yes, how many lines of 
symmetry does the figure have? 

b. Does the figure have point symmetry? 

c. Does the figure have rotational symmetry? If yes, find the degree 
measure of the smallest angle that will rotate the figure to be its 
own image. 





5. parallelogram 6. regular pentagon 7. equilateral triangle 


In 8-20, which refer to the accompanying 
diagram, ABCD isa a square. The midpoints of sides 
AB, BC, CD, and DA DA are E, F, AC and H, respec- 
tively. Lines AC, BD, EG, and FH H intersect at O. 


8. Under a reflection in the line EG, which is the 
image of B? 


9. rip(B) =? 10. rýè(B) = ? 
11. r$5(B) =? 
12. Under a reflection through point O, what is the image of B? 





13. Under a rotation of 90° about O, what is the image of B? 
14. Rogo(E) = ? 15. Ro 90°(CF) m 16. Rol AOH) =? 
17. Ro; (OH) =? 18. Rog (CO) —? — 19. Ro,-99(GD) = ? 
20. Under a translation, E > D. What is the image of B under this 
translation? 
In 21-32, find the image of (5, 2) under the given transformation. 


21. Reflection in the x-axis. 22. Reflection in the y-axis. 
23. Reflection in the line x — 4. 24. Reflection in the line y — 2. 
25. Reflection in the line y = x. 26. Reflection in the origin. 
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27. Quarter-turn about the origin. 28. The translation: T, ,. 
29. Dilation of 15, center at origin. 30. D 31. Tas 
32. HR go», that is, a clockwise rotation of 90° about the origin. 


In 33-38, name the single transformation that will assign a point to 
its image by the given rule. 


33. (x,y) > (x, —y) 34. (x, y) > (—x, —y) do. (x, 9) > (y, x) 
36. (x,y) > (-x,y) 37. (x, y)—> (x — 1, y) 38. (x, y) > (—y, x) 


39. The vertices of ^ AYE are A(2, —3), Y(5, 1), and E(1, —1). 
Under the transformation whose rule is (x, y) > (—y, x), 
AAYE  AA'Y'E. 

a. On the same set of axes, graph AAYE and ^A A'Y'E'. 
b. Name the transformation shown in part a. 
c. Using AY and A'Y’, show that distance is preserved here. 


40. a. On graph paper, draw AAOK whose vertices are A(1, 3), 
O(0, 0), and K(4, 2). 
b. Using the same axes, graph ^A'O'K', the image of AAOK 
under T, 4. 
c. Using the same axes, graph AA"O"K", the image of ^A A'O'K' 
under T, _3. 
d. What single translation is equivalent to T; , followed by T, 3? 


4l. AYUP > AY'U'P' by a reflection in the y-axis. Then, by a reflec- 
tion in the line x = 1, AY'U'P' > AY"U"P". The vertices of 
AYUP are Y(—4, 2), U(-2, 3), and P(-3, —1). 

a. Using one set of axes, graph AYUP, AY'U'P', and AY"U"P". 
b. Name the single transformation by which AYUP > AY"U"P". 


42. a. On graph paper, draw ^A END whose vertices are E(0, 2), 

N(1, 4), and D(4, 0). 

b. Using the same axes, graph AE'N'D', the image of ^A END 
under a point reflection in the origin. 

c. Using the same axes, graph ^ E"N"D", the image of A E'N'D' 
under a dilation of 2. 

d. Complete the statement: AEND > AE"N"D" by the rule 
uy) 


Chapter 





Relations and Functions 





6-1 RELATIONS 


In our daily lives, we often *''relate" 
one set of information to another. For 
example, the table at the right lists the 
heights of the first-string players on a 
school's basketball team. This relation 
of heights and players can also be stated 
as a set of ordered pairs: 






Height | 


atus] me. 


(in centimeters) 
Florio 









((183, Florio), (185, Laube), (186, Richko), (186, Andrews), (188, Jones)} 


B DEFINITION. A relation is a set of ordered pairs. 


The domain of a relation is the set consisting of all first elements of 
the ordered pairs. In the given example, the domain is the set of heights, 


namely, (183, 185, 186, 188}. 


The range of a relation is the set consisting of all second elements of 


the ordered pairs. In the given example, 


the range is the set of players, 


namely, {Florio, Laube, Richko, Andrews, Jones}. 










Florio 
Laube 
Richko 
Andrews 


~= Jones 


Domain Range 


A Relation 


232 


As shown at the left, the 
relation can also be displayed 
by means of an arrow diagram. 
Arrows are drawn from the 
elements in the domain to their 
corresponding elements in the 
range. 

In a relation, an element in 
the domain may at times cor- 
respond to more than one ele- 
ment in the range. Here, for 
example, 186 — Richko and 
186 — Andrews. 
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Relations and Finite Sets 


When the number of ordered pairs in a relation is finite, there are 
many ways to display the relation. For example, let us consider the re- 
lation “‘is less than," using the set of numbers (1, 2, 3}. 


1. Set of Ordered Pairs 


Let x and y be elements of the set (1, 2, 3). List all ordered pairs 
(x, y) where x is less than y. Since 1 < 2, 1 < 3, and 2 < 3, the relation 
is the set of ordered pairs: 


{(1, 2), (1, 3), (2, 3)) 


2. Table of Values 


The ordered pairs that define the relation may also be 
listed as a table of values. Whether using ordered pairs or a 
table, we notice that: 


the domain (or set of x-coordinates) = (1, 2) 
the range (or set of y-coordinates) = (2, 3} 





3. Graph 


In a coordinate graph, the domain is a subset of the numbers on the 
x-axis, and the range is a subset of the numbers on the y-axis. We have 
listed only the elements 1, 2, and 3 on each axis so that they will cor- 
respond to the finite set (1, 2, 3). 


There are two ways to display this relation as a coordinate graph. 








y 
3 
2. 
| OR 
1 
| 53 8 * | s gX 
Here, heavy dots are placed on Here, the points (1, 2), (1, 3), 


the points (1, 2), (1, 3), and (2,3) and (2, 3) are encircled to show 
to show the relation x < y. | the relation x < y. 
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4. Arrow Diagram 


After indicating two sets, arrows are 
drawn from the elements in the domain 
to their corresponding elements in the 
range. Notice again that the domain is | — . — - 
(1, 2} and the range is (2, 3}. Domain = (1,2) Range = (2, 3} 





5. Number Lines 


Whether we use one number line (Fig. 1) or two number lines (Fig. 2), 
we once again draw arrows from the elements in the domain to their 
corresponding elements in the range to display the relation. 


1 2 3 
AA ae — 
1 2 3 1 2 3 
Fig. 1 Fig. 2 


Note: A relation is sometimes identified by means of a single letter. 
For example, to name the relation we have just studied, we could write 
R = {(1, 2), (1, 3), (2, 3)) or r = ((1, 2), (1, 3), (2, 3)}. 


Relations and Infinite Sets 


When the number of ordered pairs in a relation is infinite, we usually 
rely on one of two methods to indicate the relation. 


1. A Rule 


In some cases, a relation can be specified by a rule that makes it pos- 
sible for us to determine the ordered pairs in the relation. Two such 
relations, one involving an equation and one involving an inequality, 
are stated here. 

Relation A = ((x, y)]y = 4x + 1 and x € real numbers} 
Relation B = ((x, y)|x < y and x € real numbers} 


In each of the given relations, the domain is the set of real numbers. 
Let us make an agreement that allows us to abbreviate the set notation 
for each of these relations: 


ll If no set is specified, the domain will be the set of real numbers. 
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We can now rewrite each of these relations as follows: 


Relation A = ((x, y)]y = 4x + 1) 
Relation B = ((x, y)|x < y) 


2. Graph 


Since a coordinate graph is a picture of a set of ordered pairs, a rela- 
tion can be shown as a graph. Elements of the domain are found on the 
x-axis, while elements of the range are read from the y-axis. The graphs 
of relations A and B stated above are presented here. 





CAAA 
HH SERES aR 
iy 


A 


Relation A Relation B 
(x, yMy = 4x + 1) fix, yx < y) 





Every graph containing an infinite set of ordered pairs displays a re- 
lation, even if it is not possible to describe the relation by means of a 
rule, that is, an equation or an inequality. 


KEEP IN MIND 
A relation is a set of ordered pairs. 


[ MODEL PROBLEMS 


l. The accompanying arrow 
diagram shows the relation 
"ls a divisor of" between 
the set of numbers (2, 4, 5} 
and the set of numbers 
{1, 2, 3, 4, 5, 6}. 

a. Write the indicated rela- 
tion as a set of ordered 
pairs. 
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b. State the domain of the relation. 
c. State the range of the relation. 


Solution 


a. Every arrow points from an 
x-coordinate to its corresponding 
y-coordinate(s). 


b. The domain is the set of x-coordi- 
nates in the relation. 


c. The range is the set of y-coordi- 
nates in the relation. Notice that 
1 and 3 are not in the relation. 


2. For the relation shown in the accompany- 


ing diagram, state: 
a. the domain b. the range 


Solution 


a. The domain is the set of x-coordinates. 
The point farthest to the left has an 


x-coordinate of -2. At the right, 


graph approaches but does not include Em NN, S NNR 


Answer 
a. {(2, 2), (2, 4), (2, 6), 
(4, 4), (5, 5)} 
b. Domain = (2, 4, 5} 


c. Range = {2, 4, 5, 6} 





the 





the point whose x-coordinate is 4. 
Since every real number between - 2 and 4 is an x-coordinate for 
one or more points on the graph, the domain is {x|-2 € x < 4}. 


b. The range is the set of y-coordinates. The highest point on the 
graph has a y-coordinate of 3, and the lowest point has a y-coor- 
dinate of -3. Since every real number between -3 and 3 inclu- 
sive is a y-coordinate for one or more points on the graph, the 


range is (y|-3 € y < 3). 


Answer: a. Domain = (x|-2 € x < 4) 


b. Range = {y|-8 < y € 3) 





In 1-4: a. State the domain of the relation. b. State the range of 
the relation. 


1. {(3, 5), (4, 6), (5, 5), (6,6)} 2 {(1, 2), (1,1), (1,0), (1, -1)} 


3. {(2,7), (3, 1), (2, 1), (3,9) 4. 


{(0, 2), (0, 4), (1, 2), (3, 4)} 
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In 5-17, a picture of a relation is given. a. Write the relation as a set 
of ordered pairs. b. State the domain of the relation. c. State the range 
of the relation. 





=a M wWwo< 
— ph CO e 
— fm CO = 
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In 18-23, the x-coordinates and y-coordinates of the ordered pairs in 
the given relation are real numbers. a. State the domain of the relation. 
b. State the range of the relation. 





21. 22. 23. 


24. A relation R contains the following ordered pairs: (-1, 3), (0, 4), 
(1, 5), (2, 0), (2, 1), (2, 2), (2, 3), (2, 4), (2, 6), (3, 3), (3, 7), 
(4, 3), (4, 6), (5, 4), and (9, 9). 

a. Draw a coordinate graph of the relation F. 

b. Which elements of the domain correspond to more than one 
y-coordinate? 

c. What is the largest number in the range? 

d. State the range of the relation. 

25. A relation M = {(x,y)|y < x - 5} and its domain is the set of real 
numbers. a. Name two ordered pairs in the relation M, each of 
which has an x-coordinate of 6. b. Name two ordered pairs in the 
relation M, each of which has a y-coordinate of - 5. 


6-2 FUNCTIONS 


Look carefully at the two relations that follow. While each relation 
matches fathers with their children, there is a very important differ- 
ence between the two relations. 

A father may have more than one child, but a child has one and only 
one father. 
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Relation C Relation F 


In relation C, Mr. Shaper has 2 children, Mr. Campbell has 3 children, 
and Mr. Miller has 1 child. Thus, every father listed in the domain cor- 
responds to 1, 2, or 3 children listed in the range. 

In relation F, however, every child listed in the domain corresponds 
to one and only one father listed in the range. While both C and F are 
relations, only relation F is called a function. 


E DEFINITION. A function is a relation in which each element of 
the domain corresponds to one and only one element in the range. 


[L]ExaAMPLE 1: At the right, every ele- 
ment in the domain is matched to an er 
element in the range by the rule x > x?. = =) 
Since every number has ‘“‘one and only P)— 
one square," this relation is a function. E 

2 


This function may be listed as a set of 
ordered pairs: X >X 


{(0, 0), (1, 1), (-1, 1), (2, 4), (-2, 4)} A Function 


[]ExaMPLE 2: At the left, every ele- 
ment in the domain is matched to its 
square root(s) in the range by the rule 
x + +,/x. Since every nonzero number 
has two square roots, this is not a func- 
tion. This relation may be listed as a set 
of ordered pairs: 


Not a Function ((0, 0), (1, 1), (1, - 1), (4, 2), (4, -2)} 





In terms of ordered pairs, how do the two examples differ? 


1. A Function: {(0, 0), (1, 1), (-1, 1), (2, 4), (-2, 4)} 
2. Nota Function: {(0, 0), (1, 1), (1, - 1), (4, 2), (4, -2)} 
EJ RHEINE, 


Same first Same first 
element element 
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If two or more ordered pairs in a relation have the same first element, 
then some element in the domain corresponds to more than one ele- 
ment in the range. Thus, the relation is not a function, as seen in exam- 
ple 2. This leads to an alternate definition of function. 


B DEFINITION. A function is a relation in which no two ordered pairs 
have the same first element. 


Functions and Graphs 


We have learned that a relation whose domain and range are subsets 
of the real numbers can be displayed as a coordinate graph. We will now 
study a method that enables us to tell very quickly when a relation pre- 
sented as a graph is a function. 

The set of ordered pairs that names a func- © 
tion in example 1 on the preceding page is dis- 
played in Fig. 1 at the right. Each ordered pair 
(x, y) is determined by the rule x > x?. Since 
the second element y of each ordered pair is 
equal to x?, it follows that: 


y =x? is equivalent to the rule x > x? 


In a function, every element x of the domain 
corresponds to one and only one element y in 
the range. Keep this in mind to understand 
the vertical-line test for a function. 





Bi Vertical-Line Test for a Function: If each vertical line drawn through 
the graph of a relation intersects the graph at one and only one point, 
then the relation is a function. 


|! O ExaM»rLE 1: When the domain is (-2, - 1, 
0, 1, 2}, the five points whose coordinates fit 
the equation y = x? are graphed in Fig. 2. Is 
. the indicated relation a function? 

|, The vertical line whose equation is x = -1 
intersects the graph of the relation at one 
and only one point, (- 1, 1). Thus, if x = - 1, 
then y = 1. Similarly, each vertical line that 
passes through a point in the relation will 
` intersect one and only one point of the 
relation. 





Answer: The indicated relation is a function. 
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Note: If a domain had not been specified, 
the relation whose equation is y = x? would 
have as its domain the set of all real numbers, 
as graphed in Fig. 3. The vertical-line test 
demonstrates geometrically that every real 
number has one and only one square. Thus, 
we can claim that: 


OR 
y = x? isa function of x." 


&& 








[]ExAMPLE 2: The set of ordered pairs in 
Fig. 4 fits the rule x > *4/x. Is the indicated 
relation a function? While it was shown earlier 
that this relation is not a function, let us apply 
the vertical-line test. 

The vertical line whose equation is x = 1 
intersects the graph of the relation at two 
points: (1, 1) and (1, - 1). Thus, if x = 1, then 
y = 1 ory = -1. This vertical-line test demon- 
strates that there is at least one element x of 
the domain that corresponds to more than one 
element y in the range. 


Answer: The indicated relation is not a function. 


Note: Since the rule x > *4/x determines 
a set of ordered pairs (x, y), it follows that 


y =+t/x. By squaring both members of 


y = tV/x, we form the equation y? = x. The 
relation whose equation is y? = x can be ex- 
tended to include a domain of non-negative 
real numbers, as graphed in Fig. 5. 

The vertical-line test demonstrates in Fig. 5 
that every positive real number has two square 
roots. Thus, we state that “y? = x is not a 
function of x." It is correct, however, to state 





Fig. 5 


that ‘y? = x isa function of y." This can be demonstrated geometrically 
by rotating the graph 90° so that the y-axis is a horizontal line. Try it 
by turning the book sideways. In spite of this fact, we will make the 


following agreements to avoid confusion: 
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1. When testing for a function, unless otherwise stated, we will test to 
see if the relation is a function of x only. 

2. If a relation is not a function of x, we will simply state that the rela- 
tion is not a function. 


Therefore, using the graph in Fig. 5, we state that “y* =x is not a 
function." 


Restricted Domains and Functions 
If no set is specified as the domain of a relation, we have agreed that 
the domain will be the set of real numbers. A relation, however, might 


not be a function for the set of real numbers. For example, y = E is not 


a function for the set of reals because no y-value corresponds to an 
x-value of 0. And yet, y = * is a function for “‘the set of real numbers 


less zero," written in symbols as “Real numbers/(0]." Thus, the relation 
is a function for a restricted domain. 


lll If no set is specified as the domain of a relation, it is often possible 
to state that the relation is a function by letting the domain be the 
largest possible subset of the real numbers for which a function exists, 
that is, for which every element of the domain corresponds to one and 
only one real number in the range. 





x } 3 is a function whose domain = Real num- 
bers/{3}, and y = +/x is a function whose domain = (x|x 2 0}. We will 
study restricted domains in greater detail in section 4 of this chapter. 


For example, y = 


KEEP IN MIND 


A function is a relation in which: 





1. each element of the domain corresponds to one 
and only one element in the range 


OR 


2. no two ordered pairs have the same first element. 
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In 1-4, let the domain = (1, 2, 3}. State whether or not the indicated 
relation is a function. 


l. Solution: Every element in the 
domain corresponds to one and 


only one element in the range. 





Solution: Every element in the 
domain corresponds to one and 
only one element in the range. 


Solution: The element 2 in the 
domain corresponds to more than 
one element in the range. 


Solution: The element 1 in the 
domain corresponds to no elements 
in the range. 





Answer: For the domain {1, 2, 3}, this relation is not a function. 


5. Find the largest possible restricted domain that allows the relation 
in problem 4 to be a function. 


Solution: Exclude the element 1 from 
the domain because this element corre- 
sponds to no element in the range. 
Thus, we restrict the domain to include 
only the elements 2 and 3, each of 
which corresponds to one and only one element in the range, 14, 6}. 





Answer: A function exists for the restricted domain (2, 3}. 
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6. Which relation, if any, is a function? 
A7((0,3),(1,8),(1,5) B = {(0, 2), (1, 2), (3, 2) 


Solution: Relation A contains (1, 8) and (1, 5). Since 1 corresponds 
to both 8 and 5, A is not a function. In relation B, however, no two 


ordered pairs have the same first element. 


Answer: B isa function. 


7. Which graph represents a relation that is a function? 





Solution: By the verticaldine test, only in b will every vertical line 
intersect the graph of the relation at one and only one point. For 
example, consider the vertical line whose equation is x = 2: 


In a, when x = 2, then y = 1 ory = -1. (Not a function.) 
In b, when x = 2, then y = 0. 
In c, when x = 2, then y = 1, y = 0, or y = -1. (Not a function.) 


In d, when x = 2, then y may be any real number. (Not a function.) 


Answer: b 
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EXERCISES] 


In 1-8, let the domain = {0, 1, 2}. a. State whether or not the indi- 
cated relation is a function. b. If the relation is not a function, explain 
why. 





9. For those relations in exercises 1-8 that are not functions, state the 
exercise number and the largest possible restricted domain that 
allows the relation to be a function. 


In 10-13: a. State the domain of the relation. b. State the range of 
the relation. c. Tell whether or not the relation is a function. 
10. ((2,3), (3, 5), (4, 7), (5, 9)} 11. {(3, 1), (2, 3), (1, 2), (3, 2)} 
12. {(6,6), (6, 3), (6, 2), (6, 1)) 13. {(5, 2), (6, 1), (7, 2), (8, 1)} 
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In 14-19, let the domain = (- 1, 0, 1}. 
a. Copy the encircled sets at the right, 
and draw an arrow diagram to indicate 
the ordered pairs in the relation whose 
rule is given. b. State the range of the 
relation. c. For the domain {-1, 0, 1),is 





the relation a function? Ex. 14 to 19 
14. xx 15. x — x’? 16. x—^x-1 
17. x 52x *1 18. x5 1-x 19. x > y, where y <x 


20. Let A = {(10, 3), (7, 2), (-2, 5), (x, 1)}. Name all possible values 
that x may not represent so that relation A can be a function. 

21. The domain of a function F is (-2, \/2, \/3, 2}, and the rule of 
the function is x > x^ + 3. List all ordered pairs in this function. 

22. The domain of a function B is (1, 4/2, 4/3, 2), and the rule of the 
function is x > 3x - 2. What is the range of function B? 


In 23-34, determine whether or not the graph represents a function. 
(Hint: Use the vertical-line test.) 





Relations and Functions 247 


39. a. What is the domain of the relation whose graph is given in 
exercise 23? b. What is its range? 

36. a. What is the domain of the relation whose graph is given in 
exercise 28? b. What is its range? 

37. a. What is the domain of the relation whose graph is given in 
exercise 34? b. What is its range? 


In 38-50, let D > R represent a domain D corresponding to a range R. 
a. Is the relation a function? b. If not, explain why. 


38. Children > mothers. 39. Sisters — brothers. 
40. People > ages. 41. Heights — students. 
42. Students > teachers. 43. States — capitals. 


44. Homes in the U.S.A. > zip codes. 

45. Cities in the U.S.A. > zip codes. 

46. Birthdays — people. 47. School lockers > students. 
48. Letters sent first class — cost of postage. 

49. Cars being driven > drivers at the wheel. 

50. Drivers’ license registration numbers — licensed drivers. 


51. Describe three functions that exist in the world about us, similar 
to the functions found in exercises 38 to 50. 


6-3 FUNCTION NOTATION 


If a function is specified by a rule or an equation, the rule may be ex- 
pressed in a variety of ways. For example, let us consider the function f 
in which “every element in the range is 3 more than its corresponding 
element in the domain." This rule is indicated by any of the following 
expressions: 


1. “Under function f, x maps to x + 3." 
OR 
"Under f, x is assigned to x + 3." 
OR 
“The image of x under f is x + 3.” 


; | 
9. f(x)=x+3 3. “f of x equals x + 3.” 


4. f = l(x, y)ly = x +3 | 4. “Function f is the set of ordered pairs 
(x, y) such that y equals x + 3." 


5. “y equals x + 3." 
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Notice that the last expression, y = x + 3, is simply an abbreviated 
form of the function notation stated in expression 4. 

When we compare expressions 3 and 5, namely f(x) x + 3 and 
y =x + 3, it becomes clear by substitution that: 


f(x) = 


In other words, f(x), read “f of x," is equal to the y-coordinate in an 
ordered pair. The symbol f(x) does not indicate multiplication; rather, 
f(x) indicates the substitution of an x-value to find its corresponding 
y-value, called f(x). Compare the two expressions that follow: 


ni b f(x)=x+3 
If x = 2, then y = 2 + If x = 2, then f(2)=2 +3 
y=5 f(2)=5 
The ordered pair (x, y) = (2, 5) The ordered pair (x, f(x)) = (2, 5) 
is a member of the function is a member of the function 
y-2x-38. fix) = x + 83. 


[ MODEL PROBLEMS 





1. If a function g is defined by g(x) = 2x + 15, find the value of 
g(-3). 


How to Proceed Solution 
1. Write the rule of the function. g(x) = 2x +15 
2. Substitute - 3 for x, and simplify. g(-3) » 2(-3) * 15 
g(-3) =-6 * 15 
g(-3)29 Ans. 


2. The graph of function f is shown at theright. 


a. Findf(-1). b. Find f(0). 
c. Find f(1). d. Find f(3). 





f(x): 


Solution 


a. Since f(x) = y, the 4 ii pair (1, 2) 
indicates that f(-1) = 

b. Using the ordered pair r1 3), we see that f(0 

c. Using the ordered pair (1, 3), we see that f(1) 

d. Using the ordered pair (3, 4), we see that f(3 


— ee 
i HW Ii 
P. Co Co 


Answer: a. 2 b. 3 c. 3 d. 4 
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Note: While the domain of function f is {x|-1 € x < 3}, the range 
may be expressed in either of two ways: 


{yll € y € 4} or {f(x)|1 € f(x) € 4} 


In 1-6, the rule that defines function f is given. 
a. Find f(1). b. Find f(2). 





1. f(x) = 4x 2. f(x) =x- 5 3. f(x) =x*?- 1 
4. f(x) == ES jmds- D tæ) = £— 


In 7-12, the rule that defines function g is given. 
a. Find g(3). b. Find g(- 1). 











T. g(x) = Z 8. gx) 28- x 9. g(x) - £73 
10. g(x) =x? +x 11. g(x) = -x° 12. g(x) =x? - 2x - 8 
18. Ifa function ’h isdetined by h(x) = 3- T^, find the value of: 

a. h(4) b. h(-4) c. h(2) d. h(1) e. h(1.2) 
14. Ifa function k is defined by k(x) = $ —5. find the value of: 

a. k(2) b. k(9) c. k(0) d. k(6) e. k(-3) 
In 15-20, use the following functions m, p, and r: 

x > 2x p: x — x? MAET 

15. Find m(3). 16. Find p(3). 17. Find r(3). 


18. Under which function (m, p, or r) will 5 map to 7? 
19. Under which function (m, p, or r) will the image of > be 1? 


20. For m, p, and r, which function(s) assign 2 in the domain to 4 in 
the range? 


21. The graph of function f consists of the union 


f(x) 
of four line segments, as shown at the right. | | 






Find f(-1). b. Find f(0). 
Find f(1). d. Find f(2). 
Find f(;). f. Find f(2$). 


State the domain of function f. 
. State the range of function f. 


pa 9 9 
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22. The graph of function g is shown at the right. 
a. Find g(- 1). b. Find g(1). 

Find g(2). d. Find g(0). 

Find g(17). f. Find g(- 13). 

. For what value(s) of x will g(x) = 25? 

State the domain of function g. 

State the range of function g. 





er om © 0 


Ex. 22 


In 23-26, select the numeral preceding the expression that best 
answers the question. 


23. Which of the following functions contains the ordered pair (3, 1)? 
(1) y 8x (2) y=x+2 (8) y=x-2 (4) y= 2x+1 

24. In which of the following functions is 7 from the domain mapped 
to 10 in the range? 


(1) ((x,y)ly =x - 3} (2) {xix =x + 3} 

(3) ((x, y)l» = 7} (4) {(x,y)ly =x + 7} 
25. Which of the following is not a function? 

(1) y = 2x (2) x = 2y (3) y=2 (4) x =2 
26. The domain of function F is (1,0,-1) and F: x > x? - x. What is 

the range of F? 

(1) (0) (2) (0, 2) (3) {0, -2} (4) {1, 0, -2} 


27. A relation R = {(x, y)ly < ix - 2). a. Name two ordered pairs in 


R, each having an x-coordinate of 3. b. Name two ordered pairs in 
R, each having a y-coordinate of -2. c. Is relation R a function? 
Explain why. 

28. A car travels on a highway at an average rate of 55 miles per hour. 
For this particular car, the formula ''distance = rate X time," or 
d = rt, can be stated as d = 55t. 

a. Does the rule d = 55t describe a function? Explain why. 

b. True or False: Since d = 55t and f(t) = 55t each describe the 
same rule, it can be said that d = f(t), or “‘distance is a function 
of time." 

c. Find the distance traveled by the car: (1) inlhour (2) in2 
hours (3) in 3 hours 12 minutes. 
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6-4 TYPES OF FUNCTIONS 


In this section, we will list some types of functions. Many of these 
functions should be familiar to you from earlier studies in mathematics. 


1. Linear Functions 
y=mx+b OR f(x) = mx +b 


Any equation of the form y = mx + b, or f(x) = mx + b, is a func- 
tion whose graph is a straight line. Recall that m is the slope of the line, 
and b is the y-intercept. 

For example, the equation y =-4x + 3 is equivalent to f(x) = 
-4x + 3. Thus, if x = 2, then y = - 5. Also, if x = 2, then f(x) = f(2) = 
-5. This relation is a function because, for every x-value, there is one 
and only one corresponding y-value, or one and only one corresponding 
f(x). 


2. Constant Functions 
y=b OR f(x) =b 


If the slope of a linear function is zero, or m = 0, 
then the linear function becomes y = b or f(x) = b. 
This relation is called a constant function because 
every x corresponds to the same constant value, b. 

For example, the graph of the constant function 
y = 8, or f(x) = 3, is shown at the right. Here, 
f(1) = 3, f(2) = 3, f(-1) = 3, and so forth. While 
the domain consists of all real numbers, the range 
consists of a single element, {3}. 

Note: The equation x = b is not a constant function because its graph 
is a vertical line, indicating that x corresponds to more than one value 
of y. 





3. Quadratic Functions 
y = ax? + bx + c where a # 0 OR f(x) = ax? + bx + c where a #0 


The quadratic equation whose graph appears at 
the left is y = x? - 4x + 3,orf(x) =x? - 4x + 3. 
Here, f(0)= 3, £(1)=0, f(2) =-1, f(3) ^O, 
f(4) = 3, and so forth. Since every x-value corre- 
sponds to one and only one y-value, this relation 
is a function. 

The vertical-line test can be used to demonstrate 
that quadratics of the form y =ax* + bx te 
where a # 0, or f(x) = ax? + bx + c where a Æ 0, 
are functions. 
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Note: Quadratics of the form x = ay? + by + c where a =Æ 0 are not 
functions. For example, the quadratic x = y? contains two points 
whose coordinates are (4, 2) and (4, - 2), indicating that an x-value cor- 
responds to more than one y-value. 


4. Polynomial Functions 


y=a,x" + a. oq üs see + eee Gy 
OR 
f(x) = ax" + & x a, x^? Be ds 


For example, consider f(x) = x^ - 2x? + x? - 4x + 3. If x = 2, then 
f(x)2f(2)2»16-16*4-8-*3-7-1. In the same way, for each 
chosen value of x, there is one and only one corresponding f(x). Thus, 
the given polynomial is a function. 

The polynomial function can be a quadratic function, such as f(x) = 
x? - 4x + 3 when n = 2; or a linear function, such as f(x) = -4x + 3 
when n = 1; or a constant function, such as f(x) = 3 when n = 0. We 
see, therefore, that the quadratic, linear, and constant functions are 
merely special cases of the more general polynomial function. 


5. Absolute-Value Functions 


y = lax + b| OR f(x) = jax + b| 





Fig. 1 Fig. 2 


The graph of the absolute-value equation y = |x|, or f(x) = |x|, is 
shown in Fig. 1. Here, if x = -2, then f(x) = £(-2) = |-2] = 2. 

The graph of the absolute-value equation y = |2x - 4|, or f(x) = 
|2x - 4|, is shown in Fig. 2. Here, if x = 1, f(x) = f(1)=|2-1- 4| -» 
|2 - 4| = |-2| = 2. 

In each equation, every value of x corresponds to one and only one 
f(x), that is, one and only one y-value. Therefore, y = |x| and y = 
|2x - 4| are both functions. Remember that these functions may be 
written as f(x) = |x| and f(x) = |2x - 4], respectively. 
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Note: Absolute-value equations of the form x = |ay + b| are not 
functions. For example, the equation x - |y| contains two points 
whose coordinates are (3, 3) and (3, - 3), indicating that an x-value 
corresponds to more than one y-value. 


6. Step Functions 


There are many examples of step functions, each of which has a graph 
that resembles a series of steps. Let us consider two examples. 


[]ExaAMPLE 1: The Greatest-Integer Function 


The symbol [x] means “the greatest in- 
teger equal to or less than x." Therefore, 
the greatest-integer function is indicated 
by the rule y = [x], or f(x) = [x]. A partial 
graph of this step function is shown at the 
right. 

If x = 2, then f(x) = £(2) = [2] = 2. 

If x = 25, then f(x) = £(23) = [23] = 2. H aces | 

I3 * 2:98, I[£) " f(2.98) = [9,08] = 2 Meet ee 

However: y 7 [x] 

I£x = 3, f(x) = f(3) = [8] = 3. 

Therefore, if x is equal to or greater than 2 but less than 3, the great- 
est integer in x is 2. In symbols, we write: If 2 < x < 3, then [x] = 2. 
This set of values is graphed on the line y = 2 as ‘‘e=o,”’ a segment with 
one missing endpoint. 

Similar reasoning is used to complete the graph of this step function. 
It should be clear that [3.6] = 3, [14] = 1, and [0.7] = 0. Notice, if x 
is not an integer, then [x] is less than x. Using this reasoning and think- 
ing of a thermometer, we can see that [- 5] = -1, [-1.13] = -2, and 
[-22] = <3, 

For the greatest-integer function, y = [x], we observe that the do- 
main is the set of real numbers and the range is the set of integers. 





[] EXAMPLE 2: The Post-Office Function 


The cost of sending a letter by first-class mail is determined by the 
weight of the letter. In 1991, the U.S. Post Office set a rate of $.29 for 
sending a first-class letter weighing 1 ounce or less, plus $.23 for each 
additional ounce or part of an ounce. The table and graph on the next 
page show the beginning portion of this step function. 
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Weight of Letter | Cost of First-Class Mail 
(in ounces) (in dollars) 


.29 .29 
.29 4 .23 .92 
.29 + 2(.23) 1D 
29 + 3(.23) = .98 
29 + 4(.23) = 1.21 





Cost (in dollars) 


= 1 
= 
<8 
zd 
zb 


| Q1 2 S 4 &* 
Since a letter cannot have a weight Weight (in ounces) 


of 0 ounce or a negative weight, the 
domain of this function is {x|x € positive real numbers]. The range 
consists of multiples of $.23 added to the initial cost of $.29. 

Note: The post-office function is easily graphed from the given table. 
While it is not necessary to know the equation of the post-office func- 
tion, we will mention the equation here because it is an interesting rule 
that involves a negation, the greatest integer, and absolute value. Can 
you see how the rule works? If x is the weight of a letter in ounces and 
f(x) is the cost in dollars for first-class postage, then: 


f(x) = .29 + .23(|[-x] — 1) 


7. Other Functions 


A great number of other functions exist in mathematics. Many trans- 
formations are functions, as we will see in the next chapter. In later 
chapters of this book, we will study trigonometric functions, exponen- 
tial functions, and logarithmic functions. Also, as we will see in the 
exercises that follow, there are many functions in the world about us. 

Remember: A relation is sometimes a function under a restricted 
domain. If no domain is specified, we have agreed to let the domain be 
the largest possible subset of the real numbers for which a function 
exists. 





1 
For example, f(x) = Fs is a function whose domain is the set 


Real numbers/{3, —3], and g(x) = vx — 4 is a function whose domain 
is {x|x = 4}. Other examples can be found in model problems 3 and 4, 


which follow. 





1. In the function f(x, yy = 2x — 5}, the domain is (x|0 s x = 4}. 
Find the range of the function. 





Solution 


Since y=2x- 5 is a linear 
function, consider the extreme 
values of x in the domain. 

When x = 0: y = 2x - 5 
2(0)- 5=0- 6 =-5. 

When x = 4: y = 2x - 5 
2(4)-5=8-5=8. 

In a linear function, the range 
consists of all real numbers be- 
tween the extreme values of y. 
Here, the range is -5 € y € 3. 
(Although it is not necessary to 
graph the function, the graph is 
included here as an aid to understanding the solution.) 


I 





Answer: The range is {y|-5 € y < 3). 


. The domain of f(x) = 10 - x is 7 € x € 12. What is the greatest 
value in the range of f? 
Solution 


Since f(x) = 10 - x is a linear function, test the extreme values 
of x in the domain to find the extreme values of f(x) in the range. 


f(x)210- x 
When x = 7,thenf(7) = 10 - 7 = 3. 
When x = 12, then f(12) = 10 - 12 = -2. 


The greatest value in the range of this linear function is 3. 
Answer: 3 


x- 3, 
x- 6 





What is the domain of the function k(x) = 


Solution 


Every real number x corresponds to one and only one value k(x), 
except when the denominator x - 6 is equal to zero. 


Ifx - 6 = 0, then x = 6. 


Thus, the domain of the function is the set of real numbers less 6. 


Answer: Real numbers/{6}. 
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l 9 


/x-2 


4. What is the domain of the function f(x) = 
Solution 
If x = 2, then f(x) = ——LL eel. ud (undefined). 
/x-2 2-2 yO 0 
Also, if x is less than 2, then f(x) contains the square root of a nega- 
tive number, that is, f(x) is not a real number. Since the range as 


well as the domain is to contain only real numbers, the domain of 
the function is restricted to those real numbers greater than 2. 


Answer: {x|x > 2}. 


EXERCISES] — la 


In 1-9: a. Identify the function as being a linear, constant, quadratic, 
absolute-value, or step function. b. Find f(3). c. Find f(3). 


1. f(x) =2 2. f(x) =x 3. f(x) = [x] 
4. f(x) = 2x? 5. f(x) =2-<x 6. f(x) * |2 - x| 
7. f(x) - [2 - x] 8. f(x) =x2- x 9. f(x)=7 


In 10-12, for the given function and its domain, find the range. 


10. {(x,y)ly = 3x - 2}; domain = (x|-2 € x € 2} 
11. f(x) * 5 - $x; domain = (x|0 € x € 16) 
12. g:x > 6- x; domain = {x|x = 0) 


13. If the domain of y = 4x - 3 is (x|2 <x < 5), what is the great- 
est value in its range? 

14. The domain of f(x) = 9 - 2x is 4 <x € 10. What is the greatest 
value in the range of f? 

15. Let the domain of the quadratic function y = 1+ 4x - x? be 
0 €x <4. a. Graph the function, including all points whose 
x-coordinates are 0, 1, 2, 3, 4. b. What is the greatest value in the 
range of this function? 


In 16-24, state the largest possible domain such that the given rela- 
tion is a function. 


x- 3 ie 
x-9 Ao. But) xc 








16. (x) = 17. g(x) = 
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| " 6 - I ; | 
19. m(x) = 7-6 16 20. kit c. Rx Bx 21. r:x3x-6 
on a —— eo — qw 2—1 
ii Vx-1 x? *1 


In 25-30, for the given function: a. State the domain. b. State the 
range. 


25. y = 2x 26. y =x? 24. y 2 x 
28. h(x) = |x - 5| 29. f(x) - 10 30. x 8+ x +10 
2x — 5. 





31. Given the function f(x) = "vua 


a. State the domain of the function. 
b. Find f(5). c. Find f(38). 
d. Find f(0). e. Find f(-2). 
f. True or False: For every x in the domain stated in part a, 
f(x) = 2. Explain why. 
g. State the range of the function. 
32. Evaluate each expression, finding the greatest integer. 
a. [17] b. [274] c. [1.28] d. [0.8] 
e. [-51] f£ [-01] g. [i h. [-35 


In 38-35, select the numeral preceding the expression that best an- 
swers the question. 


33. If k(x) = “—4, for what value of x will k(x) = 0? 


(1) 1 (2) 2 (3) both 1 and 2 (4) neither 1 nor 2 





34. Which of the following ordered pairs is not an element of the 
greatest-integer function, y = [x]? 
(1) (8,8) (2) (2.76, 2) (3) (-3.6,-3) . (4) (-4.6, -5) 
35. Which of the following is not a function? 
(1) theliney = 5x - 4 (2) the parabola y = x? - 3x 
(3) the line y = 2. (4) the circle x? + y? = 16 


In 36-41: a. Graph the given function for the domain -3 € x < 3. 
b. Using this domain, what is the range of the function? 
36. y = |x| 37. f(x) = |3x| 38. y 2» Ix| -* 2 


89. f(x) = |x + 2| 40. y=3- |x| 41. f(x) =x + |x| 
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In 42-47: a. Graph the given function for the domain 0 € x <6. 
b. Using this domain, what is the range of the function? 


42. f(x) = [x] 43. y = [x - 2] 44. g(x)=[8- x] 


45. 


y 


= [$x] 46. h(x) = [3x] 47. y=x- [x] 


Applications With Functions 


48. A school bookstore makes a profit of $.07 on each pencil sold. 
Thus, the earnings E is a function of the number n of pencils sold, 
or E = f(n). The formula to determine the profit is E = .07n, or 
f(n) = .07n. 


49. 


a. 


cho & 


The accompanying chart shows an 8% 


How much is earned when 20 pencils are sold? That is, find 
(20). 


. Find f(15). 
. Find f(32). 
. Find f(57). 
. If one day's profit from the sale of pencils was $2.66, how many 


pencils were sold that day? 


sales tax to be collected on amounts Füngunt 
from $.01 to $1.06. On sales over $1.06, orae TK 
the tax is computed by multiplying the | $.01 to $.10 | 

amount of sale by .08, and rounding to | .11to .17 


the nearest whole cent. | .18to .29 | 
The sales tax t is a function of the | -30to .42 
amount A of the sale, that is, t = f (A). 43 to .54 
a. Find the sales tax on an item costing 55 to .67 
$.52, that is, find f($.52). p ? je 
b. Find f($.89). c. Find f($.39). 95 am eal 
d. Find f($.08). e. Find f($9.95). | 
f. True or False: Sales tax isan example 


m 


of a step function. 

True or False: For amounts less than $1.00, the tax in the 
chart is equal to 8% of the amount, rounded to the nearest 
whole cent. 





— i 
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90. The cost of sending a telegram is $14.95 for 15 words or less, and 


ol 


* 


22. 


99. 


$.75 for each additional word. Thus, the cost c is a function of the 
number of words w, or c = f(w). 

a. Find the cost to send a telegram of 17 words, that is, find f(17). 
b. Find f(21). c. Find f(13). d. Find f(38). 
e. If a telegram costs $23.95, how many words does it contain? 


A mailgram costs $16.95 for 50 words or less, and $5.95 for each 

additional 50 words or part thereof. The cost c is a function of the 

number of words w, or c = f(w). 

a. Find the cost of a mailgram containing 38 words, that is, find 
f(38). 


b. Find f(65). c. Find f(170). d. Find f(114). 
e. What is the maximum number of words in a mailgram costing 
$40.75? 


f. What is the minimum number of words in a mailgram costing 
$40.75? 


If an object is dropped from a height, the distance d that it travels 
is a function of the time ¢ for its fall, or d = f(t). In Earth's grav- 
ity, this distance is found by the formula d = 16£, or f(t) = 162, 
where d is distance in feet and ¢ is time in seconds. Assume that 
an object is dropped from the top of a tall building. 

a. How many feet will the object travel in 1 second? Or, find f(1). 
b. Find f(2). c. Find f(3). d. Find f(4). 
e. If the object hits the ground in 7 seconds, how tall is the build- 

ing? 


During an annual promotional f(x) 
campaign, a car-rental agency 100 
charges $50 for a rental of 3 days 90 


or less and $20 for each addi- 

tional day or part thereof. A 

weekly rental costs $100. The 

graph at the right represents the 
charges for rentals of one week or 
less. 

a. True or False: The rental fee r 
is a function of the number of 
days d of rental, or r = f(d). 

b. Find the rental fee for 4 days, 
that is, find f(4). 01234567X 

c. Explain why f(6) # $110. Days 

d. State the range of the func- 
tion. 


70 


Rental (in dollars) 
Ch 
e 
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| First 2 hours $3.00 
or less | 






54. The rates charged to park a car in a city 
lot are shown in the accompanying sign. 
The rate r is a function of the number 
of hours h that the car was parked, or 






| | | r=f(h). 
| Each additional | $1.00 a. Graph the function for a 24-hour 
1 hour or part period. 


b. Find the rate to park a car for 25 
hours, that is, find f(27). 

c. Find f(44). 

d. Find f(7). 

e. Find £(103). 


Maximum for $7.00 
24 hours 


55. A local telephone call from a home phone, under timed service, 
costs $.08 for the first 5 minutes or less and $.01 for each addi- 
tional minute or any part thereof. 

a. Graph this step function for costs of telephone calls lasting 12 
minutes or less. 
b. True or False: The cost is a function of the time of the call. 
c. Using these rates, find the cost of a call lasting: 
(1) 65 minutes 
(2) 10 minutes 45 seconds 
(3) 1 hour 


56. The table at the right shows the rates 
for a taxicab ride in a large city. The 
rate r is a function of the mileage m, 
orr = f(m). 
a. Graph the function for all rates on 

rides of 1 mile or less. 

b. Find f($ mile). c. Find f(0.7 mile). 
d. Find f(4 mile). e. Find f(§ mile). 
f. What is the rate for a cab ride of 6 miles? 


A 1 ý 
First 10 mile 
or less 









| Each additional | 
i5 mile or part | 
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6-5 SPECIAL RELATIONS AND FUNCTIONS 


In the last section, we classified some types of functions by defining 
them by their equations, such as y = ax? + bx + c (where a + 0), a 
function whose graph is a parabola. 

A second-degree equation in which both variables are squared can be 
written in the form ax* + by? = c. This equation is a relation that is 
not a function. There are three different graphs that have this equa- 
tion; a circle, an ellipse, and a hyperbola. The values of a, b, and c 
determine the graph. 

Circle: a = b and a, b, and c have the same sign. 
Ellipse: a * b and a, b, and c have the same sign. 
Hyperbola: a and b have opposite signs. 


Each of these second-degree relations can be defined as a locus of 
points. 
Circle 


We can restate, in terms of locus, the definition of a circle given in 
Chapter 3. 

A circle is the locus of points equi- 
distant from a fixed point. 


To write the equation of a circle 
whose center is at (h, k) and the 
length of whose radius is r, let 
P(x, y) represent any point on the 
circle and use the distance formula: 





(xi — X9)" +o = ya)" 
x -= h? +(y —kP =r 


or (x — hy + (y - kp =r? 


MODEL PROBLEM | o O — SOS 


Write the equation of the locus of points 3 units from (2, —1). 





Solution 


Use the formula: (x — h? + (y — kf = r? 
Substitute the given values: h = 2, k = -l andr =3 


(x — 2)° + (y — (-1)? = 3? 
Answer: (x — 2 + (y+ 17% =9 
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In 1-6, write an equation of the circle with the given length of the 
radius and the given point at center. 

1. r= 2, (0, 0) 2. r = 5, (1, 3) 3. 

4. r= 3, (0, —3) 5. r = 12, (—4, 0) 6. 


r = 1, (-1, 5) 
r= V6, (-2, -9 


In 7-10, find the coordinates of the center and the length of the 
radius for the circle whose equation is given. 

7. x? + y? = 16 8. (x — 8 + (y - 1 = 49 
9. (x —2y + (y - 1% =4 10. (x + 67? + (y + 5% =8 


11. Write an equation of the circle with center at (2, —3) that is 
tangent to the x-axis. 

12. A circle whose center is in the second quadrant is tangent to both 
axes. Write an equation of the circle if the length of its radius is 6. 

13. Find the equation of a circle that contains the points (1, —2), (1, 4), 
and (5, 6). 


Parabola 


A parabola is the locus of points equidistant from a fixed point and 
a fixed line. The fixed point is called the focus and the fixed line is 
called the directrix. 

The simplest equation for a parabola can be derived by placing the 
focus on the y-axis and the directrix perpendicular to the y-axis so that 
the origin is equidistant from the focus and directrix. 

Let the focus be the point F(0, d) and the directrix be the line 
y = —d. Let P(x, y) be any point on the locus. The distance from any 
point on the locus to the focus is PF. The distance from any point on 
the locus to the directrix is the length of the perpendicular segment 
from P to the directrix. If M is the projection of P on the directrix, the 
distance from P to the directrix is PM. Therefore: 


PF = PM 

Vx — 0Y + (y — dy = |y — (-d)| 

(x — 0% + (y — d? 2 (y + dy 

x? + y? — 2dy + d? = y? + 2dy + d^ 
x? = 4dy 





Relations and Functions 263 


The axis of symmetry of this parabola is the y-axis, the line through 
the focus perpendicular to the directrix. The turning point is the origin, 
the point on the axis of symmetry that is equidistant from the focus 
and directrix. When we compare the equation of this parabola with the 

1 
4d’ 
b = 0, and c = 0. The value of a is determined by the distance between 
the focus and directrix. The values of b and c depend on the coordi- 
nates of the focus. The following is an example of a parabola whose 


general quadratic function y = ax? + bx + c, we see that a = 


focus is not on the y-axis. 


L] EXAMPLE: Find an equation of the parabola whose focus is (4, 1) and 
whose directrix is y = —3. x 


Solution 


Let P(x, y) be any point of the locus. The coordinates of F are (4, 1) 
and the coordinates of M, the projection of P on y = —3, are (x, —3). 
Therefore: 





PF = PM 
V(x — 4)? + (y - 1)? = |y -(-8) 
(x - 4)? +(y—1 =(y + 3)? 
x^—8x £16 -y?—2y 41-2 y? 4 6y 49 
x? — 8x - 8 = By 


LH LELLLELLLLLL 
[PIIIIDPTTLCT 
NER EIE IH 
b. ee) oe oe j| 
INOT 
Tol St 
LETT TTA 0] TT TA 
*LI LIE 








2 


il 
g“ -x+ 1 =¥ 


Parabola y = i x*—x41 


The axis of symmetry of this parabola is the line x — 4, the line 
through the focus perpendicular to the directrix. The turning point is 
(4, —1), the point on the axis of symmetry that is equidistant from the 
focus and directrix. 


The equation of a parabola is a function if the directrix is perpendic- 
ular to the y-axis. If the directrix is parallel to the y-axis or is an 
oblique line, the equation of the parabola is a relation that is not a 
function. (See model problem 2.) 


d Bi Ei Ld LEME .— —-— IE. —— — ———— d. 
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MODEL PROBLEMS 


1. Find the axis of symmetry and the turning point of the parabola 
whose focus is (4, —2) and whose directrix is y = 6. 


Solution 


The axis of symmetry is 
perpendicular to the 
directrix. Therefore the 
axis of symmetry is a 
vertical line whose equa- 
tion is x = c, where c isa 
constant. Since the focus 
is on the axis of sym- 


P TOLILELELLEL 
metry, and the x-coordi- pli. tt te F(a, 9-4 
nate of the focus is 4, the E. aa | E FINE 
equation of the axis of 

symmetry is x = 4. 





The turning point is also on the axis of symmetry. Therefore, its 
x-coordinate is 4. Since it is equidistant from the focus and direc- 
trix, its y-coordinate is the average of the y-coordinates of the focus 


—2 + 
and directrix, 2 = 2. 


Answer: The axis of symmetry is x = 4 and the turning point 
is (4, 2). 


2. Derive the equation of the locus of points equidistant from the point 
(1, 0) and the line x = - 1. 


Solution 
The locus is a parabola with focus F(1, 0) and directrix x — —1. 
Let P(x, y) be any point of the locus. 
PF = PM 
V(x — 1 + (y — OF = |x — (-1)| 
(x — 1? + y? = (x + 1Y 


x?—2x -14y?-x*-c-2x € 1 
y? = Ax 


y =x 


i n 
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[ EXERCISES | 


In 1-6, derive an equation of the parabola with the given point as 
focus and the given line as directrix. 


1l. (0, — 49), y = 3 2. (0, 2), M em — 9. (1, 1), = o 

4. (1, 1) y = -3 5. (1, 0), t= -1 6. (LIDrxz285 

7. Write an equation of the axis of symmetry of a parabola whose 
focus is (3, 4) and whose directrix is y — —1. 

8. Write an equation of the axis of symmetry of a parabola whose 
focus is (3, 4) and whose directrix is x = —1. 

9. Write the coordinates of the turning point of a parabola whose 
focus is (—2, 1) and whose directrix is y = —3. 


10. Write the coordinates of the focus of a parabola if the turning point 
is (2, —1) and the directrix is y = 5. 


For a parabola, PF = PM, thus the ratio PF:PM = 1. If PF + PM, 
the ratio PF: PM may be greater than 1 or it may be a positive number 
less than 1. Each of these conditions defines a different curve. 


Ellipse 


An ellipse is the locus of points such that the ratio PF: PM < 1 where 
P is any point of the locus, PF is the distance from P to a fixed point 
and PM is the distance from P to a fixed line. The value of the ratio is 
called the eccentricity of the ellipse. 

In the following example, the fixed point and the fixed line have been 
chosen so that the graph will be symmetric with respect to the axes. 


L] EXAMPLE: Find an equation of the ellipse with focus F(3, 0), direc- 
trix x = 12, and eccentricity 7. 


LLLLILLWELLILILTTTTTIETI 
Lt tt | el TTT. 
HH Nk EE 
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SASSER eee 
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Solution 




























x 

12 
Ex ui E LE 
LLLI f= 









266 Integrated Mathematics: Course III 
E EG fa. 1 
(x — 3)° + (y - 0) = 5 [12 — =| 
œ -= 3P + (y - OF = 702 - x? 


1 
x? — 6x +9+y? =7 (144 — 24x + x) 
4x? — 24x + 36 + 4y? = 144 — 24x + x” 
3x? + Ay? = 108 


If both sides of the equation are divided by the constant term, the x 
and y intercepts of the graph can easily be determined. 
3x?  4y* 108 
108 108 108 


yt do us 
36 27 
02 y? 
If x = 0: — + — = |1 
j 36 27 
y* a DY 
y= +v27 
The y-intercepts are + V27 and — V27. 
x? 0? 
If y = 0: — o 
ty 36 g 
x^ = 36 
x = +436 
x = +6 


The x-intercepts are +6 and —6. 


To graph the ellipse, solve the equation for y in terms of x. Then 
choose values of x between +6 and —6 and find the corresponding 
values of y. Plot the points and connect them with a smooth curve. 
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3x* + 4y? = 108 
4y? = 108 — 3x? 
> 108 — 3x* 












108 — 108 - mcs - 4 | 

7 4 
pes - ME T 
, [108 — 3(-6* - AEG 






2 
li 3x2 ees ES IR 
Ellipse 3x? - 4y2 - 108 or 36 *27^ z1 


Note that when x has an absolute value larger than 6, the value of y 
is the square root of a negative number, not a real number. For each 
value of x in the interval —6 < x < 6, there are two values of ys a pos- 
itive value and a negative value. Thus the equation 3x? + 4y? = 108 
is a relation that is not a function. The domain is {x|—6 < x < 6} and 


the range is {y|— V27 < y < A21). 
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There are two lines of symmetry for the ellipse, the x-axis and the 
y-axis; and one point of symmetry, the origin. The segments of the lines 
of symmetry in the interior of the ellipse are called the major axis and 
minor axis of the ellipse. The longer segment, whose endpoints are 
(6, 0) and (—6, 0), is the major axis. Its length is |6 — (—6)| or 12. The 
shorter segment, whose endpoints are (0, V27) and (0, — 427), is the 


minor axis. Its length, |J27 — (—V27)|, is 2427 or 63. 


Soe 
es 

FEE EEE PEE 
CCE EEE 
—MLELEELLELLLEELEEVZLLLI- 
TET BER" x 
cry erent tee rU zn 
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HA -—- 
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ZADIPMLRERHELÉLLÉBHEC 


If we reflect the curve with its focus (3, 0) and directrix x = 12 








over the line y = x, the image of the focus is (0, 3), the image of the 
directrix is y = 12, and the image of any point (x, y) of the locus is 
2 2 


the point (y, x). Therefore the image of the ellipse x + = = ] is the 


2 2 
ellipse + = = 1. The major axis is a segment of the y-axis 


and the minor axis is a segment of the x-axis. 
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| MODEL PROBLEM 


Sketch the graph of 3x? + 12y? = 12. 





Solution 


In order to use the points of intersection with the x and y axes, write 
the equation in intercept from by dividing each side by the constant 
term. 









3? im ga 


h^ mt HEH 
12 12 12 


(0, nf | 
ace M 


NOL LZ | xi 
Te 






m. 2 
peaj 
E'I 










fy=0 x= 4 

The x-intercepts are +2. 
Ify = Ory" = 1 

The y-intercepts are +1. 





Using the four points at which the graph intersects the x and y axes, 
sketch the ellipse. 


EXERCISES | 


In 1-6, use the x and y intercepts to sketch the ellipse. 


l. x^ - 4y? 2 4 2. 25x* + Ay? = 100 3. x^ + Oy? - 9 
4. x? + 9y? = 36 5. l6x^ + 4y? = 64 6. 4x? + 3y? = 12 


7. Write an equation of the ellipse whose major axis is a segment of 
the x-axis of length 12 and whose minor axis is a segment of the 
y-axis of length 8. 

8. Find the eccentricity of an ellipse if the focus is at (2, 0), the direc- 
trix is x — 18, and (6, 0) is a point of the ellipse. 


Hyperbola 


A hyperbola is the locus of points such that the ratio PF:PM > T. 
where P is any point of the locus, PF is the distance from P to a fixed 
point, and PM is the distance from P to a fixed line. The value of the 
ratio is the eccentricity of the hyperbola. 

In the following example, the fixed point and the fixed line have been 
chosen so that the graph will be symmetric with respect to the axes. 


T d— i = Se o o 4 - 14 ll 
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O EXAMPLE: Find an equation of the hyperbola with focus F(4, 0), 
directrix x — 1, and eccentricity 2. 


Solution 

BE a LI 
PM == 

PF = 2PM ms 
Mga eG - OF = 25-1 F 
(x — 4 + (y — 0P = 4(x — 1» | Lir 
aan heen = HAG 
2_ 8x + 16 + y? = Ax? — 8x + 4 E- [kum 
—8x? + y? = —12 HFHH 


3x? — y? = 12 


If both sides of the equation are divided by the constant term, the 
intercepts of the graph can easily be determined. 


S y — 12 


12 12 12 
E us 
4 12 
0? y? 
If x = 0: — — — = 
dai 4 12 
y? = —12 


Since there is no real number whose square is negative, the graph has 
no y-intercepts. 


x 0° 
If y = 0: à 318 
p" med 
x= +4 
x= +2 


The x-intercepts are +2 and —2. 


To draw the graph of the hyperbola, solve the equation for y in terms 
of x. Then choose values of x that are greater than 2 or less than —2 
and find the corresponding values of y. Plot the points, and connect the 
points with positive values of x and the points with negative values 
of x. The hyperbola will have two branches. 





- He 


3x? — y? = 12 
—-y? = —8x? + 12 
y? = 8x* — 12 
y= + V3x? — 12 


Note that for values of x between | 
—2 and 2, the value of y is the 


square root of a negative number, 
not a real number. For each value 
of x that has an absolute value 
greater than 2, there are two 
values of y, a positive value and a 
negative value. Thus the equation 
3x7 — y? 12 is a relation that 
is not a function. The domain is 
{x| |x| = 2} and the range is the set 
of real numbers. 


There are two lines of symmetry 
for this hyperbola, the x-axis and the 
y-axis; and one point of symmetry, 
the origin. The segment of the line of 
symmetry that intersects the curve, 
whose endpoints are points of the 
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+ V¥3(+2) — 12 = +0 


+V73(+3) — 12 = +15 
+ J/3(+4)" — 12 = +36 
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= 
faa Nes 













2 
! "m e 
Hyperbola 3x*^—y^- 12 or 1 127! 


curve, is the transverse axis. The endpoints of the transverse axis are 
(2, 0) and (—2, 0) and the length of the transverse axis is |2 — (—2)| or 4. 


If we reflect the curve with its 
focus (4, 0) and directrix x 1 
over the line y = x, the image of 
the focus is (0, 4), the image of 
the directrix is y — 1, and the 
image of any point (x, y) the 
locus is the point (y, x). There- 
fore the image of the hyperbola 


— 


x? y? | 

4 m 1 is the hyperbola 
2 2 

a — = = ]. The transverse axis 

is a segment of the y-axis. 
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Find the length of the transverse axis of the hyperbola 
2x? — 8y? — —16. 


Solution 

Write the equation in intercept form. Since 2x? — 8y^ _ —16 
the coefficient of x^ is negative, there are no AE fB 18 
points of intersection with the x-axis. If à j 
x=0y= +vV2. The transverse axis is a E E: ei 1 
segment of the y-axis from (0, 42) to (0, — V2). 8 2 
The length of the transverse axis is y? 
|V2 — (-42)| = 242. ü due 
Answer: 2V2 T NU 

y= £N2 





In 1-6: a. The transverse axis is a segment of which axis? 
b. What is the length of the transverse axis? 
e. What are the domain and range of the relation? 


1l. 4x? — y? = 16 2. 8x? — 12y” = 24 3. y? 3? 29 
4. x? — By* = -9 5 a^ og ey 6. —8x? + y? = 64 


7. a. Sketch the graph of 4x* — 9y? = 36. 
b. Sketch the reflection in the line x = y of the graph drawn in 
part a. 
c. Write an equation of the reflection drawn in part b. 


The General Equation of the Ellipse and Hyperbola 


The derivations of the general equations of an ellipse and of a hyper- 
bola in terms of the eccentricity are identical. Let e be the eccentricity 
of the curve and let a be an arbitrary positive constant. The graph will 
be symmetric with respect to the axes if we place the focus F (ae, 0) on 


; a : à 
the x-axis and the directrix x — — perpendicular to the x-axis. 
e 
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Ellipse Hyperbola 
Oxed I e>l 

a. : a 

Ge « ag « — ae > a > = 

e E 





M 
PM — 
PF = ePM 


V(x — ae? + (y — 0? =e 


e 


! a a 
x? — 2aex + de + y? = (x = o Es A 
e e 





a 
yy- 
E 


(x — ae + (y — 0Y 


x? — 2aex + a*e* + y* = e*x? — 2aex + a? 


x? — ex? 4 y? = g? — de Collect variable terms 
on the left side. 


x*1 — e) + y? = g* — e) 


This last equation applies to both the ellipse and the hyperbola. The 
difference between the two curves depends on whether the constant 
(1 — e?) is positive or negative, as seen in the following: 


274 


Integrated Mathematics: Course III 





Ellipse 


G< <= 1 
Ü «oe I 
0» -e > -1 
1>l-e>0 


The coefficients of x? and y? and 
the constant term are all positive. 


Hyperbola 


ec a | 
e>1 
-e «-1 
1-e <0 
The coefficients of x? and y? have 
opposite signs. 


The intercept form of the equation of the curve is found by dividing 
each term by the constant term, aà?(1- e». 


x^ I == d 
a* (1 — e) 
x" 
a? 


For the ellipse 


i-e soo 

Let a? (1 — e”) = b 

2 2 

x y | 
—-t2:1,0 € bod 
a ob 


Focus: (ae, 0) 


a ; Ct 
Directrix: x = — 
e 


The x-intercepts are a and —a. 
The y-intercepts are b and — b. 
Length of the major axis: 2a 
Length of the minor axis: 25 


y?  cüu-e) 
a (1u0—-e&) s*ü-e) 
2 
à d 
+ s = 1 
a (1 — e? 
For the hyperbola 
1-e<0 
Let a” (1 — €?) = —b* 
x? y? n 
oy 


Focus: (ae, 0) 
a 
Directrix: x = E 


The x-intercepts are a and —a. 
There are no y-intercepts. 
Length of the transverse axis: 2a 


If the focus is on the y-axis and the directrix is perpendicular to the 
y-axis, similar equations result. 


For the ellipse 


x? y* 
i: t*5-1 


For the hyperbola 


Puts 
“BT w^ 


If we reflect the ellipse or the hyperbola, with its focus and directrix, 
over the y-axis, the image of F (ae, 0) is F'(—ae, 0) and the image of the 


: a. a a 
directrix x = —is x = — —. F' and x = —-— are a new focus and direc- 
e e e 


trix for the curve. 


Relations and Functions 275 





ujo |y 
| 
Ii 
=| 
| 
| iM 
MET" 13227f P(x, y) 
| lo | 
i 
E sd e 1 
F'(-ae, 0) O \ F(ae, 0) X 
For the ellipse: | For the hyperbola: 
PF — ePM PF = ePM 
PF' = ePM' PF' = ePM' 
PF + PF' = ePM + ePM' PF — PF' = |ePM — ePM'| 
PF + PF' = e(PM + PM) PF — PF' = e|PM — PM" 


As seen in the diagram for the ellipse, PM + PM' is the distance 
a 


between the directrixes, that is, 5 — (-$) = g^ Similarly, for the 
e 


hyperbola, the distance |PM — PM'| = 27. Thus: 


PF + PR’ = e(2°) = 2a PF - PR’ = ¢(2%) = 2a 
| e 


This result allows us to give a new definition of the ellipse and the 
hyperbola. 


An ellipse is the locus of points such that the sum of the distances 
from any point on the locus to two fixed points is a constant. 

This definition of an ellipse makes it possible to define the circle as 
a special case of an ellipse in which the two focal points are the same 
point. 


A circle is the locus of points such that the distance from any point 
on the locus to a fixed point is a constant. 
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A hyperbola is the locus of points such that the absolute value of the 
difference of the distances from any point on the locus to two fixed 
points 1s a constant. 


As defined earlier on page 262, the parabola is the locus of points 
equidistant from a fixed point and a fixed line. 

The parabola, the ellipse, the circle, and the hyperbola are called 
conic sections. Each of these curves is the intersection of a right circu- 
lar cone with a plane as shown in the diagrams. 





Ellipse Parabola Hyperbola 





MODEL PROBLEMS | 


1. Name the curve that is the graph of the equation. 
a. x? — 8y? = 16 box? =1-y? c.y-»x?- bx 
Solution 


a. Since both x and y are squared, compare the equation to 
ax? + by” = c. 
a = 1l, b = —8,a and b have opposite signs. 


Answer: hyperbola 
b. Since both x and y are squared, compare the equation to 
ax? + by? = c. 


Write the equation as x? + y? = 1. 
a21l1,b21l,a^sb. 


Answer: circle 


c. Only one variable is squared. 


Answer: parabola 


Relations and Functions 277 


2. Find the coordinates of the focus and the equation of the directrix 
of the hyperbola whose equation is x? — y? — 2. 


How to Proceed 


Write the equation in intercept form by 


dividing by the constant term. 


2 


Compare with the equation M =e 
a 


For the hyperbola: a*(1 — e?) = 


Solve for e, e > 1. 


The focus is the point (ae, 0). 


; vind 1 a 
The directrix is the line x = -. 
e 


Solution 
x? = y? — 9 
x^ y? | 
2. 2 
d^ = 93, b 2-2 
X1 — e) = —9 
9 -j = 9 
—2e* = —4 
e = 2 
e= v2 
a = 42, e = V2 
Focus: (2, 0) Ans. 
TEN 
e 2 


Directrix: x = 1 Ans 


Note: This hyperbola is its own image under a reflection in the y-axis. 


The image of the focus (2, 0) is another focus, (—2, 0), and the image of 


the directrix x — 1 is another directrix, x 


EXERCISES| _ č .— | — A]  —  — | 


In 1-9: a. Name the curve that is the graph of the equation. 
b. Find the x and y intercepts, if they exist. 


10. 


c. Sketch the graph. 


d. Is the relation a function? 


x^ + y%=1 2. 3x* — 2y* = 6 
x? = 9 — 3y? 5. x= y? — 3y +1 
8y = x? + 2x 8. 3x? + 3? = 27 


3. y= -x* — 4 
6. x^- y? +4 
9. x^ + 5y? = 20 


Write an equation of an ellipse that intersects the x-axis at (4-5, 0) 


and the y-axis at (0, +3). 
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11. An ellipse is symmetric with respect to the x and y axes. The major 
axis is a segment of the x-axis with length 12 and the length of the 
minor axis is 4. Write an equation of the ellipse. 


12. a. Derive the equation of the parabola whose focus is (1, 1) and 
whose directrix is the x-axis. 
b. Point A(4, d) is on the parabola described in part a. Find d. 
c. Find the distance from A to the focus. 
d. Find the distance from A to the directrix. 
e. Is A equidistant from the focus and the directrix? 


13. The equation of an ellipse is 9x? + 25y? = 225. 
. Find the x-intercepts. 

. Find the y-intercepts. 

What is the length of the major axis? 

. What is the length of the minor axis? 

. What are the coordinates of the focal point? 
What is an equation of the directrix? 


p momgoceo 


14. a. Derive the equation of the ellipse with focus at (4, 0), directrix 


at x = 9, and eccentricity 5, 


. Find the x-intercepts. c. Find the y-intercepts. 
. What is the length of the major axis? 
e. What is the length of the minor axis? 


mc 


15. a. Derive the equation of the ellipse with focus at (0, 4), directrix 
at y — 9, and eccentricity = 


b. Find the x-intercepts. c. Find the y-intercepts. 
d. What is the length of the major axis? 
e. What is the length of the minor axis? 


16. The ellipse whose equation is 5x^ + 9y* = 180 is reflected over the 
line y = x. Find the equation of the ellipse formed by this reflec- 
tion. 


17. a. Derive the equation of the hyperbola with focus at (9, 0), direc- 
trix at x — 1, and eccentricity 3. 

. Find the x-intercepts, if they exist. 

. Find the y-intercepts, if they exist. 

. What is the length of the transverse axis? 


DB nog 


. Derive the equation of the hyperbola with focus at (0, 9), direc- 
trix at y = 1, and eccentricity 3. 

. Find the x-intercepts, if they exist. 

. Find the y-intercepts, if they exist. 

. What is the length of the transverse axis? 


18. 


Rog 
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19. The equation of a hyperbola is 3x? — y? — 12. 
. Find the x-intercepts, if they exist. 

. Find the y-intercepts, if they exist. 

. Find the length of the transverse axis. 

. Find the coordinates of the focal point. 

. Find the equation of the directrix. 


omen 


20. Which of the following is a function? 
(1) x*—5*210 (2) x? 4+ 4y? = 10 
(3) x = yf — 10y (4) y= x” — 10x 


21. Which of the following does not intersect the y-axis at (0, 2)? 
(1) x* + y^ —4 (2) Ax? + 6y? = 24 
(3) 4x7 — 6y? = 24 (4) y=x74+2 


6-6 INVERSE VARIATION AND THE 
HYPERBOLA 


The distance from the Hamlin Park entrance to the 
farthest picnic area is 8 miles. To walk that distance at 
4 miles per hour takes 2 hours. Traveling that distance by 
bicycle at a rate of 8 miles per hour takes 1 hour. To drive 
8 miles at a rate of 20 miles per hour takes 2 of an hour. 20 
As the rate at which we travel increases, the time required 
to travel a constant distance decreases. We say that, for a constant 
distance, rate and time vary inversely. 

Let x represent rate in miles per hour and y represent time in hours. 
Using the formula (ratetime) = distance, we can write the equation 
xy — 8 to express the relationship between the rate and the time 
needed to travel 8 miles. This illustrates the following principle: 





B If x and y vary inversely, then xy — a nonzero constant. The 
value xy is the constant of variation. 


[] EXAMPLE: The number of days (x) needed to complete a job varies 
inversely as the number of workers (y) assigned to the job. If the job 
can be completed by 2 workers in 10 days, then the constant of varia- 
tion is the product 2(10) or 20. To find the number of workers needed 
to complete the job in 5 days, let x = 5 and solve the equation xy = 20 
for y. 


xy — 20 
5y = 20 
= 4 
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Therefore 4 workers can complete the job in 5 days. Note 
that when the number of workers is increased by the 
factor 2, the number of days needed to complete the job 
was decreased by the recriprocal factor 5. 





Graphing Inverse Variation 


To draw the graph of xy = 20, we find ordered pairs that are 
elements of the solution set. For the positive product 20, values of x and 
y can be either both positive or both negative. 


Hyperbola xy = 20 





The graph, a hyperbola, consists of two parts. One part is in quad- 
rant I where both x and y are positive and the other part is in quad- 
rant III where both x and y are negative. Notice that there is no value 
of x for which y is 0 and no value of y for which x is 0. Therefore the 
graph has no x-intercept and no y-intercept. Since for every nonzero 
value of x there is exactly one value of y, the equation xy — 20 defines 
a function whose domain and range are the set of nonzero real 
numbers. 





1. The cost of hiring a bus for a trip to Niagara Falls is $400. The cost 
per person (x) varies inversely as the number of persons (y) who will 
go on the trip. 

a. Find the cost per person if 25 persons go on the trip. 
b. Find the number of persons who are going if the cost per person 
is $12.50. 
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Solution 


Since x and y vary inversely, we can write the equation xy — 400. 


a. xy — 400 b. xy — 400 
x(25) — 400 12.50y — 400 
"-— 400 ... 400 
. 95 = 12.50 
x — 16 y = 32 


Answer: a. $16 per person. b. 32 persons. 


2. Draw the graph of xy = —12. 
Solution 


Since the product of x and y is negative, when x is positive, y will be 
negative and when x is negative, y will be positive. 


RSE) See 
se TS 
a a sO EHE HH 
HHHH 
BENED” X, LL 




















Xy = —12 


Note that the graph has both line symmetry and point symmetry. The 
lines y = x and y = —x are lines of symmetry. The origin (0, 0) is the 
point of symmetry. 


225) | ll O UOO 


In 1-8, draw the graph of the equation. 


l. xy =6 2. xy — 15 9. xy = —4 4. xy = —2 


10 8 1 1 
E Beales 6. y = —— T y= 8 y= => 
X X x 
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9. If 4 typists can complete the typing of a manuscript in 9 days, how 
long would it take 12 typists to complete the manuscript? 
10. If 4 typists can complete the typing of a manuscript in 9 days, how 
many typists are needed to complete the typing in 6 days? 
11. If a man can drive from his home to Albany in 5 hours at 45 mph, 
how long would it take him if he drove at 50 mph? 
12. If a man can drive from his home to Albany in 6 hours at 45 mph, 
how fast did he drive if he made the trip in 5 hours? 
13. Let S be the set of all rectangles that have an area of 600 cm’. The 
length varies inversely as the width. 
a. What is the length of a rectangle from the set S whose width is 
20 cm? 
b. What is the width of a rectangle from the set S whose length is 
100 cm? 


6-7 COMPOSITION OF FUNCTIONS 


We are familiar with many operations in mathematics, such as addi- 
tion and multiplication. In fact, we have performed these operations 
with functions. Consider the polynomial functions f(x) = 2x and 
g(x) =x + 4. 


When we add the polynomials When we multiply the poly- 
2x and x + 4, we actually add nomials 2x and x + 4, we actu- 
two polynomial functions to ally multiply two polynomial 
find a single function called the functions to find a single func- 
“sum.” tion called the “‘product.”’ 

f(x) = 2x f(x) + g(x) = 2x(x + 4) 
gx)" x+4 (f - g)(x) = 2x? + 8x 


(f + g)(x) = 3x + 4 


We will now learn a new operation to be performed on functions. 
Under this binary operation, called composition, one function “follows” 
another. That is, the second function is applied to the result of the 
first function. 


Composition of Functions: Method 1 


The composition of functions f and g is sometimes written in the 
form f(g(x)), read as *'f of g of x." In this form, we treat the innermost 
function first. 

Let f(x) = 2x, and g(x) = x + 4. Before we find the rule of the single 
function called the composition f(g(x)), let us study some numerical 
examples. 


How to Proceed 


1. Evaluate g(x). Here, g(x) = 


x + 4, 


2. Evaluate f(x). Since f(x) = 
2x, let f(result) = twice the 


result. 
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= f(T) 





O ExAMPLE 1: 
Find f (g(3)). 


O ExaMPLE 2: 
Find f (g(3)). 
- f(43) 


-9 


In general, for any number x under the given functions: 


1. Function g adds 4 to each value in its domain. 


2. Function f doubles each value in its domain. 


f(g(x)) 


= f(x + 4) 
= 2(x + 4) 
-2x +8 


Thus, the function f(g(x)) = 2x + 8 states the rule for the composi- 


tion where g is applied first, or where “f follows g.” 


Composition of Functions: Method 2 


The expression (f o g)(x) is read as “f composition g of x," or as 
“f following g of x." The symbol “°” indicating composition is an open 
circle, placed in a raised position between f and g. As in method 1, re- 
member that g must be applied first. Let us examine the same func- 
tions, expressed in a different format. 


x esx +4 


How to Proceed 


1. Using g first, assign an ele- 
ment from the domain to 
its corresponding element 
in the range. 

2. Treat the element in the 
range of g as an element 
in the domain of f; apply 
the rule for f. 


3. Write the answer, using 
(f o g). 


f 
AND x — 2x 


O ExAMPLE 1: 
Find (f o g)(3). 


3 -£, 7 I, 14 
C NEN Ld 


fog 


Answer: 
(f o g)(3) = 14 





O EXAMPLE 2: 
Find (f o g)(3). 
g f 


1 1 
4 > 45-3 9 


i Se 
fog 


Answer: 


(f° g)(z) = 9 


=k à i : i a Al- l.l oo doda 4d oL. .—-—121L.3 1L 1 143 1. 4444.4 —* 


284 Integrated Mathematics: Course Ill 


This same procedure can be applied to the general case to find the 
rule for the single function that represents (f o g)(x). 


x Es (x + 4) o 2(x + 4) = 2x +8 
ee Á— — c — nó 
fog 
Thus, (f » g)(x) = 2x + 8 states the rule for the composition where g 
is applied first, or where “‘f follows g.” 
These examples illustrate the fact that there are two equivalent forms 
of the composition “‘f following g," namely: 
f(g(x)) = (f ° g)(x) 


Note: For the composition “f following g" to be meaningful, each 
element in the range of g must be an element in the domain of f. 


Group Properties Under Composition 

With certain restrictions (to be explained in the next section), it is 
true that a set of functions, under the operation of composition, is a 
group. Thus, four properties are satisfied: 
1. Closure. The composition of two functions is a single function. 
2. Associativity. For all functions f, g, and h: 

(fo (g ° h))(x) = ((f » g) » h)(x) 
3. Identity. There is an identity function i under composition such 
that, for every function f: 
(fo i)(x) = f(x) anp (io f)(x) = f(x) 


O EXAMPLE: 


Let f(x) = 3x +7 gutsy abs gyin 5 By 4 7 3 BK ET 
Let i(x) =x | 
(f o i)(x) = f(x) (io f)(x) = f(x) 


E The identity function for the operation of composition may be writ- 
ten in one of three forms: 
i ^ 
x — x i(x) =x px 
4. Inverses. For every function f (in a restricted set to be explained), 
for which there is an inverse function f ! under composition: 


(fo f-^x)-i(x) AND (£^! o f)(x) = i(x) 
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We will study the restriction, as well as ways to find the inverse f^! 
in the next section. 


3 


KEEP IN MIND 
In the composition “f following g,” written: 
f(g(x)) OR (f o g)(x) 


function g is applied before function f. 










1. Using the functions f(x) = 3x and g(x) = x - 4, demonstrate that 
composition of functions is not commutative. 


Solution: Method 1 


1. Find:  f(gí(x)) 2. Find:  g(f(x)) 
= f(x - 4) - g(3x) 
= 3(x - 4) =Sx- 4 
= 8x - 12 


3. Since f(g(x)) = 3x - 12 and g(f(x)) = 3x - 4, then f(g(x)) # 
g(f(x)). Thus, composition of functions is not commutative. 


Solution: Method 2 
1. Find (f » g)(x). 2. Find (g ° f)(x). 
g Eva d is Bp aie Ore 16 MEET T 


(f « g)(x) 3x - 12 | (gof)x)-3x-4 


3. Since (f o g)(x) Æ (g » f)(x), composition of functions is not 
commutative. 


Note: The commutative property is not required in a group. 
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2. Let h(x) = x? and r(x) = x + 3. a. Evaluate (h o r)(5). b. Find the 
rule of the function (h » r)(x). 


Solution 
a. To evaluate | b. Use the same process with (h o r)(x). 
(hor)(5) apply r Under r, x ^x + 8. Under h, x +3 
first. Under r, 5 > 8. is squared. 
Under h,8 is squared. ; h 
" h x — x + 3 —> (x + 3)? =x? + 6x +9 
5 — 8 — 64 
p te (ho r)(x) =x? +6x+9 Ans. 


(h o r)(5) = 64 Ans. 
Note: By substituting x = 5 in the rule (h o r)(x) = x? + 6x + 9, 
we can show again that (h » r)(5) = (5)? + 6(5) + 9 =25+ 30 +9 = 
64, 





EXERCISES 


In 1-8, using f(x) = x + 5 and g(x) = 4x, evaluate the composition. 


1. f(g(2)) 2. g(f(2)) 3. f(g(-1)) 4. g(f(-1)) 
5. f(g(0)) 6. g(f(0)) 7. g(£(4)) 8. f(g(i) 


In 9-16, using f(x) = 3x and g(x) = x - 2, evaluate the composition. 
9. (fo g)(4) 10. (gof)4) 11. (feo g)(-2) 12. (go f)(-2) 
13. (go f0) 14. (fog)0) 15. (go f)$) 16. (fo g)\(f) 


In 17-24, using h(x) = x? and p(x) = 2x - 3, evaluate the composi- 
tion. 


17. (ho p)2) 18. (poh)2) 19. (poh)1) 20. (hep)(1) 
21. (pe h)(-3) 22. (hep)(-3) 23. (ho p)(1.5) 24. (po h)(1.5) 


25. Let f(x) =x * 6 and g(x) = 3x. a. Find the rule of the function 
(fo g)(x). b. Find the rule of the function (g o f)(x). c. Does 
(f o g)(x) = (g ° f)(x)? 

26. Let r(x) =x - 8 and t(x) =x’. a. Find the rule of the function 
(ro t)(x). b. Find the rule of the function (t r)(x). c. Does 
(r o t)(x) = (to r)(x)? 

27. Let d(x)=2x+3 and c(x)=x- 3. a. Evaluate (do c)(2). 
b. Find the rule of the function (d © c)(x). c. Use the rule from 
part b to find the value of (d © c)(2). d. Do the answers from parts 
a and c agree? 
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In 28-37, for the given functions f(x) and g(x), find the rule of the 
composition (f o g)(x). 


28. 
30. 
32. 


34. 
36. 


38. 


39. 


40. 


41. 


42. 


43. 


f(x) = 6x; g(x)=x- 2 29. f(x) =x - 10; g(x) = 4x 
f(x) = x; g(x)=2x+5 31. f(x) =x - 3; g(x)=x- 5 
f(x) = 2x; g(x) = 5x 33. f(x) = 3x + 2; g(x) =x - 3 
f(x) = x - 8; g(x)=4x%+6 35. f(x) =5- xig(x) =x +2 
f(x) = x?; g(x) =x- 5 37. f(x) =4- x*; g(x) =x - 2 
If f(x) = x + 8, then the rule of the composition (f o f)(x) is: 


(1) x+8 (2) x +16 (3) 2x +8 (4) 2x + 16 
If g(x) = 2x + 5, what is the rule of the composition (g ° g)(x)? 


Let h(x) = x? + 2x, and g(x) = x - 3. In a to e, evaluate the com- 
position. 

a. (h » g)(4) b. (h » g)(3) c. (h » g)(2) d. (h » g)(1) 
e. (h o g)(-2) f. Find the rule of the function (h » g)(x). 


Let f(x) = x + 5, g(x) = 2x, and h(x) =x - 2. 

If k(x) = (f » g)(x), find the rule of the function k(x). 

. Find the rule of ((f © g) o h)(x), that is, the rule of ((k) o h)(x). 

If r(x) = (g ° h)(x), find the rule of the function r(x). 

. Find the rule of (f o (g © h))(x), that is, the rule of (f o (r))(x). 

. Using parts b and d, does ((f © g) o h)(x) = (f o (g o h))(x)? If 
yes, what group property is demonstrated? If no, explain why. 


ognocnm 


Let b(x) = |x|, d(x) = [x], f(x) = L, g(x) = x - 3, and h(x) = 2x. 


Find the rule of the given composition: 

a. (f° b)(x) b. (d » g)(x) c. (b o g)(x) 
d. (g ° d)(x) e. (g ° f)(x) f. (ho g)(x) 
g. (fo(goh)(x) h. (do (ho f))(x) 

i. (go (ho b))(x) j. (bo (f° h))(x) 


To find a 6% sales tax on an item, Ms. Reres reasoned as follows: 

Using function s, I multiply the price of the item by .06; then, 

using function r, I round the amount found to the nearest whole 

cent. 

a. True or False: If x is the price of an item, then the 6% sales 

tax on the item is found by the composition (r o s)(x). 

b. Evaluate (r o s)($1.39). c. Evaluate (r o s)($16.79). 

d. True or False: If the 6% sales tax is added to the price of the 
item by function t, the customer's bill is found by (t o (r o S))(x). 

. Evaluate (t o (r o s))($3.15). 

Evaluate (t o (r o s))($19.95). 


rh © 
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6-8 INVERSE FUNCTIONS UNDER 


COMPOSITION 
The relation f, shown as a set of ordered 
pairs and illustrated in an arrow diagram, is V d 
a function because every x corresponds to |] N 
one and only one y. 
Function f = {(1, 6), (2, 7), (3, 0)) Function f 


Under function f, x > y. There is another 

DEG relation called f^! in which y — x. In this 
i example, the relation f^! is a function be- 

cause every element of the domain corre- 


sponds to one and only one element in the 
Inverse Function f^! range. The function f^! is called the “‘in- 
verse of f under composition." 


Inverse function f^! = ((6, 1), (7, 2), (0, 3)) 


We have stated that the identity function under composition is 
x — x or i(x) =x or y =x. Notice here that (f^! o f)(x) = i(x), and 
(f o £^)(x) = i(x). 





-1 -1 
idei TEET. 
2 — T — 2 7T — 2—1 
3 — 0 — 3 0 — 3—0 
a OSE ie a RS: 
(£^! o f)(x) = i(x) (f o £^ !)(x) = i(x) 
The relation g, shown as a set of ordered 
pairs and illustrated in an arrow diagram, is L 
a function because every x corresponds to | | 
one and only one y. 
Function g = {(4, 8), (5, 8), (6, 9)} Function g 


The relation g~', however, in which the x 
and y elements are interchanged, is not a a 
function. [ 7 


Relation g ! = ((8, 4), (8, 5), (9, 6)) 


In g^!, 8 > 4 and 8 > 5. Since one ele- 
ment 8 corresponds to more than one ele- 
ment in the range, g`? is called a ‘‘one-to-many relation." 


Relation g^! is 
not a function 
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Conversely, in function g, 4 > 8 and 5 > 8. Since many elements cor- 
respond to the same one element, g is called a *many-to-one function." 

As illustrated by this example, a many-to-one function does not have 
an inverse function under composition. 





Consider function f for which an inverse 
function exists. For every x, there is one 
and only one y. Also, for every second ele- 
ment y, there is one and only one first 
element x. Function f is called a **one-to- 
one function." 

By definition, a function is a one-to-one function if and only if each 
second element corresponds to one and only one first element. 

As illustrated in the first example containing f and f~!, a one-to-one 
function does have an inverse function under composition. 





Function f is one-to-one 


@ For every one-to-one function f: The set of ordered pairs obtained 
by interchanging the first and second elements of each pair in f is f^!, 
the inverse function under composition. 


Recall that the set of real numbers less zero is a group under the 
operation of multiplication. Since zero has no inverse under multi- 
plication, it is necessary to restrict the set of real numbers to those 
elements having inverses so that a group exists. In the same way, by 
restricting the set of functions to those having inverses, namely one-to- 
one functions, we can now say: 


lll The set of one-to-one functions, under the operation of composition, 
is a group. 


Ways to Find the Inverse Function 
In the examples that follow, we will study the function whose rule is 
f(x) =x + 2, or y = $x + 2. Whether stated as a rule or drawn on a 
coordinate graph, the function contains an infinite number of ordered 


pairs. Let us first examine a function with a finite number of ordered 
pairs by selecting some pairs of the function f: (0, 2), (4, 4), and (6, 5). 


1. Ordered Pairs 


The inverse under composition of a one-to-one function is formed by 
interchanging the x-coordinate and y-coordinate of each pair in the 
function. 
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For example, if function f = ((0, 2), (4, 4), (6, 5)}, 
then inverse function f^! = {(2, 0), (4, 4), (5, 6)}. 


2. Coordinate Graph 


In transformation geometry, we learned that (x, y) > (y, x) by are- 
flection in the line y = x. The inverse under composition of a one-to- 
one function f is graphed by reflecting the function f in the line y = x, 
that is, the line whose equation is the identity function i. 

In the figure at the right, the 
identity i(x) =x, or y =x, is 
graphed as a broken line along 
the diagonal. The function f(x) = 
$x *Z2,0fy* jx * 2,is graphed. 
Notice that f contains the points 
whose coordinates are (0, 2), 
(4, 4), and (6, 5). 

By reflecting f in the line y = x, 
we graph the inverse function 
f^!. Notice that £^! contains the 
points whose coordinates are 
(2, 0), (4, 4), and (9, 6). The 
equation of this inverse function 
isf !(x)2» 2x - 4,ory =2x - 4. 





3. Rule of the Inverse 


The rule of the inverse function f~! can be found by interchanging x 
and y in the rule of the given function f. For example: 


(1) Express f(x) = ix + 2 in terms of x and y. f: y= ix *2 
(2) Interchange x and y to form the inverse f!:x-2iy*2 
under composition. 
(3) Solve for y. x- 2=4y 
2(x - 2) = 2(5y) 
2x-4=y 


Note: The rule of the inverse function f! may be written in one of 
two forms: y = 2x - 4orf !(x) = 2x - 4. 

To show that y = 2x - 4 is the inverse function of y = 2x + 2, dem- 
onstrate that the composition of these functions is the identity function. 
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y7$x*2,or f(x) - x 42 
y72x-dM,orf(x)22x-4 


= -1 
x—»ixenilszdse2)-4 | &Í234-4 ÍoiQu- 4a 
=x+4-4 =a = 2+ 2 
=x = X 
(Ea fj) =x (£o Fe) =x 


Restricted Domains and Inverse Functions 


The domain of the function g(x) = x?, or y = x?, is the set of real 
numbers. If x and y are interchanged, the rule for this new relation is 
x = y*, or y = *V/x. Since function y is not one-to-one, the relation 
x = y? is not a function. (See Fig. 1.) 

If the domain of g is restricted, however, so that g is a one-to-one 
function, then the inverse g ' under composition is a function. By 
restricting the domain to the set of positive real numbers and zero, the 
inverse of the function y — x^ is the function x — y?. Since the range 
is restricted to the set of positive real numbers and zero, the function y 
is one-to-one, and can be written as y = Vx. (See Fig. 2.) 


Domain of g = {Real numbers} Restricted Domain of g = {Positive reals 
and zero} 
Function g: y = x? Function g: y =x 
Relation formed Inverse Function g ': y = Vx 
by interchanging Range of g^! = {Positive reals and zero} 
x and y: y-tvVx 


(not a function) 





b : - - L i i ik mdd ke Iau de ee 
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KEEP IN MIND 


1. Only a function f that is one-to-one has an inverse 
under composition. The domain of the inverse is 
the range of the original function. 











2. This inverse f^! is formed by interchanging x and 
y in the given function. 


MODEL PROBLEMS 


l. 





What is the inverse of the function y = 3x + 5? 


Solution: If the inverse of a function is being sought and no opera- 
tion is named, the inverse is assumed to be the inverse under com- 
position. 





1. Write the given function f. y=3x+5 
2. To form f~', the inverse under composi- x=83y+5 
tion, interchange x and y. 
3. Solve for y, so that the answer can be writ- x-5=3y 
ten in the form y = mx + b. | ag 
^ n 
Answer: Q4 m R "E 
nswer: y 3 o y "s 3 


What is the inverse of the function ((8, 7), (2, 1), (5, - 4))? 


Solution: Interchange the x-coordinate and y-coordinate of each 
pair in the given function to find its inverse under composition. 


Answer: {(7, 3), (1, 2), (- 4, 5)] 


EXERCISES] —— — CR 


In 1-4, write the inverse of the given function. 


1 
3. 


5. 


{CL 5), (2, T), (3, -A); (4, -3)) 2. ((0, 6), (4, 2), Cl), (-2,8)) 
((1,1), (2, 2), (3, 3), (4, 4)} 4. (1, k), (2, k +1), (3, + 2) 


Let f = {(3, - 2), (4, -2), (5, - 1)). a. Write the relation formed by 
interchanging the x-coordinate and y-coordinate of f. b. Is this 
new relation a function? If not, explain why. 
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6. True or False: The relation formed by interchanging x and y in 
each pair of a function is also a function. 

7. True or False: The relation formed by interchanging x and y in 
each pair of a one-to-one function is also a one-to-one function. 


In 8-16, write the equation of the inverse of the given function, solved 
for y. 


B. y^ dx 9. y*x-8 10. y » ix 
ll. y=+ix+1 12. y » 4x- 8 13. y »5-x 
14. y - x 15. y- 12 = 3x 16. y * 7» x? 


In 17-19 and 23, select the numeral preceding the expression that 
best completes the sentence or answers the question. 


17, Iff(x) = 6x - 2, then the inverse function f ^! (x) is: 





x t2 y ER ys MEI x 
(j= (2) 2*2 (3) “3 (4) 2*1 
18. If m(x) = 2x - 1,thenm (x) is: 
(1) ix *1 (2) 2x +4 (3) 2x +1 (4) -2x * 1 


19. The inverse of the function y = -2x is: 
(1) y » 2x (2) x =2y (3) x = -2y (4) y=x- 2 


20. Iff(x) = 3x - 7, evaluate: a. f(2) b. f^!(-1) 
21. Ifg(x) = 2x + 4, evaluate: a. g(-3) b. g !(2) 
22. Ifh(x) = 5x - 2, find the value of (h^! » h)(123). 


23. What is the inverse of the function {(3, 1), (4, - 1), (- 2, 6))? 
(1) ((3, -1), (4, 1), (-2, -6)} (2) {(-1, 3), (1, 4), (-6, -2)) 
(3) {(-3,-1), (-4, 1), (2, -6)} (4) 1(1, 3), C1, 4), (6, -2)} 


In 24-26: a. On graph paper, copy the function f. b. Using the same 
axes, sketch the graph of f ^!, the inverse under composition. c. State 
the domain and range of f. d. State the domain and range of f ~!, 


—— r- -F 
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27. Demonstrate that the identity function i(x) = x is its own inverse 
under composition. 


In 28-30: a. On graph paper, draw the graph of the function, includ- 
ing points whose x-coordinates are -2, - 1, 0, 1, and 2. b. On the same 
axes, draw the graph of the relation that is the reflection of the given 
function in theline y = x. c. Is the relation in part b a function? d. State 
the equation of the relation drawn in part b. 


28. y » x^ 29. y = |x| 30. y=3 
31. Under composition, the identity function y = x is its own inverse. 


Name another function in the form y = mx + b that is its own 
inverse. 


6-9 REVIEW EXERCISES 


In 1-9: a. State the domain of the relation. b. State the range of the 
relation. c. Is the relation a function? If not, explain why. 
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8. {(2, 2), (3, 1), RU 3) 9. ((2, 4), (3, 1), (2, 3), (3, 2)} 
10. Ifthe function f(x) = x? - 4x, find the value of f(- 3). 
ll. If g(x) = Wx, find g(- 8). 
In 12-14, select the numberal preceding the expression that best 
completes the sentence or answers the question. 


12. Which of the following is not a function? 


(1) y = |5x| (2) y = 5x? 8) y= & (4) x =5 
13. The domain for h(x) = 2x - 7 is-2 X x X 2. The range is: 

(1) -9:Sy <8 (2)-11€»y €-3 

(3) -11 €» <3 (4) -11 €» € 11 


14. The domain for p(x) = 6 - 2x is (x|-5 X x <1}. The greatest 
value in the range is: 
(1) 16 (2) 8 (3) -4 (4) 4 


In 15-17, state the largest possible domain such that the given rela- 
tion is a function. 
15. f(z)« 5—2 16 xt I $9... 
j x-8 i x? + 4x ' yx- 8 


In 18-20, for the given function: a. State the domain. b. State the 
range. 


18. f(x) = 4x - 12 19. x -& [x] 20. y - /x - 8 





21. Let m(x) = 5x and d(x) = x — 4. 
a. Find (m © d) (6). b. Find (d © m) (6). 
c. Write the rule for (m © d) (x). d. Write the rule for (d 9 m) (x). 


In 22-25: a. Identify the graph of each of the following as a circle, 
an ellipse, a hyperbola, or a parabola. b. Sketch the graph. 
22. 4x7 + y? = 4 23. y= x* —4 
24. 3^ 2 x? — 4 25. y^ ad x? 
26. An ellipse for which the x- and y-axes are lines of symmetry inter- 


sects the x-axis at (6, 0) and the y-axis at (0, 2). Write an equation 
of the ellipse. 






27. Which of the following is the equation of LELTTT y LLLILIII 
the graph shown at the right? SERERE Fa 





(1) 4x* + y? = 16 
(2) x* + 4y? = 16 
(3) x? + 2y? 24 
(4) 2x? + y? 24 
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28. Which of the following is both a function and a hyperbola? 
E s 9 
(1) y2=9-x? Qy-x-9 39y-9-x 0»-; 
In 29-32, given functions f and g, find the rule of the composition 


(f o gXx). 


29. fx) = x + 2; gœ) =x-—9 30. f(x) = 2x + 1; g(x) =x- 3 
31. f(x) = x^ g(0 = 2x + 1 32. f(x) = 3x + 6; g(x) = 5x — 2 


33. Write the inverse of the function ((3, —8), (4, 1), (0, —5), (-2, 6)}. 


In 34-36, write, in the form y = mx + b, the equation of the inverse 

















of the given function. # 
34. y = 6x 35. y = 2x — 14 30. y = 3- ix 
| | 3x — 2 
37. What is the inverse of the function y = — 5 F 
3x + 2 5x — 2 
(1) y= 5 (2) y = 3 
5x + 2 ox — 2 
3) y = 4) y=. 
(3) y 3 (4) y 5 


38. Let f(x) = 5x — 4. 
a. Write the rule for f~}, the inverse under composition. 
b. Find f(2). c. Find f (6). d. Find f^ (0). 
e. Find f^! o f) (17). f. Explain why f is a one-to-one function. 


39. The identity function under composition 1s: 


| 1 
(0y20 Qy-x By=1 (0y-. 


40. The credit-card charges for a telephone call from Maple Grove to 
Carson, dialed directly on a coin phone, are $.52 for the first 
minute or less and $.35 for each additional minute or portion 
thereof. 

a. Graph this step function for charges on calls lasting 6 minutes 
or less. Let x represent the time, and f(x) the charge. 

b. For the domain 0 < x < 6, what is the range? 

c. What is the charge for a 1-hour phone call from Maple Grove to 
Carson? 

d. If the charge for a Maple Grove-Carson call is $6.12, what was 
the maximum time in minutes for this call? 

e. Is the relation formed by interchanging x and f(x) from part a 
also a function? If not, explain why. 


Chapter 





Functions and 


Transformation Geometry 





7-1 TRANSFORMATIONS OF THE 
PLANE AS FUNCTIONS 


In Chapter 5, we studied transformations of the plane and, in Chapter 


6, we studied functions. Since a transformation of the plane is a one-to- 
one correspondence between the points in the plane, it is true that: 


E Every transformation of the plane is a one-to-one function. 


For example, let us compare a familiar transformation of the plane, 


f: A one-to-one algebraic 
function 


f(x) = 2x - 3 


. For every x in the domain, 

there is one and only one cor- 

responding f(x) in the range. 
For example: 


f(10) = 17 
f(6) =9 
f(3) = 3 


Therefore, f is a function. 





such as a line reflection, with a one-to-one algebraic function. 


r4: A reflection in line m 





. For every point in the plane, 


there is one and only one cor- 
responding point (or image) 


in the plane. 
For example: 
rs (A) = A’ 
ra (C) 9C" 
l'm (E) =E 


Therefore, r, is a function. 
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. Since every f(x) corresponds 
to a unique value of x, that is, 
one and only one x, the func- 
tion f is one-to-one. 

For example, if f(x) = 5, 
then x = 4. 


. For the function f: 


domain = {real numbers) 
range = {real numbers} 


Thus, function f is a one-to- 
one correspondence between 
elements of the set of real 
numbers. 
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2. Since every image has a unique 


preimage, that is, one and 
only one preimage, the func- 
tion rm is one-to-one. 

For example, given the 
image B', its preimage is B. 


. For the function r,, : 


domain = {points in plane} 
range = {points in plane} 


Thus, transformation r, Or 
function r, is a one-to-one 
correspondence between the 
points in the plane. 


Just as r,, , the reflection in line m, is a function, it is also true that 
every transformation of the plane is a function. For example: 


Rp: Areflection in point P is a function. 
Ry: A rotation about point M, through an angle of measure 6, is a 
function. 


Coordinate Rules of Transformations 


In Chapter 5, we learned the coordinate rules for many standard 
transformations. As we proceed into this chapter, it is helpful to know 
the function rules of the most common transformations. 


Line Reflections: 
1. A reflection in the x-axis: 
2. A reflection in the y-axis: 
8. A reflection in the line y = x: 
4. A reflection in the line y = -x: 


x-axis (x,y) = (x, -y) 
y-axis (x,y) = (-x,y) 
l'ysg (X) = (^, X) 
Py z-x (x,y) = (-y, -X) 
Point Reflection in the Origin: 
5. A reflection in the origin, or a 
half-turn, or a rotation of 180°: 


Rotations About the Origin: 
6. Counterclockwise rotation of 90^ 
about O: 
7. Counterclockwise rotation of 
180° about O: 
8. Counterclockwise rotation of 
270° about O: 


Ro (x,y) "T (-x, -y ) 


Ro° (X, Y) = (y, x) 
R 180? (x,y) - (X; -y) 


Ray? (3,9) = Q 7X) 
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Translation: 
9. A translation of “a” units hori- 
zontally and “b” units vertically: Tab (¥, y) = (x *a,y +b) 
Dilation: 
10. A dilation of k, where k > 0, and 
the origin is the center of dilation: D, (x, y) = (kx, ky) 


EXERCISES |'— m ————] 


1. Under function f: (x, y) > (x, -y). 
a. Function f is a reflection: 


(1) in the x-axis (2) in the y-axis 
(3) in the line x = y (4) in the line x = -y 
b. State the domain of f. c. State the range of f. 
2. a. If function g is a reflection in the line x = y, the rule of g is: 
(1) (x,y) > (x,-y) (2) (x,y) > (7x, y) 
(3) (2,») > (y, x) (4) (x, y) > (-y, -x) 
b. State the domain of g. c. State the range of g. 


3. Match the name of the transformation of the plane in Column A 
with its function rule in Column B. 


Column A Column B 

1. A reflection in the y-axis. a: (x,y) (x *8,y) 
2. A point reflection in the origin. b. (x, y) > (8x, 3y) 
3. A reflection in the line y = -x. c. (x,y) > (-x, 9) 

4. A dilation of 3. d. (x,y) > (-y, x) 

9. A translation of 3 to the right. e. (x,y) > (-x, -y) 
6. A counterclockwise rotation of 90° f. (x,y) > (-y, -x) 

about the origin. 


4. Let f(x, y) = (x, 0), where the domain is the set of points in the 
plane. 


a. Find f(5, 2). b. Find f(8, 7). c. Find f(8, 4). 
d. The range of f is: 

(1) the x-axis (2) the y-axis 

(3) the set of points in the plane (4) the line y = x 
e. Isf a function? f. Isf a one-to-one function? 


g. Explain why f is not a transformation of the plane. 


9. Given the rule g(x, y) = (2, y). 

Find g(5, 6). b. Find g(9, 7). c. Find g(-8, 7). 
. State the domain of g. e. State the range of g. 
Explain why g is a function. 

Explain why g is not a transformation of the plane. 


m mhap 
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7-2 COMPOSITIONS AND SYMMETRIES 


We have learned that composition is an operation performed on the 
set of functions. Since every transformation of the plane is a one-to-one 
function, composition can be performed on these transformations. 






Earlier, on page 217 of Chapter 5, we learned "E E. E. 
that a reflection in the y-axis followed by a re- eA 3) 
flection in the x-axis is a composition of trans- "Yr | 
formations equivalent to a reflection through 
point O, the origin. Using the symbols learned 
in Chapter 6, we can now indicate this compo- 


sition as: 


l'x-axis 9 y-axis - Ro 


Remember that the composition is read as “a 
reflection in the x-axis following a reflection in the y-axis." That is, for 
the given transformations, we reflect in the y-axis first. 


To perform this composition on a 
point such as A, as shown in Fig. 1, we 
follow the rule outlined in the box at the 
right. 

While we shall study many other com- 
positions throughout this chapter, let us first consider compositions of 
transformations using symmetric figures. 







l,4-axis "x-axis 
—— —À 






A A' A" 





" 


l'«-axis ? y-axis (A) - A 


Symmetries 


Recall that symmetry occurs in a figure when the figure is its own 
image under a given transformation. In Fig. 2, the diagonals of square 
ABCD meet at point M. We have learned three types of symmetry, each 
of which occurs in square ABCD: 


k 
A B 
1. Line symmetry, using rj , Tns T5 , OY Tq- 
2. Point symmetry, using Ry . 
n 3. Rotational symmetry, using Ry 90°, Ey, 1807; 
or Ry,270° - 
In the model problems that follow, we shall use 
D C p Square ABCD and its symmetries to study compo- 
q sitions involving transformations. 
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MODEL PROBLEMS 


k 
A B 
1. In the accompanying figure, k and n are symmetry 
lines for square ABCD. Find r, » r, (A). n 
D C 
How to Proceed | Solution 
1. First, reflect point A in rp 


A— sg ug 


line k to find its image C. 


2. Then, reflect C in line n ct 
to find the image B. n Ck 


Answer: B 


2. In the accompanying diagram, p and q are lines of sym- 
metry, and M is the midpoint of diagonal AC. Find 
Ry ° ry ° rq (D). 





How to Proceed | Solution 


l. First, reflect point D in line 
; n J 8 . R 
q to find its image C. D rq C lp piid 
2. Since C is a point on line p, 
the image of C under a re- 
flection in line p is still C. 


3. Finally, reflect C through 
point M to find the image A. 


Ry ° Tp or,(D)=A 


Answer: A 


Note: As seen in this example, we omit parentheses when writing the 
composition of three or more transformations to reduce the symbolism 
involved. 

A B 
3. In square ABCD, p and n are symmetry lines, and M | " 
is the midpoint of AC. What is r, ° Ry 59» ° r, (AB)? 
(1) AB (2) BC (3) CD (à DA D C*, 
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How to Proceed Solution 


1. Reflect AB in line p to 


find its image AD. 15-2- AD R y,90° DG" AB 
2. Rotate AD  counter- LN. 

clockwise through a 90^ | - 

angle about M to find 

its image DC. 2o. 

—_ ra 9 Ry 90° ° r, (AB) = AB 

3. Reflect DC in line n to 

find the image AB. 
Answer: (1) AB The answer is choice (1) AB. 





"EXERCISES 


In 1-4, p and q are symmetry lines for 
rectangle ABCD. 


P gH 


In 


circle O, and O is the center of rotation. 


"xad eS d 


In 11-18, k and m are symmetry lines for equilat- 
eral triangle ABC, and points A, B, and C are equi- 
distant from point P. 


1l. 


Find r, ° r, (A). 
Find r, ° r, (D). 
Find r, e r, © r, (C). 
Find r, » r, » r, (B). 





5-10, regular hexagon ABCDEF is inscribed in 


Find Reo? ° Rıg0° (A). 
Find R 49° ° R 120° (E). 
Find E399? ° E 159? (B). 
Find R 499° ° E -240° (F). | Ex. 5 to 10 
Find R-120° ° R180° ° R-300° ° R240° (C). 

The composition R-34o° ° Rygo° ° R-6ọ° is equivalent to the trans- 
formation: 

(1) Ri20° (2) Rigo (3) Rao? (4) Eoo? 





Find r, ° r,, (C). 
Find um o rp (G). 
Find r, ° Ty ° lm (A). 





m 
14. Findr, ° rm ° r, (B). 
15. Find Rp 120° » Rp, 320° (A). Ex. 11 to 18 
16. Find rm ° Rp,240° (A). 
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17. Which of the vertices, A, B, or C, is its own image under the com- 
position r, ° Rp 120°? 
18. a. Find the image of each vertex, A, B, and C, under the compo- 
sition r, ° Rp 120° ° r4. 
b. The composition r, ° Rp 120° ° Tm is equivalent to the single 
transformation: 
(1) rk (2) Tm (3) Rp,120° (4) Rp 240° 


In 19-27, k and g are symmetry lines for square A B 
ABCD, and M is the midpoint of diagonal AC. 


19. a. Find r, o r, (B). à 
b. Find ry, 9 r; (B). D C 
c. The answers in parts a and b demonstrate that g 
composition of transformations: Ex. 19 to 27 
(1) is commutative (2) is not commutative 
(3) is associative (4) is not associative 
20. Find r, ° r, ° r, (D). 21. Findr, ° rẹ ° r(A). 
22. Find Ry ° r, ° r,(D). 23. Findr, » Ry ° r,(A). 
24. Findr, o r,(DA). 25. Findr, o r, (BC). 
26. Findr, » Ry ° r, (BC). 27. Findr, » r, o Ry (AB). 
In 28-36, m and p are lines of symmetry for 
regular hexagon ABCDEF. BC m 
28. Findr, or, (D). 
29. Findr, ° r, (E). D 


30. Findr, or, or, (B). A D 
öl. Findr, or, r (C). 
32. Find rm ° r, (AB). AE 

33. Findr, ° r, (AB). Ex. 28 to 36 

34. Findr, or, ° r, (ED). 

35. Findr, ° r, ° r, (CB). 

36. True or False: The composition rm ° r, is equivalent to a counter- 
clockwise rotation of 120^ about the center of regular hexagon 
ABCDEF. (Hint: Find the image of each vertex by using r,, o Tp.) 

In 37-43, h and n are two of the five possible lines 
of symmetry for regular pentagon ABCDE. 

37. Find r, ° r,(E). 38. Findr, ° r, (E). 

39. Findr, ° r,(C). 40. Findr, or, ° r,(D). 

41. Findr, o r, o r, (CB). 

42. Findr,or,or, (BA). 

43. Every point on the pentagon is its own image Ex. 37 to 43 
under the composition: 

(1) lh OT), (2) l'n 9 TR (3) Mn ° Fp (4) Th 9 Fh 9 Th 
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In 44-50, p, q, and m are symmetry lines for 
the figure shown at the right. 


44. Findr, ° r4, (B). 45. Findr, ° ry, (A). 

46. Findr,, ° r,(C). 47. Findr, ° r,(D). 

48. Find r, ° ry ^r, (D). 

49. Findr, ° rg ° r4 (B). 

50. Under the composition rm o rg ° "p, which 
point (A, B, C, D, or E) is its own image? Ex. 44 to 50 





In 51-58, ABCD is a square. The midpoints of of sides AB, BC, CD, and 


DA are E, F, G, and H, respectively. Lines AC, BD, EG, and HF are 
drawn. 


51. Find rpg ° raa (B). 52. Find rsg ° rgg(D). 

53. Find rg ° rgg ° rgg (A). 54. Findrga ° rgg ° raa (H). 
55. Findr4qa ° rgg ° rgg (F). 56. Find rae o rfg ° riz (AE). 
57. Findrgg ° Tg ° rae (BF). 58. Findrgg ° rag ° rgg (AB). 


7-3 MORE COMPOSITIONS WITH 
TRANSFORMATIONS 


The composition of two or more functions, each of which is one-to- 
one, is a one-to-one fuaction. Since every transformation of the plane 
is a one-to-one function, the composition of two or more such trans- 
formations is a single transformation of the plane. 

In Chapter 5, we studied some examples of compositions of trans- 
formations. For example, the composition of two translations is a single 
translation. Now that we have learned to work with functions, we can 
determine rules for the compositions of transformations, as seen in the 
following examples. 


OÜ ExAMPLE 1: 


Find the rule of the composition consisting of a dilation of 2 follow- 
ing a point reflection in the origin. 


Solution: For any point on the plane, we first reflect the point in the 
origin. Then, we dilate its image by a factor of 2. 


R D 
(x, y) ed (-2x,-2y) 


D, o Ro = DJ 
Answer: D_,(x,y) = (-2x,-2y) 
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Note: The rule of this composition may 
be studied by considering a specific tri- 
angle. In the accompanying diagram, the 
coordinates of the vertices of AABC are 
A(1, 0), B(1, 2), and C(0, 2). Thus: 


| 
[ 
f 
| 






Ro D2 
A(1,0) ——A'(-1,0) —— A" (-2, 0) 
B(1,2) ——» B'(-1,-2) — —? B"(-2, - 4) 
C(0,2) — C'(0,-2) ——2» C"(0, -4) 
conn Le p 


D-4(x,y) = (-2x,-2y) 
O ExAMPLE 2: 


Find the rule of the composition of transformations, Ro ° Ds. 


Solution: For any point on the plane, we first dilate the point by a 
factor of 2. Then, we reflect its image in the origin. 


D» Ro 
(x, y) rote (2x, 2y) — (-2x, -2y) 
Ne e 


Ro o D, = D_, 
Answer: D_,(x,y) = (-2x,-2y) 


+B’ DT 
NEC 
r1 7T 1C CNET Note: The composition of transforma- 
TTA" Try Na' | | tions, Ro ° D2, is applied to AABC in the 
m x AX: x| diagram at the left. By using the coordi- 
T T1 T 1 ] mates A(1, 0), B(1, 2), and C(0, 2), we see 
FTT NT] —] that AABC + AA"B"C" by the rule: 
LLLIN E D = (-2x, -2 
— SE. — c T -2(x, y) ( x, y) 
HH S A E a 


Examples 1 and 2 demonstrate that D, » Ro = Ro ° D; that is, the 
composition of these specific transformations is commutative. Will this 
be true for the composition of any transformation? 


[] EXAMPLE 3: 


Let D, (x, y) = (4x, 4y). Let T4 (x,y) = (x + 3, y). 
a. Find the rule of the composition of transformations, T3.9 ° D4. 
b. Find the rule of the composition of transformations, D, o T3 o. 
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Solution 


a. In T4 ° D4, we first dilate the point by a factor of 4. Then, we 
translate its image 3 units to the right. 


D4 T3,0 
(x, y) —— (4x, 4y) — — (4x + 3, 4y) 


T3, ° D4 
Answer: T49 ° D4(x, y) = (4x + 3, 4y) 


b. In D, ° T3., we first translate the point 3 units to the right. Then, 
we dilate its image by a factor of 4. 


T3,0 D4 
(2,9) ——* (X + 8,9) ——* (42 + 12, 4y) 


D4 ° T 
Answer: D, ° T3. (x, y) = (4x + 12, 4y) 


The rules of the compositions found in parts a and b of example 3 
just shown demonstrate that T3, ° D4 # D4 » T3.. In general, it is 
true that: 


ll Composition of transformations is not commutative. 


Glide Reflections 


A line reflection is like a “flip,” and a translation is like a ''shift" or a 
*glide." The pattern of footsteps seen in the following diagram repre- 
sents a composition of a line reflection and a translation, called a glide 
reflection. 


aD og I> 


m 


Q2» Q4» Qe» 


From footstep 1 to 2, we reflect the step in line m, then translate this 
image to the right. From footstep 2 to 3, we again reflect the step in 
line m, then translate this image to the right. Notice that the translation 
is parallel to the line of reflection. 

If we had first translated the footstep to the right and then reflected 
its image in line m, the same pattern would occur. Thus, the composi- 
tion of these specific transformations is commutative. 
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i DEFINITION. A glide reflection is a transformation of the plane 
that represents the composition, in either order, of a line reflection and 
a translation that is parallel to the line of reflection. 


KEEP IN MIND 


The composition of any two transformations of the 
plane is itself a transformation of the plane. 










MODEL PROBLEMS 


1. The coordinates of the vertices of A ABC are A(2, -6), B(2, - 2), and 

C(4, - 5). 

a. On graph paper, draw and label A ABC. 

b. Find the coordinates of the vertices of A A'B'C', the image of 

A ABC after a translation of T, 7. 

c. Find the coordinates of the vertices of A A"B"C", the image of 
A A'B'C' after a reflection in the y-axis. 
The single transformation that maps A ABC onto A A"B"C" is a: 
(1) line reflection — (2) glide reflection — (3) point reflection 
(4) rotation 


g 


Solution 

a. A ABC is graphed at the right. 
b. Under the given translation: 
Toal, y) = (x,y + 7) 


Thus: A(2,-6) > A'(2, 1) 
B(2, -2) > B'(2,5) 
C(4, - 5) ^ C'(4, 2) 
A A'B'C' is graphed at the right. 
c. Under a reflection in the y-axis: 
l',-axis* y) = (s, y) 
Thus: A'(2, 1) > A"(-2, 1) 
B'(2, 5) > B"(-2,5) 
C'(4, 2) > C"(-4, 2) 
AA"B"C" is graphed at the 
right. 
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d. The translation Tọ. is parallel to the y-axis, which is the line of 


reflection. The composition of a line reflection and a translation 
parallel to the line of reflection is a glide reflection (choice 2). 


Answer: a. See graph. b. A'(2, 1), B'(2, 5), and C'(4, 2) 


c. A"(-2, 1), B"(-2, 5), and C"(- 4, 2) 
d. (2) glide reflection 


2. Triangle ABC has the vertices A(0, 3), B(2, 3), and C(4, 5). 


a. 


b. 


C. 


. Under a reflection in the line y = x: 


. Under the translation T_; 3: 


Graph AABC and its image, A A'B'C', after a reflection in the 
line y 7 x. 

Graph AA"B"C", the image of AA'B'C' after the translation 
Ts 

Describe, by name, the single transformation that maps AABC 
onto A A"B"C", 


. Find the rule of the transformation equivalent to T_33 ° ry... 


Solution 


Pyma lty) = (y, x) 


Thus: A(0, 3) > A'(3, 0) 

B(2, 3) > B'(3,2) 

C(4, 5) ^ C'(5, 4) 
AABC and AA'B'C' are graphed at the 
right. 





T_3,3(X; y) = (x = 3, y + 3) 
Thus: A'(3,0) > A"(0, 3) 
B'(3, 2) > B'(0, 5) 
C'(5, 4) > C"(2, T) 

A A" B"C" is graphed at the right. 


AABC maps onto A A"B"C" by areflection in the line y = x + 3, 
as sketched in the coordinate graph. 


Note: The composition of a reflection in the line y = x, fol- 
lowed by the translation T'_3 3, is not a glide reflection because 
the translation is not parallel to the line of reflection. In this 
specific case, the composition is a line reflection. In other cases, 
other transformations may occur. 
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d. For any point: 


Sm T. 
(x, y) 3555 (y, x) —33. (y - 8,x + 8) 


T-3.3 " Firmy (E y) x (y i 3,x + 3) 


Answer: aand b. See graph. c. A reflection in the line y =x + 3. 
d. 7.4549 Pyes) "(y = 8,x +8) 
OR 
(x,y») (y ^8,« * 8) 


. In the accompanying diagram, find k 
the coordinates of rm ° r,(A). 


Solution 

1. First, reflect point A in line k 
(the line y = -x). Recall that 
Fuel y) = (=¥, «x ). 

2. Then, reflect this image in line 
m (the line y = 2). Graph paper 
is helpful in plotting these 
points. Therefore: 


(-8,-2) (2, 8) s (2,1) 
Es SUMA. 





rm © ry(-3,-2) = (2,1) 
Answer: (2,1) A[-93,—2] 
Name the single transformation that is equivalent to the composi- 
tioni T. aus uus. 

How to Proceed Solution 


1. First, reflect the point 
(x, y) in the line y = x. 


(x, y) 273» (y, x) E95, (y, -x) 
2. Then, reflect the image 


: x-axis 9 Ty=x = E2549» 
found in the x-axis. 


3. The transformation that 
maps (x, y) to(y,-x)isa 
rotation of 270? about 
the origin. 


Answer: E549», or a rotation of 270° about the origin. 
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EXERCISES 


1. The coordinates of the vertices of ^A ABC are A(1, 3), B(1, 6), and 
C(3, 3). 
a. On graph paper, draw and label AABC. 
b. Find the coordinates of the vertices of AA'B'C', the image of 
AABC under a point reflection in the origin. 
c. Find the coordinates of AA"B"C", the image of AA'B'C' after 
a reflection in the y-axis. 
d. Name the single transformation that maps AABC onto 
A^ A i B" Pag 
2. The vertices of AABC are A(-6, -2), B(- 4, 1), and C(- 1, 4). 
a. Graph AABC and its image, A A'B'C', under the translation 
Tso- 
b. Graph AA"B"C", the image of A A'B'C' after a reflection in the 
x-axis. 
c. The single transformation that maps AABC onto AA"B"C" isa: 
(1) line reflection (2) point reflection (8) glide reflection 
(4) rotation 


3. The coordinates of the vertices of ACDE are C(0, 1), D(4, 1), and 

E(4, 3). 

a. Graph ACDE and its image, AC'D'E', under a reflection in the 
x-axis. 

b. Graph AC"D"E", the image of AC'D'E' under a reflection in 
the line y = x. 

c. The composition ry=x ° x-axis Which maps ACDE onto 
AC"D"E". is equivalent to the transformation: 
(1) ry.axis (2) ry=-x (3) Roo: (4) E559* 


4. The vertices of ^ ABC are A(0, 2), B(5, 4), and C(6, 2). 
a. Graph ^A ABC and AA'B'C' where R94: (^ ABC) = AA'B'C'. 
Recall that the rule for a rotation of 90? about the origin is 
(x, y) — (—y, x). 
b. Graph ^ A"B"C" such that Rigo (^ A'B'C') = AA"B"C". 
c, Graph AA"B"C" such that r,,.(AA"B’C") = AA"B"C". 
d. The composition r,,,;; © Rigo ° Eoo. is equivalent to the single 
transformation: 
(1) Py=x (2) Dy -—x (3) y-axis (4) R270: 
5. The coordinates of the vertices of ^ BUG are B(1, 1), U(1, 4), and 
G(7, 1). Let r, ,,4,(^ BUG) = AB'U'G', and r,.,(AB'U'G") = 
AB"U"gG". 
a. On graph paper, draw and label ABUG, AB'U'G', and AB"U"G". 
b. State the coordinates of the vertices of AB'U'G'. 
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c. State the coordinates of the vertices of A B"U"G", 
d. Name the single transformation that maps ABUG onto 
AB" D"(" : 
6. Triangle BCD has the vertices B(-1, 2), C(-1, 4), and D(3, 2). 
a. Graph ABCD and its image, A B'C'D', after a reflection in the 


line y = -x. 

b. Graph AB"C"D",. the image of AB'C'D' after the translation 
T5 s. 

c. The single transformation that maps ABCD onto ^A B"C"D" is a: 
(1) line reflection (2) glide reflection 
(3) point reflection (4) rotation 

7. The vertices of AJAM have the coordinates J(1, 0), A(1, 4), and 
M(3, 1). 


a. Let AJAM — AJ'A'M' by a dilation of 2 with the origin as the 
center of dilation. Let AJ'A'M' > AJ"A"M" by a reflection in 
the y-axis. On graph paper, draw and label AJAM, ^J'A'M', 
and JUA "M". 

b. Let AJAM > AJ'"'A"'M"" by a reflection in the y-axis. Let 
AJ''A'"M"" > AJ""A""M"" by a dilation of 2 with the 
origin as the center of dilation. Graph AJ''A'"'M'"" and 
Pod es 

c. True or False: ry.axig © Dz = D3 © ry axis 


In 8-10, the coordinates of point P are (1, -2), and the equations of 
lines m and q are stated in the accompanying diagrams. Find the coor- 
dinates of: a. rm ° r,(P). b. ra 9? r4, (P) 





In 11-16, write the rule of the single transformation that is equivalent 
to the stated composition. 


11. laxis " D4 12. yax ° T» .s 


13. T; -4 9 y-axis 14, T4.—8 o Da 
15. D, o I. o FE 189^ 16. R 189^ o T 1.2 o D, 
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In 17-22: a. Write the rule of the single transformation that is equiv- 
alent to the given composition. b. Name the transformation whose rule 
is found in part a. 


11. "x-axis ° ly-axis 18. R 1809? 9 E o^ 
19. R ig0° 9 Vy-axis 20. Pyex 9 Ty=-x 
21. Tyex o R39? 22. R89? o Py=-x 


7-4 ISOMETRIES, ORIENTATION, AND 
OTHER PROPERTIES 


In Chapter 5, we learned that certain properties are preserved under 
given transformations. Under a line reflection, a point reflection, a 
rotation, and a translation, the following five properties are preserved. 


1. Distance is preserved. 

2. Angle measure is preserved. 
3. Parallelism is preserved. 

4. Collinearity is preserved. 

5. A midpoint is preserved. 


It can be shown that other properties are preserved under these trans- 
formations, such as betweenness of points, and area. 

Under a dilation, distance is not preserved, and area is not preserved, 
while the other properties mentioned are preserved. 


B DEFINITION. A transformation that preserves distance is called an 
isometry . 


Thus, every line reflection, point reflection, rotation, and translation 
is an isometry. Since a dilation does not preserve distance, a dilation is 
not an isometry. 


Orientation (or Order) 


In each of the figures that follow, the vertices of AABC appear in a 
clockwise order, or orientation. In other words, as we go from vertex A 
to vertex B to vertex C, we follow a clockwise direction, indicated in 


the figure by the symbol ( }. | 
Under a translation (Fig. 1), this clockwise order, or orientation, is 
preserved because the images A', B', and C' appear in a clockwise order. 
Under a rotation (Fig. 2), orientation is again preserved because the 
images A’, B', and C' appear in a clockwise order. However, under a line 
reflection (Fig. 3), orientation is not preserved because the images A', 
B', and C' appear in a counterclockwise order, indicated in the figure by 


the symbol n D x 
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Translation | Rotation Line Reflection 


BTB' 





Fig. 1 Fig. 2 Fig. 3 


i DEFINITION. A direct isometry is one that preserves order (or 
orientation). 


Every translation, rotation, and point reflection is a direct isometry. 
In other words, each of these transformations preserves both order 
(orientation) and distance. 

While a dilation preserves order (orientation), remember that a dila- 
tion is not an isometry because it fails to preserve distance. 


i DEFINITION. An opposite isometry is one that changes the order, 
or orientation, from clockwise to counterclockwise, or vice-versa. 


Every line reflection is an opposite isometry. That is, every line 
reflection preserves distance but fails to preserve order. 


Properties Under a Composition 


Recall that a glide reflection is a composition 
of a line reflection and a translation parallel to 
the line of reflection. In the figure at the right, 
AART > AA"R"T" by a glide reflection. What 
properties are preserved under this composition? 

It can be shown that a glide reflection preserves: 
distance, angle measure, parallelism, collinearity, 
and midpoints.'Since these properties are preserved 
by both a line reflection and a translation, it should R" 
be clear that the composition of such transforma- 
tions will also preserve these same properties. 

Notice, however, that orientation is not pre- A" 
served under a glide reflection. In the figure at the 
right, the vertices A, R, and T are in a counter- 
clockwise order, while their images A", R", and T" 
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are in a clockwise order. Therefore, a glide reflection is an opposite 
isometry. 

Since a translation is a direct isometry and both a line reflection and 
a glide reflection are opposite isometries, the example just studied illus- 
trates the fact that: 


E The composition of a direct isometry and an opposite isometry is an 
opposite isometry. 


In the next section, we will examine many other compositions and 
study properties preserved under different given conditions. 





MODEL PROBLEMS 


1. The coordinates of the vertices of A ABC are A(0, 3), B(1, 1), and 
C(4, 1). Given the transformations: 


K(x,y) = (x, 3y) 
L(x, y) z (-x T 2,y = 3) 
M(x,y) = (y - 2,x + 3) 
a. Sketch AABC and its image, AA'B'C', after the transforma- 
tion K. 
b. Sketch AA"B"C", the image of AABC after the transforma- 
tion L. 
c. Sketch AA'"B''C'", the image of AABC after the transforma- 
tion M. 
d. Which transformation given above is not an isometry? 
e. Which transformation given above does not preserve orientation? 


1 
| 
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Solution 


No composition is involved in this problem. In each part, we trans- 
form the original triangle, that is, AABC. 


d. Distance is not preserved 
under transformation K. 
For example, AB = ./5 
and its image A'B'- 
1/37. Therefore, K is not 
an isometry. 


| e. The vertices A, B, and C 
appear in a counterclock- 
wise order. Under trans- 
formation L, their im- 
ages A", B". and C" 
appear in a clockwise 
order. Therefore, L does 
not preserve orientation. 


a. Since K(x,y) = (x, 3y): 
A(0, 3) > A'(0, 9) 
B(1, 1) > B'(1, 3) 
C(4, 1) > C'(4, 3) 
Graph AABC and AA'B'C'. 


b. Since L(x, y) = (-x - 2,y - 3y: 
A(0, 3) > A"(-2,0) 
B(1, 1) > B"(-8, -2) 
C(4, 1) ^ C"(-6, -2) 
Graph AA"B"C". 


c, SinceM(x,y) = (-y - 2, x + 3): 
A(0, 3) > A'"(-5, 3) 
B(1, 1) > B'"(-8, 4) 
C(4, 1) ^ C'""(-8, 7) 
Graph "AW. LII : di o". 


Answer: a,b, and c. See graph. d. K e. L 





Which transformation is an example of a direct isometry? (1) line 
reflection (2) glidereflection (3) point reflection (4) dilation 
Solution 

Since an isometry preserves distance, B 
eliminate choice (4) dilation. A direct 
ae ie ing Ae O/\ 
isometry preserves orientation (or order) —Ó/N. 
as well as distance. P fos | 
As illustrated in the point reflection at "Ap 
the right, the vertices A, B, C, and their a g kn 
images, A’, B', and C', appear in the same C©'€ M A 
clockwise order. Thus, a point reflection b CS 
is a direct isometry. B' 


Answer: (3) point reflection 


EXERCISES 





l. The vertices of AABC are A(1, 2), B(2, 5), and C(5, 2). Under 
transformation P, (x, y) ^ (2 - x,3 - y). 
a. Sketch AABC and its image, A A'B'C', after transformation P. 
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b. Transformation P preserves: 
(1) distance only (2) order only (3) both distance and 
order (4) neither distance nor order 
The vertices of ARST are R(-1, 2), S(0, 5), and T(3, 2). Under 
transformation K, (x, y) > (y + 2, x - 4). 
a. Sketch ARST and its image, ^ R'S'T'", after transformation K. 
b. Is transformation K a direct isometry, an opposite isometry, 
or not an isometry at all? Explain why. 
Triangle ABC has the vertices A(1, 1), B(- 1, 2), and C(1, 6). Given 
the transformations: F(x, y) = (2x, 2y) 
G(x, y) = (2y ~ Lig ~ 1) 
a. Graph A ABC and its image, A.A'B'C', after transformation F. 
b. Graph A A"B"C", the image of A ABC after transformation G. 
c. Which of the transformations given above are isometries? 
(1) F only (2) G only 
(3) both F and G (4) neither F nor G 
The coordinates of the vertices of A ABC are A(-3, - 4), B(-2, - 1), 
and C(0, -5). Under transformation X, A ABC > AA'B'C' by are- 
flection in the x-axis. Under transformation Y, AABC > AA"B"C" 
by a reflection in the origin. Under transformation Z, AABC > 
AA''B''C'" by a reflection in point C. 
a. Graph and label AABC, AA'B'C', AA"B"C" , and AA" BC". 
b. Which of the given transformations is not a direct isometry? 
The coordinates of the vertices of AACE are A(1, 3), C(2, 0), and 
E(8, 6). 
a. Graph and label AACE. 
b. Find the coordinates of the vertices of AA'C'E', the image of 
AACE under a reflection in the line y = x. Graph AA'C'E'. 
c. Find the coordinates of the vertices of A A"C"E", the image of 
AACE under the composition r,-axis ° "y-axis: Graph AA"C"E". 
d. Find the coordinates of the vertices of AA'"C'"E'", the image 
of AACE after a translation that maps P(0, 0) to P'"(2, -5). 
Graph AA'""C'"E'. 
e. Which of the given transformations is an opposite isometry? 
The vertices of A ABC are A(2, 1), B(4, 1), and C(0, - 3). Given the 
transformations: P(x,y) » (1- x,5 - y) 
Q(x, y) = (4 = yk T 1) 
R(x, y) = (-2x, y "i 2) 
Graph A ABC and its image, ^ A'B'C', after transformation P. 
. Graph A.A"B"C", the image of A ABC after transformation Q. 
Graph A A""'B''C'', the image of A ABC after transformation R. 
. Which transformation given above is not an isometry? 
Which transformation given above does not preserve order? 


e acre 
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7. Given: Y is the transformation (x, y) > (-y,-x). 
E is the transformation (x, y) > (x - 1,-y). 
S is the transformation (x, y) > (2x, 2y). 
The coordinates of the vertices of A ABC are A(1, 2), B(5, 1), and 
C(8, - 1). 
a. Sketch AABC and its image, A A'B'C', after the transforma- 
tion Y. 
b. Sketch AA”B"C", the image of A A'B'C' after the transforma- 
tion E. 
c. Sketch AA""B'"C"", the image of ^A A"B"C" after the transfor- 
mation S. 
d. Which transformation, Y, E, or S, is not an isometry? 
e. Which transformation, Y, E, or S, preserves orientation? 


In 8-14, select the numeral preceding the expression that best an- 
swers the question. 


8. Which transformation is not an example of an isometry? 
(1) line reflection (2) rotation (3) translation (4) dilation 
9. Which transformation does not preserve orientation? 
(1) line reflection (2) rotation (3) translation (4) dilation 
10. Which property is not preserved under a glide reflection? 
(1) collinearity (2) distance 
(3) orientation (4) betweenness 
11. Which property is not preserved under a dilation? 
(1) angle measure (2) parallelism (3) area (4) midpoint 
12. Which properties are preserved under a rotation? 
(1) distance only 
(2) angle measure only 
(3) both distance and angle measure 
(4) neither distance nor angle measure 
13. Which transformation is an example of a direct isometry? 


(1) lx -axis (2) ly=x (3) R59: (4) D; 

14. Which rule indicates a transformation that is a direct isometry? 
(1) (x, y) > (x,-y) (2) (x, y) > (-x, -y) 
(3) (x, y) > Cx, y) (4) (x, y) > (y,x) 


15. The coordinates of the vertices of rectangle SEAN are S(1, 1), 
E(1, 3), A(5, 3), and N(5, 1). The transformation B maps (x, y) to 
(xt y,-»). 
a. Graph rectangle SEAN. 
b. Graph quadrilateral S'E'A'N', the image of [(LISEAN after the 
transformation B, and state the coordinates of S. E. A". 
and N’. 
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Which of the following seven properties are preserved by trans- 
formation B: distance, angle measure, collinearity, parallelism, 
midpoint, orientation, area? 


. For each property from part c that is not preserved by trans- 


formation B, cite an example to show that the property does 
not hold. 


16. Given P(3, 2) and Q(7, 4) and the transformations A, B, C. D 
whose rules are stated below. 


ene sp 


A: (x,y) > (x +2,¥ ~ 4) C: (x,y) > (7x,y) 
B: (x,y) > (4- y,x) D: (x%,¥) = (y,x * 1) 


Graph PQ and its image P'Q' after the transformation A. 


. Graph P"Q", the image of PQ after the transformation B. 





Graph P'Q", the image of PQ after the transformation C. 


. Graph P'"Q'" , the image of PQ after the transformation D. 


Compare the slopes of the pairs of segments listed below, and 
tell whether these slopes are equal, reciprocals, additive inverses, 
or negative reciprocals. 

(i) PQ and P'Q' (ii) PQ and P"Q" 
(iii) PQ and P'"Q"" (iv) PQ and P""'Q"" 





7-5 COMPOSITIONS WITH LINE REFLECTIONS 


In this section, we will limit all compositions of transformations to 
those involving line reflections only. Why? The reason may be surpris- 
ing but, in the next few pages, we will demonstrate that: 


E Every isometry (or distance-preserving transformation) can be ex- 
pressed as the composition of either two or three line reflections. 


Case I. Translations 
In Fig. 1, line k is parallel to BK B 


line m 


j , TrR(AABC) = AA'B'C', 
and r,(AA'B'C') = AA"B"C". 
Therefore: 


ra, ° r(AABC) = AA"B"C" 
By studying the diagram, we 


A A! E Er A" 
——5 units —- 


——10 units —————— 


can observe certain facts: 


1. Since AABC — AA"B"C" so Fig. 1 
that every point in the plane 
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moves the same distance in the same direction to its image, the com- 
position rm ° r, where k|[m is a translation. 


2. The distance between lines k and m is 5 units. The distance of the 
translation, measured from A to A", or from B to B", or from C to 
C", is 10 units. Thus, the distance of the translation is twice the dis- 
tance between the parallel lines of reflection. 


3. The direction of the translation is perpendicular to lines k and m, 
and this direction is the same as the direction from the first line of 
reflection, k, to the second, m. 


These three facts will be true for the composition of any two line re- 


flections in which the lines are parallel to each other. Suppose we had 
reflected first in line m and then in line k. This situation is displayed in 


Fig. 2, which follows. 
Bk 
C A | 


-—5 units—- 


B" 


C" A" A' Cc! | 





ae ee Tea a 


Fig. 2 


In Fig. 2, where k||m, r,,(AABC) = AA'B'C', and r,(AA'B'C') = 
AA"B"C". Therefore, rp ° r, (AABC) = AA"B"C". Again, we observe: 


1. The composition rẹ » rm , where k|[m, is a translation. 

2. The distance of the translation is twice the distance between the 
parallel lines of reflection. 

3. The direction of the translation is perpendicular to lines k and m, 
but the direction of the translation is now the same as the direction 
from the first line of reflection, m, to the second, k. 


While Fig. 1 and Fig. 2 indicate that r,, ° r, # Fk ° Tm, each compo- 
sition is a translation whose direction and distance are determined by 
the slope of the lines and the distance between them. 
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The General Case for Translations 


In Fig. 3, we observe a general situation 
where k||m and where rm ° r,(A ABC) = 
AA"B"C". To understand why this 
composition is a translation, let us 
study its direction and distance. 

Direction: In Fig. 3, by the defini- 
tion of a line reflection, AA’ lk, 
BB' Lk, and CC' Lk. Also, A'A" 1 m, 





B'B" | m, and C'C" | m. Since klim, bag A‘ 
certain points must be collinear: B" 

AA'A", BB'B", and CC'C". Each of C" 
these segments is perpendicular to lines Fig. 3 


k and m, and each indicates the direc- 
tion of the translation (as in A to A"). 

Distance: In Fig. 3, if x represents the distance from A to line k, 
then x is also the distance from A’ to k. If y represents the distance 
from A' to line m, then y is also the distance from A" to m. 

Therefore, the distance between lines k and m is (x * y), and the dis- 
tance of the translation from A to A" is x +x + y + y = 2x + 2y = 
2(x + y). 

In a similar way, if w is the distance from B to line k, then w is also 
the distance from B' to k. If z is the distance from B' to line m, then z 
is also the distance from B" to m. Using BB'B", we find that the dis- 
tance between lines k and m is (w + z), and the distance of the trans- 
lation from B to B" is w +w +z +z = 2w + 2z = 2(w + z). Notice, 
however, that (w + z) = (x + y). Therefore, the distance of the trans- 
lation from B to B" is 2(w + z) = 2(x + y). By a similar argument, the 
distance of the translation from C to C" is also 2(x + y). 

These examples demonstrate that every composition of two line 
reflections in parallel lines is a translation. Conversely, it can be shown 
that: 





li Every translation is equivalent to the composition of two line reflec- 
tions, r,, ° Fk, where Kk ||m. 

For example, in Fig. 4, AABC > AA"B"C" by a translation. By 

i [rl et 

choosing two lines k and m such that k L AA", m | AA", and the 
distance between lines k and m is 1(AA"), we illustrate that the trans- 
lation is equivalent to the composition r, ° r,, where k || m. Notice 
that lines k and m are not unique. That is, there are many lines k and 


m that allow us to map AABC onto AA"B"C" by a composition of two 
line reflections. 
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Fig. 4 


The examples we have just studied illustrate another truth concerning 
order, or orientation. Since a line reflection is an opposite isometry and 
a translation is a direct isometry, we observe that: 


E The composition of two opposite isometries is a direct isometry. 
Case II. Rotations 


In Fig. 5, lines k and m inter. 
sect at point P, r,(AABC) - 
AA'B'C', and r,, (AA'B'C") = 
AA"B"C" . Therefore: 


Tm ° ',(AABC) = AA"B"C" 


Consider the case where k and 
m intersect to form an acute 
angle. By studying the diagram, 
we can observe certain facts: 





Fig. 5 


1. The composition rm ° r,, 
where lines k and m intersect at point P, is a rotation about P. 
Hint: To prove that AABC > AA"B"C" by a rotation about P: 
a. Show that PA = PA", PB = PB", and PC = PC". For example, 
since P is a point on each line of reflection, PA = PA' and PA' = 
PA", Thus, PA = PA". 
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b. Show that mL APA" = mLBPB" = mLCPC". See step 3 below 
for the start of this proof; then use a plan similar to the one 
shown for the general case involving translations. 

(The proof is left to the student.) 


2. The direction of the rotation is the same as the direction from the 
first line of reflection to the second. In Fig. 5, using m ° "k, We see 
that the direction from k to m is counterclockwise, and all angle 
measures are positive. Note: A clockwise direction of rotation has 
negative angle measures. 


3. The measure of the angle of rotation is twice the measure of the 

acute angle formed by the intersecting lines k and m. 2d 

In Fig. 5, if x is the measure of the angle formed by PA and line k, 
then x is also the measure of the angle formed by PA' and k. If y is 
the measure of the angle formed by PA' and line 7n, then y is also 
the measure of the angle formed by PA" and m. Therefore, the 
measure of the acute angle formed by lines k and m is (x * y), and 
the measure of the angle of rotation, APA", isx+x+y+y= 
2x + 2y = 2(x + y). 

Conversely, it can be shown that: 


E Every rotation about a point P is equivalent to the composition of 
two line reflections, r,, ° 7, , where lines k and m intersect at P. 


Therefore, given a rotation of x^ about point P, we can demonstrate 
that Rp.» is equivalent to rT, ° ry by choosing lines k and m so that 
k and m intersect at P to form an angle whose measure is $x". Note 
that lines k and m are not unique. 


Note: In Fig. 6, lines x and 
y are perpendicular; that is, 
the lines intersect at an angle 
of 90°. Thus, rą ° r, is a ro- 
tation of 180° about point O, 
the point where lines x and y 
intersect. From this example, 
which is a special case involv- 
ing rotations, we conclude 
that: Fig. 6 
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ll Every reflection through a point P is equivalent to the composition 
of two line reflections, r,, ^» r,, where k 1 m at point P. 


Case III. Glide Reflections 


In Fig. 7, AABC > AA''B'"C"" AN 
by a glide reflection. Recall that a | 
glide reflection is the composition A! 
of a line reflection and a translation 
parallel to the line of reflection. 


Since a translation is the compo- 
sition of two line reflections (for 





example, AA'B'C' = AA''B™o™ by p" 

lk, 9 Tr, ), we conclude that: S 

lk, o Tk, o Tk, (AABC) = AA Bolt Cu te "T 
Fig. 7 


E Every glide reflection is equivalent to the composition of three line 
reflections. 


As seen in Fig. 7, two of these lines of reflection are parallel (k, || k3), 
and the remaining line is perpendicular to the first two (ki 1 k}, and 
kı L k3). The lines k,, k}, and k are not unique. 


Case IV. Any Isometry (Distance-Preserving 
C" Transformation) 


B" Every isometry (or distance-preserving 
transformation) can be displayed by showing 
the effect of the transformation on three non- 

A collinear points. In Fig. 8, for example, there 

A" is one and only one isometry by which A > 

A", B— B"', and C > C"', The following 

sequence of steps and accompanying diagrams 

demonstrates that AABC > AA'"B'"'C'" by 

C B Fig. 8 a composition of no more than three line 
reflections. This procedure is called: 


E The Three-Line Reflection Theorem. Every isometry is equivalent to 
the composition of no more than three line reflections. 
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Step 1 Step 2 


(29 
Ki 





Step 1: Let A > A"" by a reflection in line k4. Construct k, as the per- 
pendicular bisector of AA”. Thus, ry, (AABC) = AA""B'C'. 

Step 2: Let B' ^ B'" by a reflection in line k,. Construct k, as the 
perpendicular bisector of B'B'". Since A'"'B' = A'’B'", then 
A'"" is a point on line k;. Thus, r,, (AA"'B'C") = KAM BMC", 

Step 3: Let C" > C" by a reflection in line k3. Construct k4 as the 
perpendicular bisector of C"C"". Since Ac" = A'"C'"" and 
B''C" = B"'C'", then both A"" and B"' are points on line k;. 
Thus, Tk, (AA B" = AA'"B a Le 


We conclude that: 
D, 9 fo? r, (AABC) = AA'"B''c'" 


The lines of reflection, k,, k,, and k3, are not unique. This can be 
demonstrated by mapping B to B'” as the first step. 

Notice that AABC has clockwise orientation, while AA'"B"'C"" has 
counterclockwise orientation. This demonstrates that the composition 
of three line reflections, or three opposite isometries, is an opposite 
isometry. 

If AA"'B"'C"' had the same order or orientation as AABC, then 
AABC could map onto AA'"B"'C"" by a composition of only two line 
reflections. 


KEEP IN MIND 


Every transformation that preserves distance can be 
expressed as the composition of no more than three 
line reflections. 
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EXERCISES 


In 1-5, select the numeral preceding the expression that best com- 
pletes the sentence. 





1. If line g || line k, then the composition r, o r, is equivalent to a: 
(1) translation (2) point reflection (3) glide reflection 
(4) line reflection 

2. Iflineg 1 line A, then the composition r, o r, is equivalent to a: 
(1) translation (2) point reflection (3) glide reflection 
(4) line reflection 

3. If line g intersects line h, then the composition r, ° r, is equiva- 
lent to a: 

(1) translation (2) glide reflection (3) rotation 
(4) line reflection 

4. The composition of two line reflections is always: 

(1) a translation (2) a rotation (3) a direct isometry 
(4) an opposite isometry 

9. If the composition r, ° r, is equivalent to a rotation of 80°, then 
lines p and q intersect to form an angle whose measure is: 

(1) 40? (2) 80? (3) 90? (4) 160? 


In 6-14, copy AABC and the appropriate 
lines onto graph paper. The coordinates of 
the vertices of AABC are A(0, 4), B (1, 2), 
and C(3, 2). The equation of line k is x = 3, 
of line m is x = 6, and of line p is y = 4, 
Let r, represent a reflection in the x-axis, 
and let r, represent a reflection in the 
y-axis. 





Ex. 6 to 14 


6. a. Find the coordinates of the vertices of AA "B"C", the image of 
AABC under the composition r, o Th. 
b. The composition rm ° r, is equivalent to the isometry: 
(D Tos (3) T... (3) Tus (d) T... 
7. a. Find the coordinates of the vertices of AA "B"C", the image of 
AABC under the composition r, o fus 
b. The composition r, o r,, is equivalent to the translation: 
(1) To,6' (2) Ts o (3) To-6 (4) T-6,0 
8. a. Find the coordinates of the vertices of AA"B"C ", the image of 
AABC under the composition r, o Ps 
b. The composition r, o rp is equivalent to the translation: 
(i Tua (2) Tag (8) To (4) Tso 
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9. a. If r, ° r.(AABC) = AA"B "C". find the coordinates of A", 
B",and C", 
b. Name the single transformation equivalent to rp ° Tx. 
10. a. If r, ° r,(AABC) = AA"B "C". find the coordinates of A", B^, 
and C". 


b. Name the single transformation equivalent to r, ° Ty. 
11. a. If r, ° r,(AABC) = AA"B"C'" , find the coordinates of A", B J^ 
and C". 
b. The composition r, ° r, is equivalent to a reflection through 
the point: 
(1) (3, 4) (2) (4, 3) (3) (6, 4) (4) (0, 0) 
12. A point reflection through A is equivalent to the composition: 
(l1) Fh, (2) fy 97, (3) r% ° Tp (4) ry ° Tx 
13. Which composition is not a translation to the right? 
(1) Tm ° Tk (2) l'm ° ry (3) ry 9 ry (4) ry ° Th 


14. a. If r, o Tm ° Tk(AABC) = AA''B''C'", find the coordinates of 
AUS B". and ce. 
b. The isometry equivalent to rp ° r,, ° Tp isa: 
(1) translation (2) point reflection (3) glide reflection 
(4) line reflection 


In 15-17, copy the two given congru- C B 
ent triangles onto your paper in their 
given positions. Demonstrate that one Ler A" 
triangle maps onto the other by a com- 


position of no more than three line A 
reflections by locating reflection lines. 
B" C" 


15. Demonstrate how 
AABC -— AA Bee. 
D S T 


D m" S " T " 


F E En " 


E m 


16. Demonstrate how 
ADEF => AD''E'"p'"' 


H "n 


17. Demonstrate how 
ARST > AR'"S'"T'', 


18. 


19. 
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a. On graph paper, draw and label the congruent triangles, AABC 
and AA""B"'"C""., whose vertices have the coordinates A(8, 6), 
B(1, 6), C(0, 3), A"'(7, 2), B"'(7, 4), and C'"(10, 5). 

b. Demonstrate that AABC > AAB" by a composition of 
three line reflections by locating reflection lines. 

c. Challenge: If A > A"" by the first line of reflection and B' > 
B'" by the second, find the equations of the three lines of 
reflection. 

True or False: If ARST > AR'S'T' by a direct isometry, then 

ARST can map onto AR'S'T" by a composition of exactly two 

line reflections. Explain your reasoning. 


7-6 GROUPS OF TRANSFORMATIONS 


In Chapter 6, we learned that the set of one-to-one functions, under 
the operation of composition, is a group. Earlier in this chapter, we 
demonstrated that a transformation of the plane is a one-to-one func- 
tion. Therefore: 


E The set of transformations of the plane, under the operation of com- 
position, is a group. 


In symbols, we write (Transformations of the plane, o) is a group. 
This statement indicates that four properties are true: 


l. 


2. 


Closure. The composition of two transformations is a single trans- 
formation. 
Associativity. For all transformations f, g, and h , and for any point P: 


fo (g ° h)(P) = (f » g) o» h(P) 


. Identity, There is an identity transformation I that leaves every 


point on the plane fixed. Thus, I(P) = P, or I(x, y) = (x, y). This 
identity transformation J may be expressed in various forms: 


As a translation: As a dilation whose As a rotation 
center is the origin: about a point P: 


I= Too 1 I 7 Rp, 


where where where 


To.o(x, y) = (x + 0, y + 0) D, (x, y) = (1x, 1y) Rp 0° (x, y) = (x, y) 


4. 


Inverses. For every transformation f, there is an inverse transforma- 
tion f^! such that: 


f'ef(P-*P ano fof^(p)-Pp 
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Other Groups of Transformations 


Selected sets of transformations also form groups under the operation 
of composition. Among them: 


1. The set of all isometries, or distance-preserving transformations, is a 
group under composition. In symbols, (Isometries, °) is a group. 

2. (Direct isometries, °) is a group. 

3. (Translations, ©) is a group. 

4. (Rotations about a point P, °) is a group. 


B DEFINITION. If S is a subset of G and both (S, *) and (G, *) are 
groups, then (S, *) is called a subgroup of (G, *). 


For example, (Translations, °) is a subgroup of (Transformations of 
the plane, °) because both systems are groups, and the set of transla- 
tions is a subset of the set of transformations of the plane. 





MODEL PROBLEMS 


1. Demonstrate that the set of translations under the operation of 
composition is a group. 


Solution 


To demonstrate that (Translations, °) is a group, we must verify 
four properties in general terms: 


1. Closure. 
Ta.b Ted 
(x,y) —— (x +a,y + b) =] (x +a+c,y+b+ad) 


T4? Iis? Tatc.b+d 


Therefore, the composition of two translations is a translation. 
2. Associativity. Since the set of all one-to-one functions is associa- 
tive under composition and translations are one-to-one func- 
tions, the set of translations is associative under composition. 
3. Identity. The identity translation is To,o (x, y) = (x + 0,y + 0), 
or simply Too (x, y) = (x, y), as demonstrated below. 


, Ta.b To o 
(x, y) — @ tayt*b)—3 


n MM. 


T'o.o ° L6 = Tat 


(x +a, y + b) 


AND 
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Us] Ee qi es cn ais b) 
ar o mes 


C TE To.o = Tan 


4. Inverses. The inverse translation of Tab (x, y) = (x +a, y + b)is 
T-a,- (x, Y) = (x - a, y - b), as demonstrated below. 


To. b T-a.-b 
(x, y) XC (x + a, y + b) ——» (x, y) 


uu cM. 


[o9 Thy = Tes 


AND 
T3. -b T. b 
(x, y) ——* (x - a, y - b) —— (x, y) 
Tap -a,-b = Too 


2. Give as many reasons as possible to indicate why the set of half- 
turns about a point P is not a group under composition. 


Solution 
(Half-turns about point P, o) is not a group because: 


l. It is not closed. The composition of two half-turns about point P 
is equivalent to (x, y) > (x, y), which is not a half-turn. 

2. There is no identity in the set of half-turns. That is, there is no 
half-turn whose rule is (x, y) > (x, y), leaving every point on the 
plane fixed. 

3. If a system has no identity, then it also has no inverses. 


l. Let (R, o) represent the set of all rotations about the origin under 
the operation of composition. 


a. Find R49» ° Rego b. Find R44,» o R 84° 
c. Name the group property that is demonstrated by the statement 
Rg 9 R, = Ro, ,. 


d. Explain why (R, o) is associative. 
e. Name the identity rotation in (R, o). 
f. Find Rọ o Rọ g. Explain why (R,°)isa group. 
2. Let D,(x, y) = (kx, ky), where k > 0. Then, (D, , °) represents 
the set of all dilations under the operation of composition. 
a. Find D, o D, b. Find D, o D}. c. Find D, o D;. 
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d. True or False: D, » D, = Da, where a > 0 and b 0, demon- 
strates that the set of dilations is closed under composition. 

e. What is the identity element in (D, , °)? 

f. What is the inverse for D, in this system? 

g. Is (D,,») a group? Explain why. 


In 3-6: a. Is the given set of transformations closed under the opera- 
tion of composition? b. If the answer to part a is “no,” explain why. 


3. 
5. 


T 


10. 


11. 


12. 


14. 


Isometries 4. Direct isometries 
Line reflections 6. Glide reflections 


Let Reo,, where k is an integer, represent the set of rotations 

about the origin through angles whose measures are 60k degrees. 

Included in this set are R.$9*, Ro», Ro», Rizo’, and so forth. 

Demonstrate that this set of rotations under the operation of 

composition is a group. 

Let R49,, where k is an integer, represent the set of rotations 

about the origin through angles whose measures are 30k degrees. 

a. Is (R43, °) a group? Explain why. 

b. Is (Reo,, o) a subgroup of (E3o., o)? Explain why. 

Give as many reasons as possible to indicate why the set of line 

reflections is not a group under composition. 

Give as many reasons as possible to indicate why the set of oppo- 

site isometries is not a group under composition. 

a. Let D,(x, y) = (ax, ay), where a is any real number. Find the 
reason why (D,, °) is not a group. 

b. Let D,(x, y) = (bx, by), where b #0. Is (D,, °) a group? 
Explain why. 

True or False: (Translations, o) is a subgroup of (Isometries, ^). 

True or False: (Rotations, °) is a subgroup of (Direct isometries, o). 

True or False: (Opposite isometries, o) is a subgroup of (Isom- 

etries, ^). 


7-7 REVIEW EXERCISES 


Let k represent any transformation of the plane. 
a. State the domain of k. b. State the range of k. 
c. True or False: The transformation k is a one-to-one function. 
Given the transformations F(x, y) = (2x, y) 
G(x, y) = (x + 3, -y) 
a. Write the coordinate rule of the composition, G ° F. 
b. Write the coordinate rule of the composition, F o G. 
c. Write the coordinate rule of the composition, G » G. 
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In 3-18, and n are symmetry lines for square ABCD, A4B 
and M is the midpoint of diagonal BD. 

3. Find r, o r, (B). 4. Findr, o r, (B). 

5. Findr, o» rẹ o r, (D). 6. Findr, or, or,(D). DiC 
7. Find Ry ° r,(C). 8. Findr, o Ry (A). * nm 
9. Findr, o r, (BC). 10. Findr, » r, (BC). Ex. 3 to 13 


11. Find E y 270° V rS (DA). 12. Find rn 9 R y. 90° (BA). 
13. By finding the image for each vertex of the square under the given 
composition, we can show that Ry o Fk © r, is equivalent to the 


single transformation: 

(1) R y. o? (2) Ry 270° (3) rk (4) r,, 
14. The coordinates of the vertices of AABC are A(1, - 4), B(8, 1), and 

C(8, - 3). 

a. On graph paper, draw and label AABC. 


b. Find the coordinates of the vertices of AA'B 'C', the image of 
AABC reflected over the y-axis. Graph AA'B'C'. 

c. Find the coordinates of the vertices of AA"B "C", the image of 
AA'B'C' reflected over the line y = -x. Graph AA"B"C"., 

d. Find the coordinates of the vertices of AA'"B "^C"". the image 
of AA" B"C" under the translation T^ -;. Graph AA "B'O", 


15. The coordinates of point P are 
(5, 2), the equation of line k is 
x = 3, and the equation of line g is 
y 7 x. Find the coordinates of: 
a. ry o rj(P) b. rẹ 9 T,.(P) 
c. T, or, (P) d. r, o r,(P) 





Ex. 15 


In 16-19, write the rule of the single transformation that is equivalent 
to the stated composition. 
16. ry-axis ° 725 IL Dern 
18. l'yz-x o R 80° 19. le-axis o T4 o D4 


20. The single transformation that is equivalent to the composition 
Py=x ° l'x-axis is: 


(1) Roo» (2) Rygoe (3) R5 (4) To. 
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The vertices of AABC are A(1, 2), B(4, 4), and C(4, 2). Given the 
transformations: 


F(x, y) x (4 - X, -y) 
G(x, y) = (-x, y - 1) 
H(x, y) = (2x, y + 3) 


a. Graph AABC and its image, AA'B'C', after transformation F. 
b. Graph AA"B"C", the image of AABC after transformation G. 
c. Graph AA"'B"'C"",theimage of AABC after transformation H. 
d. Which transformation given above does not preserve order? 

e. Which transformation given above is not an isometry? 


In 22-25, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


22. 


23. 


24. 


25. 


26. 


27. 


Which transformation is an example of a direct isometry? 

(1) Tx-axis (2) Ty=s (3) D, (4) R 49? 
A property not preserved under a line reflection is: 

(1) collinearity (2) angle measure (3) orientation (4) distance 
If lines a and b are parallel, then the composition r, o rẹ is equiva- 
lent to a: 

(1) rotation (2) translation (3) glide reflection (4) dilation 
If line c intersects line d, the composition r, ° rg is equivalent to a: 
(1) rotation (2) translation (3) glide reflection (4) dilation 


Copy the two given congruent tri- A" C" 
angles onto your paper in their given A | 
positions. Demonstrate that AABC > 


AA'"B'"C"" by a composition of no 
more than three line reflections by 
locating reflection lines. 


B in 





C B 
Ex. 26 


True or False: Since a line reflection is an opposite isometry, the 
composition of two line reflections is also an opposite isometry. 


In 28-31: a. Tell whether the given set of transformations is a group 
under the operation of composition. b. If the system is not a group, 


explain why. 
28. (Isometries, ©) 29. (Line reflections, o) 
30. (Translations, °) 31. (Rotations about point P, o) 





Chapter | 





Trigonometric Functions 





8-1 THE RIGHT TRIANGLE 


The word trigonometry, which is Greek in origin, means ‘‘measure- 
ment of triangles." Although the study of trigonometry includes much 
more than the measurement of triangles, we will begin by recalling 
some relationships in the right triangle. 

In a right triangle, the Aypotenuse, which is the longest side, is oppo- 
site the right angle. The other two sides, which are contained in the rays 
of the right angle, are called legs. These legs are identified as the oppo- 
site leg and the adjacent leg to describe their positions relative to the 
acute angles of the triangle. (See A ABC in Fig. 1 and AABC in Fig. 2. 
Notice that they are the same triangle.) 





leg | leg 
| Opposite adjacent 
LA to ZB 
A leg adjacent C A leg opposite C 
to ZA ZB 
BC is opposite / A. AC is opposite L B. 
AC is adjacent to / A. BC is adjacent to / B. 
Fig. 1 Fig. 2 
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Similar Triangles 


In Fig. 3, AACB, AAED, and AAGF are right 
triangles. Since each triangle contains LA and a 
right angle, the triangles are similar by a.a. = a.a. 


AACB ~ AAED ~ AAGF 


Corresponding sides of similar triangles are in 
proportion. Thus: 


CB _ ED _ GF 


AC AE AG 

Each of these ratios compares the length of 4 cœ | E G 

the opposite leg to the length of the adjacent 

leg and has a constant value for every right tri- 

angle with a specific acute angle. This ratio is called the tangent of the 
angle. 





Fig. 3 


, = —length of side opposite £A _ 
- tangent of LA = Tength of side adjacent to LA 
OR 
tan a = SEE 
adj 


Using the same similar triangles, we can write other ratios. 


-— —À ———— 
-—Ó = 


Each of these ratios compares the length of the opposite leg to the 
length of the hypotenuse. This ratio is called the sine of the angle. 


length of side opposite LA 


2 sine of LA = length of hypotenuse 
OR 
Opp 
nA = 
hyp 


Using these same similar triangles, we can write a third set of ratios. 


—— — 
—— — m 
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Each of these ratios compares the length of the adjacent leg to the 
length of the hypotenuse. This ratio is called the cosine of the angle. 


length of side adjacent to 1A 


- comne of LA = length of hypotenuse 
OR 
cosA = 2. 
hyp 
MODEL PROBLEM] OSS — — A 
B 
In the diagram, A ABC is aright triangle with mZC = 90, 
AC = 5, BC = 12, and AB = 13. Find the value of: 
a. tan A b. sin A c. cos A 13 
d. tan B e. sin B f. cos B 12 
A 9 G 
Solution 
= OPP _ BC _ 12 .9pp. AC 5 
a. tan A adi E rs 5 Ans. | d. tan B adj BC ^12 Ans. 
1 = opp = BC = 12 1 = opp = AC = 5 
b. sin A hyp AB 13 Ans.| e. sinB = aor: ton Ans. 
. adj _AC_ 5 . adj | BC _ 12 
C. cosA = hyp "AB 13 Ans.| f. cosB hyp AB 13 Ans 
| EXERCISES | 








In 1-6, ARST is a right triangle with mZS = 90, RS = 15, ST = 8, 
and RT = 17. Give the value of the ratio as a fraction. 


+ 
17 
1. sinR 2. cosR 3. tan R 8 
4. sin T 5. cos T 6. tan T 
R 15 S 


Ex. 1to 6 
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In 7 and 8, A ABC isan equilateral triangle with AB = 10 and BD 1 AC. 


B 
7. a. Find AD. b. Find BD. 
10 c. Find sin A. d. Find cos A. 
e. Find tan A. f. Find cos 60°. 
8. a. Find mZCBD. b. Find sin 30°. 
c. Find cos 30°. d. Find tan 30°. 


A D CG 
Ex. 7 and 8 


8-2 ANGLES AS ROTATIONS 


In our study of geometry, we limited the measures of angles to values 
greater than 0^ and less than or equal to 180^. There are, however, 
many situations in which the measure of an angle can be less than 0° 
or greater than 180°. 

When a wheel turns, the change in position of any 
one spoke generates an angle of any size. For exam- 


ple, if a wheel makes $ of a complete rotation in the A 
counterclockwise direction, a spoke that was initially 
in the position OA (see Fig. 1) is rotated to the posi- a: 
tion OA’. The rotation, L AOA', measures 225° ($ of 


Fig. 1 
360°, a complete rotation). " 


If a wheel makes $ of a complete rotation in the 

p counterclockwise direction, a spoke that was initially 
in the position OB (see Fig. 2) is rotated to the posi- 
tion OB’. The rotation, / BOB’, measures 270° (2 of 


B' 360°). 
Fig. 2 
If a wheel makes 2 of a complete rotation in the C' 


clockwise direction, a spoke that was initially in 


—> 
the position OC is rotated to the position OC' (see C 
Fig. 3). This is a rotation through 240^, but in the 
direction opposite to that of / AOA' and L BOB'. 
On the number line, we use positive and negative 
values to indicate opposite directions. We will do Fig. 3 
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the same with angles. Since we let a rotation in the counterclockwise 
direction be positive, we will call a rotation in the clockwise direction 
negative. Thus, the rotation, LCOC', measures - 240°. 


E An angle formed by a counterclockwise rotation has a positive mea- 
sure. An angle formed by a clockwise rotation has a negative measure. 


Classifying Angles by Quadrant 


The ray from which a rotation begins is called the initial side of the 
angle. 





B' 


In the diagrams, OA is the initial side of / AOA', OB is the initial 
side of L BOB', and OC is the initial side of COC’. 

The ray at which the rotation ends is called the terminal side of the 
angle. 

—— ——À 

In the diagrams, OA' is the terminal side of L AOA’, OB' is the ter- 
minal side of BOB’, and OC' is the terminal side of / COC'. 

In studying angles as rotations, we will find it convenient to associ- 
ate angles with the coordinate plane by placing the vertex of an angle 
at the origin. We say that an angle is in standard position when its 
vertex is at the origin and its initial side coincides with the non-negative 
ray of the x-axis. 


The x-axis and y-axis divide the plane into four 
quadrants, as shown in the diagram. An angle in 
standard position is classified by the quadrant in 
which the terminal side lies. 

Examples of four angles in standard position are 
given at the top of the next page. 
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First-quadrant Second-quadrant Third-quadrant Fourth-quadrant 
angle angle angle angle 


If 0 < mL AOB < 90, AOB is in the first quadrant. 

If 90 < mL AOB < 180, L AOB is in the second quadrant. 
If 180 < mZ AOB < 270, LAOB is in the third quadrant. 
If 270 < mL AOB < 360, LAOB is in the fourth quadrant. 


An angle in standard position whose terminal side lies on one of the 
axes is a quadrantal angle. The measure of a quadrantal angle is a multi- 
ple of 90 degrees. 


An angle of 90° An angle of 180* An angle of 270° 
or 2(90°) or 3(90^) 


Coterminal Angles 
— 
When ray OD is rotated 300" in the coun- 
terclockwise direction (*300^), the terminal 
aaa 
side of the angle, OD’, lies in the fourth quad- 
= 
rant, as shown in the diagram. When OD is 
rotated 60° in the clockwise direction (- 60°), 
—— 
the terminal side of the angle is also OD'. In 
standard position, an angle of 300" and an 
angle of -60° have the same terminal side. 
Angles in standard position having the same 
terminal side are coterminal angles. If two 





Trigonometric Functions 339 
angles are coterminal, the difference of their measures is 360? or a mul- 
tiple of 360^. Notice that 300? - (-60°) = 360°. 


When a wheel continues to turn, it makes more than one rotation, 
thus generating angles of more than 360°. 


A NWO- aq 


An angle of 430° is An angle of 870° is cotermi- An angle of 320° is 


coterminal with an nal with an angle of -210° coterminal with an 
angle of 70° because: because: angle of - 400° be- 
430° - 70° = 360° 870° - (-210°) = j 

1080° = 3(360°) 320° - (- 400°) = 


720° = 2(360°) 


If x and y are the measures of coterminal angles, then x - y = 360k 
for some integer, k. Therefore, x - 360k = y. For example, to find 
angles coterminal with an angle of 910°, add or subtract multiples of 
360°. 


910° - 360° = 550° | 

550° - 360° = 190°, that is, 910° - 360?(2) = 190° 

190° - 360° = -170°, that is, 910° - 360°(3) = -170° 
OR 


910° + 360° = 1270°, that is, 910° - 360°(-1) = 1270° 
1270° + 360? = 1630°, that is, 910° - 360°(-2) = 1630? 


Thus, angles of 1630°, 1270°, 910°, 550°, 190°, and -170° are all 
coterminal angles. 
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MODEL PROBLEMS 


1. In which quadrant does an angle of the given measure lie? 
a. 200° b. -40? 
Solution 
a. Since 180 < 200 < 270, the angle is in the third quadrant. Ans. 
b. An angle coterminal with an angle of -40° has a measure of 
-40 + 360 = 320, or 320°. Since 270 < 320 < 360, the angle is 
in the fourth quadrant. Ans. 


2. Find the angle of smallest positive measure that is coterminal with 
an angle of the given measure. a. 790" b. -100* 


Solution 


a. Subtract 360? or a multiple of 790? - 360? = 430° 
360° from the given measure 480? - 360? = 70^ Ans. 
until a measure between 0^ and 
360° is obtained. 


b. Add 360°, that is, -360^(-1) -100° + 360° = 260^ Ans. 
to the given measure. 


EXERCISES | | 


In 1-15, determine the quadrant in which an angle of the given mea- 
sure lies. 


1. 140° 2. 210° 3. 97° 4. 315° 5. 80° 
6. 240° 7. -168° 8. -200° 9. -260° 10. 175° 
11. -340° 12. -380° 13. 500° 14. -475° 15. 420 


In 16-30, find the angle of smallest positive measure coterminal with 
an angle of the given measure. 


16. 400° 17, 520° 18. 710° 19. 375° 20. 580° 


21. 450° 22. 790° 23. 840° 24. -30° 25. -110° 
296. -370° 27. -540° 28. -400° 29. -75° 30. -800° 


In 31-40, draw an angle of the given measure, indicating the direction 
of the rotation by an arrow. 


31. 100° 32. 210° 33. 270° 34. 315° 35. 360° 
36. 540° 37. 700° 38. -50° 39. -140° 40. -200° 
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8-3 SINE AND COSINE AS COORDINATES 


Let AABC in the diagram be a 
right triangle with B at the origin 
and C on the x-axis of the coor- 
dinate plane. If AB =c, AC = b, 
BC =a, and mL BCA = 90, then 


sin B i ud cos B = €. 
c c 





In the diagram, we see a circle 
with its center at the origin and 
its radius of length 1. Such a circle 
is called the unit circle. Since BA 
intersects the circle at P, and BP 
is a radius of the unit circle, 
BP = 1. Under a dilation, Di 


A(a, b) > P(x, y) 
C(a, 0) c Q(x, 0) 
B(0, 0) > B(0, 0) 





Since right APBQ is similar to right A ABC, we can express the sine 
and cosine of angle B, using ^ PBQ. Therefore: 
PQ y BQ 


^ x 
sin B = === y cosB-'gp^i^* 

The sine and cosine of an angle can be expressed in terms of the coor- 
dinates of the point at which the terminal side of the angle in standard 
position intersects the unit circle. This relationship between the coor- 
dinates of a point on the terminal side of the angle and the sine and 
cosine of the angle will make it possible to define sine and cosine for 
angles that are not the angles of a right triangle. 
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B Ina unit circle, if m- ROP = 6, then sin 0 = y, and cos 0 = x. 


Note: Greek letters are often used as the measures of angles in trigo- 
nometry. For example: 0, theta; o, phi; and p, rho. 


To find the sine and cosine of an angle, we must think of the length 
of a line segment as a directed distance. 

In geometry, we always considered the length of a line segment to be 
positive. When we are defining the trigonometric functions, it is often 
convenient to associate the length of a line segment with the coordi- 
nates of a point. Thus, a vertical line segment will be considered posi- 
tive if it is above the x-axis and negative if it is below the x-axis. A 
horizontal line segment is positive if it is to the right of the y-axis and 
negative if it is to the left of the y-axis. 


8-4 THE SINE AND COSINE FUNCTIONS 


The Sine Function 


A circle with a radius of measure 1 
(a unit circle), has its center, O, at the 
origin of the coordinate plane. Let R 
be the point (1, 0) at which the circle 
intersects the x-axis, and let P be any 
point on the circle. Angle ROP is an 
angle in standard position. Draw 
PQ l to the x-axis such that Q is the 
foot of the perpendicular. If the coor- 
dinates of P are (a, b), then PQ = b. 
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li The sine function assigns to every 0 that is the measure of an angle 
in standard position a unique value 5 that is the y-coordinate of the 
point where the terminal side of the angle intersects a unit circle with 
its center at the origin. 


sine 
0 — b 


The value b is called “‘the sine of the angle whose measure is 0," 
written: 


b = sin 0 


In the diagram, / ROP is an angle of 
143^, and the coordinates of point P 
on circle O are (-.8, .6). Therefore: 


sin 143^ = .6 
Thus, PQ = .6, or PQ = sin 143°. 





The diagrams that follow show an angle in each quadrant, where 
m/ ROP = 0 and sin 0 = PQ. 





First quadrant Second quadrant Third quadrant Fourth quadrant 


PQ is positive. PQ is positive. PQ is negative. PQ is negative. 
Sin @ is positive. Sin @ is positive. Sin 0 is negative. Sin @ is negative. 
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The Cosine Function 


Look again at the unit circle with 
its center, O, at the origin and points 
R(1, 0) and P(a, b) on the circle. 
Draw PQ perpendicular to the 
x-axis so that Q is the foot of the 
perpendicular. The x-coordinate of 
Pisa = OQ, a directed distance. 


E The cosine function assigns to 
every 0 that is the measure of an 
angle in standard position a unique 
value a that is the x-coordinate of 
the point where the terminal side of the angle intersects a unit circle 
with its center at the origin. 





cosine 
0 ————— 
The value a is called ‘‘the cosine of the angle whose measure is 0," 
written: 
a = cos 0 


In the diagram, / ROP is an angle of 
143^, and the coordinates of P on 
circle O are (- .8, .6). Therefore: 


cos 143? = -.8 


Notice that OQ - -.8, a negative 
value because it is measured to the left 
of the origin. 

The diagrams that follow show 
an angle in each quadrant, where 
mZ ROP = 0 and cos 0 = OQ. 





First quadrant Second quadrant Third quadrant Fourth quadrant 


OQ is positive. OQ is negative. OQ is negative. OQ is positive. 
Cos @ is positive. Cos Ó is negative. Cos Ó is negative. Cos Ó is positive. 
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MODEL PROBLEM 
Find: a. sin180° b. cos 180? 


Solution 


In the diagram, / ROP is an angle of 
180°, and the coordinates of point P 
on the unit circle are (x, y) = (-1, 0). 
Therefore: 








a. sin 180° = y b. cos 180° =x 
sin 180° = 0 cos 180° = - 
Ans. Ans. 
EXERCISES 
In 1-4, mZ ROP = 0 and OR = 1. Given the coordinates of point P 
on circle O, find: a. sin @ b. cos 0 





1. P(.96,.28) 2. PCs. YT 3. P(-.5,-—.8) 4 PES. 4 


5. Name the quadrants in which an angle of measure 0 could lie when: 
a. cos@ > 0 b. cos? < 0 


6. Name the quadrants in which an angle of measure 0 could lie when: 
a. sin > 0 b. sin0 < 0 


7. Name the quadrant in which an angle of measure 0 could lie when: 
a. sin@ > 0 and cos > 0 b. sin 0 < 0 and cos 0 > 0 
c. sin < 0 and cos0 < 0 d. sin 0 > 0 and cos 0 < 0 
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and V(0, - 1). Find: 





mpwr"moom 
~ 
eJ 
o 
7 


8-5 THE TANGENT FUNCTION 


Let us look again at right tri- 
angle ABC with B at the origin 
and C on the positive ray of the 
x-axis in the coordinate plane. If 
AB =c, AC =b, BC =a, and 
mZ BCA = 90, then: 


tan B = 2 
a 

In the diagram, we see a 
circle with its center at the 
origin and its radius of length 
1. A line is drawn tangent 
to the circle at point R. 


— 
Thus, BA intersects the unit 
circle at P and the tangent 
line at T. 


Under a dilation, D1: 
c 
A(a, b) > P(x, y) 


C(a, 0) > Q(x, 0) 
B(0, 0) > B(0, 0) 


Under a dilation, D1: 
a 
A(a, b) > r(1, 2) 


C(a, 0) > R(1, 0) 
B(0, 0) > B(0, 0) 





mT D r ~ g 


8. Circle O is a unit circle that inter- 
sects the x-axis at R(1, 0) and 
S(-1, 0) and the y-axis at P(0, 1) 


. cos 0° 
. mZ ROP 
sin 90? 
. cos 180° 
m/ ROV 
sin 270? 





A(a,b) 
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Since right AABC ~ right ATBR ~ right APBQ, we can express the 
tangent of angle B by using any of these triangles. 


uA as iD. 
In AABC, tan B = 55 a` 
b 
apadi uM uS 
In ATBR, tan B BR i "e 
| PQ Y 2228 
In APBQ, tan B BQ ` x Thus, x^ ui 


We can use the ratio of the coordinates of the point where the termi- 
nal side of an angle intersects the unit circle to define tangent. 


Look again at the unit circle 
with its center, O, at the origin 
and points R(1, 0) and P(a, b) 
on the circle. Draw PQ perpen- 
dicular to the x-axis so that Q 
is the foot of the perpendicular. 
The x-coordinate of P is a = OQ, 
the y-coordinate of P is b = PQ, 
and m/ ROP = 6. 





@ The tangent function assigns to every @ that is the measure of an 
angle in standard position a unique value E that is the ratio of the 


y-coordinate to the x-coordinate of the point where the terminal side 
of the angle intersects a unit circle with its center at the origin. 


0 tangent b 
a 


The value 2 is called “the tangent of the angle whose measure is 0," 


written: 
b 
a 


The tangent function is defined for all values of 0 where a Æ 0. 


= tan 0 
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In the diagram, LROP is an 
angle of 143°, and the coordi- 
nates of point P on circle O are 
(-.8, .6). Therefore: 





tan 149° »—. or 
-8 
s 8. 
tan 143 w^ -.15 


The diagrams that follow show / ROP in each of the four ur quadrants. 


A tangent is drawn to the unit circle O at R(1, 0). Line OP intersects 
the tangent line at T. 





Quadrant I Quadrant II Quadrant III Quadrant IV 
Fig. 1 


In each of the four diagrams in Fig. 1, right APOQ ~ right ATOR by 


QP _ RT 
a.a. = a.a. Thus, —— OQ OR’ We will use this proportion to develop two 


statements regarding the tangent of an angle. 

In each diagram, / ROP is an angle in standard position in the unit 
circle. Let mL ROP = 0. A tangent segment RT is a segment of the tan- 
gent line from R, the point of tangency on the initial side of the angle, 
to T, the point where the line of the terminal side of the angle inter- 
sects the tangent. Notice where RT lies in each of the four diagrams in 
Fig. 1. 


Observation 1: The length of the tangent segment RT, when consid- 
ered as a directed distance, is equal to tan 0. 
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l. Since APOQ ~ ATOR, then corresponding 1. SE. RT 


sides of similar triangles are in proportion. OQ OR 








2. If mL ROP = 6, then Go = tan 0 by definition. 2. tang = ET 
Also, in the unit circle, OR = 1. Substitute these 
values in the given proportion. 

3. Simplify. 3. tan - RT 

sin 0 
Observation 2: For an angle of measure 0, mm — tan 0 

l. Corresponding sides of similar triangles are in 1. a5 = EI 
proportion. QP RT 

2. In the unit circle, OR = 1. 2. OQ BE 

3. If mL ROP = 9, then, by definition, sin@ = QP, 3. sne = tan@ 


cos 0 = OQ, and tan 0 = RT. Substitute these 
values in the proportion, and simplify. 


(Note: If cos @ = 0, then tan @ is undefined.) 


Study the chart that follows, and note the signs of the trigonometric 
functions for angles in each quadrant, Compare these values, and the 
direction of RT, with the four diagrams in Fig. 1 seen earlier. 










Direction of RT 


LD [mere 
ET = 

E 
co 






Bo 
4 
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Quadrantal Angles 





]R(1,0) 
Angle of 0? Angle of 90? 
sin 0° = 0 sin 90° = 1 
cos 0° = 1 cos 90° = 0 


0 1 
[ o ES — = i 9 a 
tan 0 1 0 tan 90 7 


(undefined) 


(—1,0) PUE R(1,0) 


Angle of 180° 


sin 180° = 0 
cos 180° = -1 


tan 180° = - z( 





P(O,—1) 


Angle of 270° 
sin 270° = -1 


cos 270° = 0 


-1 

o E e 

tan 270 0 
(undefined) 


For an angle of 0? (such as /. ROR in the first diagram of the figure 
above), and an angle of 180^, the line of the terminal side of the angle 
is the x-axis. Since this line intersects the tangent to circle O at R, 


tan 0° = 0 and tan 180° = 0. 


For angles of 90° and 270°, the line of the terminal side of the angle 
is the y-axis. Since the y-axis is parallel to the tangent line drawn to 
circle O at R, the y-axis does not intersect the tangent line, and tan 90° 


and tan 270° are undefined. 


Function Values of Coterminal Angles 


Since we have defined the 
sine, cosine, and tangent of an 
angle in terms of the coordi- 
nates of the point at which the 
terminal side intersects the unit 
circle, two angles that are co- 
terminal have the same function 
values. 


In the diagram, OP is the ter- 
minal side of both an angle of 
210° and an angle of -150°. 
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Therefore: 


sin 210° = sin (-150°) = - 


i 
2 
cos 210° = cos (- 150°) = AME 
_i 
2 


tan 210° = tan (- 150°) = 











l. A circle whose ae is at the origin intersects the x-axis at A(1, 0) 
and OB at B(=%, - 1$). If mL AOB = 8, find: 
a. sin 6 b. cos 0 c. tan 0 


Solution 
Sketch the circle. 


a. Since sin @ is the y-coordinate of point 


B, sin 0 = -ii, Ans. A(1,0) 
b. Since cos @ is the x-coordinate of point 
B, cos 0 = E Ans. 
S TE ns " B (5,12) 
sind -13 18. 12 , 
c. Then tan 0 = cR B" 5 13 B^ Ans. 


2. In what quadrant is an angle of measure 0 if sin 0 > 0 and cos 0 < 0. 


Solution 


If sin 0 > 0, the angle could be in quadrant I or II. 
If cos 0. < 0, the angle could be in quadrant II or III. 
Therefore, only in quadrant II are both conditions satisfied. 


Answer: quadrant II 
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EXERCISES 


1. In the figure, a unit circle is 
drawn with the length of 
the radius, OA = 1, and 
mZCOA = 0. Name the line 
segment whose length (or 
directed distance) is equal 
to: a. sin @ b. cos 0 
c. tan 0 





2. Copy the four circles and central angles shown below. If the mea- 
sure of the radius of each circle is 1, draw and name the line seg- 
ments that represent: a. sin @ b. cos 0 c. tan 0 






3. In the diagram shown, OA - 1, 
m/AOB =0, and mLAOC = 
-0. Name the line segment 
whose directed measure is the 


value of: 

a. sin ü b. cos 0 

c. tan 0 d. sin (-@) 
e. cos (-0) f. tan (-0) 


Ex. 3 


In 4-9, name two quadrants in which A may lie. 


4. SinA is positive. 5. CosA is positive. 6. Tan A is positive. 
7. Sin A is negative. 8. CosA is negative. 9. Tan A is negative. 
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In 10-15, name the quadrant in which / A lies. 


10. 
12. 
14. 


16. 


18. 
19. 


20. 
21. 


22. 


Tan A > 0,cos A < 0. 1l. Sin A < 0,cos A > 0. 
Cos A < 0, tan A < 0. 13. Sin A > 0,tan A > 0. 
Tan A < 0,sin A < 0. 15. CosA < 0,sin A < 0. 
Copy and complete the fol- 17. Copy and complete the fol- 
lowing table, giving the sign lowing table, giving the func- 
of the function value in each tion value of each quadrantal 
quadrant. angle. If a function is not de- 


fined for an angle measure, 
write “undefined.” 


ERZIELT 
ALD 
eL LLLI 
"LLLI 


If 0° < 0 < 360^, for what values of 0 is tan 0 not defined? 

If (sin @)(cos 0) > 0, name all quadrants in which an angle of mea- 
sure 0 can lie. 

Points A(1, 0) and B(.6, -.8) are points on a unit circle O. If 
mZAOB = ĝ, find: a. sin b. cos 0 c. tan 0 

A circle with center O intersects the x-axis at C(1, 0) and D(- 1, 0). 
If mZCOD = ġ, find: a. sing b. cos @ c. tang 

Points R(1, 0) and P(- $, - 2) are points on a unit circle O. If 
m¿ ROP -0,find: a. sin@ b. cos 0 c. tan 0 











In 23-26, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


23. 


24. 


If tan ó < 0 and sin ¢ = .7, then the angle of measure ó is in 
quadrant: 

(1) I (2) II (3) III (4) IV 

Points A and B are on unit circle O. The coordinates of A are 


(1, 0) and of B are i i E If mL AOB = 120°, then tan 120° 
equals: 


g- o- pm gy 


+ ir Ei i 
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25. IfcosA = xe and tan A = 1, then the value of sin A is: 
1 V2 
(1) $ (2) 2 (3) a (4) V2 
26. Which of the following is false? 
(1) sin 300? = sin (- 60^) (2) cos 210? = cos (- 150^) 
(3) cos 90? = cos (- 90^) (4) sin 90° = sin (- 90^) 


8-6 FUNCTION VALUES OF 
SPECIAL ANGLES 


Some angles, such as those with measures that are multiples of 30° 
and 45°, occur frequently in the applications of trigonometry. We can 
use some of the relationships that we learned in the study of geometry 
to find exact function values for these angles. 


Angles of 30? and 60° 


In the diagram, equilateral A ABC is sepa- 
rated into two congruent triangles, AACD 
and ABCD, by CD LAB. Therefore, 
mZA = 60, mL ACD = 30, and mZCDA = 
90. If AC = 1, then AD = $. 





Using the Pythagorean Theorem: 
(CD)? + (AD)? = (AC) 
coy + (5) = 

à 


(CD)? + 3 =1 

3 

2 = = 

(CD) 3 
CD = + v3 
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Previously, we always chose the positive value to be the measure of a 
line segment. When a length represents a trigonometric function value, 
we will use directed line segments, which may be positive or negative. 


Let LROP be a central angle of 
the unit circle with its center at 
the origin. If mZ ROP = 30, and 


OP = 1, then PQ = 4 and 


Therefore: 





Again, let L ROP bea central angle 
of the unit circle with its center at 
the origin. If mZ ROP = 60, and 


V3 


OP = 1, then PQ = x and 
OQ -i. Therefore: 








sin 60^ AS 
2 
cos 60? == 
v3 
tan 60° = 2 .2.v3. 8 


bo| 
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Angles of 45° 


In the diagram, A ABC is an isosceles right tri- 
angle with a right angle at C. Therefore, mL A = 
mZB = 45, and AC = BC. If AB = 1, let AC =x 
and BC = x. Using the Pythagorean Theorem: 





(AC)? + (BC)? = (AB) 
x? + x^ - 1? 











2x? =1 
x= 
lI x 
= + I = + 
oe "2 
/2 2 2 


Remember, in trigonometry, directed line segments may have positive 
or negative lengths. 


Let /. ROP be a central angle of the 
unit circle with its center at the ori- 
gin. If mZ ROP = 45 and OP = 1, 





then PQ - = and OQ = a, 
Therefore: 
sin 45° = Lil 
cos 45° = ux 
v2 
' o 2 
tan 45 = ——-1 
v2 
2 
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Summary 





MODEL PROBLEM 








Find the exact numerical value of (sin 60?)(cos 30°) + tan 60°. 





How to Proceed Solution 
1. Write the expression. (sin 60°)(cos 30°) + tan 60? 
2. Substitute values. pS) (v3), /8 
3. Multiply. 2 Ea] 
4. To add, express the terms with 5 + ays 


a common denominator. 


+4 
EAE Ans. 


EXERCISES] — 1 ^ —  — 


In 1-26, find the exact numerical value of the expression. 


1. sin 30? 2. cos A5? 3. tan 60? 4. cos 30? 
5. tan 45° 6. sin 60° 7. cos 60° 8. sin 45° 
9. sin 30° + cos 60° 10. tan 45° + sin 30° 
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11. sin 45° + cos 45° 12. (tan 60°)(tan 30^) 
13. (sin 60°)(cos 60^) 14. tan 45° + 2 cos 60° 
15. (cos 45?)? 16. (tan 30°)? 

17. (cos 30°)? + (sin 30°)? 18. (sin 30° + tan 60°)? 
19. (sin 30°)(cos 60°) + (cos 30?)(sin 60°) 20. (tan 45° + tan 30°)? 
21. sin 90° + cos 0° 22. cos 180° + sin 270° 


23. (tan 60°)? + sin 180° 

24. (sin 0°)(tan 30?) + cos 0° 
25. (cos 180° + 2 tan 45^)? 
26. cos 60°(cos 0° - cos 180°) 


In 27-30, select the numeral preceding the expression that best com- 


pletes the sentence or answers the question. 


27. If6@ is the measure of an acute angle and sin 8 = Yt then: 


(1) RE] (2) tan0 -1 (3) cos 0 = i (4) ina- 32. 


28. If ó = 30°, which expression has the largest numerical value? 


(1) sin ó (2) cos @ (3) tan ó (4) (cos ¢)(tan $) 
29. Ifsin@ - 4/3 cos 0, then 0 can equal: 

(1) 0° (2) 30° (3) 45° (4) 60° 
30. The value of 2(sin 30°)(cos 30°) is equal to the value of: 

(1) sin 60° (2) cos 60? (3) sin90° (4) tan 30° 


8-7 USING A TABLE OF VALUES OF 
TRIGONOMETRIC FUNCTIONS 


Finding a Trigonometric Function Value 


We have found function values for angles of 30°, 45°, and 60°, as well 
as for the quadrantal angles. To find function values for other angles 
requires methods that are studied in advanced mathematics courses. 
The results of these methods are recorded in a table on pages 750-754 
of this book. 

In the table “Values of Trigonometric Functions," the sine, cosine, 
and tangent function values are given for every measure from 0° to 90° 
at intervals of 10 minutes (written 10’). A minute is $ of a degree. The 
measures from 0°00' to 45°00’ are listed in the left-hand column. To 
find these values, we read the table from top to bottom, using the names 
of the functions listed at the top of the column. 
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For example, to find sin 35°40’, we find 35° in the left-hand column 
and read down to 40 for the minutes. Now we find the column that 
reads “Sin” at the top, and locate the entry in this column that is to 
the right of 35°40’, as shown in the table below. 


sin 35^ 40' = .5831 


Values of Trigonometric Functions 







10 | 
1.3764 54° 00' 


The measures from 45^00' to 90°00’ are listed in the right-hand col- 
umn. To find these values, we read the table from bottom to top, using 
the names of the functions listed at the bottom of the column. 

For example, to find tan 56^50', we find 56° in the right-hand col- 
umn and read up to 50 for the minutes. Now we find the column that 
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reads “Tan” at the bottom, and locate the entry in this column to the 
left of 56°50’. 
tan 56^50' = 1.5301 


The values that we read from this table have been rounded to the 
nearest ten thousandth. 


Finding Angle Measure From the Table 


If we know the function value of an acute angle and want to find the 
angle measure, we use the reverse of the procedure just described. 

To find 0, the measure of an acute angle when cos 0 = .9502, we must 
examine two columns in the table (the column with ‘“‘Cos” at the top 
and the column with **Cos" at the bottom). Since .9502 is located in 
the column that has “Cos” at the top, the measure of the angle appears 
at the left. Reading the left-hand column from the top down, as shown 


in the table below, we see: 
If cos 0 = .9502, then 0 = 18°10’. 


Values of Trigonometric Functions 


70° 00’ 
50 
40 
30 
20 
10 





Trigonometric Functions 361 


To find ¢, the measure of an acute angle when tan $ = 2.7980, we 
must examine the two “Tan” columns in the table. Since 2.7980 is 
located in the column that has “Tan” at the bottom, the measure of the 
angle appears at the right. Reading the right-hand column from the 
bottom up, as shown in the preceding table, we see: 


If tan @ = 2.7980, then @ = 70?20'. 


MODEL PROBLEMS 


1. Find cos 52°20’. 





Solution: Locate 52^ in the table on pages 750—754. Since 52? is in 
the column to the right, we will read the table from bottom to top. 
Move up to find 20' above 52^, and read the value in the column 
that has **Cos"' at the bottom. 


Answer: .6111 

2. Iftan A = 0.4592, find the measure of acute LA. 
Solution: Locate 0.4592 in the column that reads “Tan” at the top 
of the table on pages 750-754. The angle measure is found in the 


left-hand column, which is read from the top down. 


Answer: 24°40' 





To answer these exercises, use the table “Values of Trigonometric 
Functions" found on pages 750-754. 


In 1-12, express the function value as a four-place decimal. 

1. sin 37°20' 2. tan 22°40’ 3. cos12°10' 4. sin 42°50’ 
5. tan 76°30’ 6. sin 88°50’ 7. cos49°10’ 8. tan 8°30’ 
9. cos 54^40' 10. sin60?20' 11. tan 50?00' 12. cos 85°50’ 


In 18-24, find the measure of the acute angle, expressed in degrees 
and minutes. 


13. cos A = .9881 14. tan A = .3281 15. sinA = .0987 
16. tan A = 1.3111 17. sinA = .9520 18. cosA = .4120 
19. sin A = .8572 20. tan A = 4.2747 21. cos A = .6905 
22. sinA = .5200 23. tan A = 1.2349 24. cos A = .2447 
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25. As the measure of LA increases from 0° to 90^, tell whether: 
a. sin A increases or decreases 
b. cos A increases or decreases 
c. tan A increases or decreases 


In 26-31: a. Express the value of the trigonometric function as a 
four-place decimal. b. Find the measure of the acute angle, expressed 
in degrees and minutes. 


26. sinB = $} 27. cos B = 4 28. tanB =% 
29. cosA = $3 30. tanA = 15$ 31. sinA = 298. 


In 32 and 33, select the numeral preceding the expression that best 
completes the sentence or answers the question. 


32. Which statement correctly shows the relationship between degrees 
and minutes? 
(1) 1° = 60' (2) 1° = 100 (3) 1' = 60° (4) 1’ = 100° 
33. An angle of 261^ is equal in measure to an angle of: 
(1) 26^5' (2) 26°30’ (3) 26°50’ (4) 26°60’ 


In 34-37: a. Tell whether the given statement is true or false. b. Ex- 
plain your answer. 


34. IfLA is an acute angle, then sin A < cos A. 

35. IfÓ is the measure of an acute angle and Ó. is greater than 45^, then 
tan 0 > 1. 

36. If/ B is an acute angle, then sin B < tan B. 

37. If 0 and @ are the measures of acute angles and 0 < ¢, then 
cos 0 < cos $. 


8-8 TRIGONOMETRIC FUNCTIONS 
INVOLVING ANGLE MEASURES 
TO THE NEAREST MINUTE 


Using Interpolation to Find Values of 
Trigonometric Functions 
To find the value of a trigonometric function of an acute angle whose 
measure is not given in the table, we use a proportion to approximate 
the value. This procedure, called interpolation, is used only within 
small intervals, such as an interval of 10 minutes. 
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Exampte 1: Find the value of sin 34°27’ to four decimal places. 


Step 1: In the table on | pages 750-754, find two angle measures closest 
to 34°27’, namely, 34°20’ and 34°30’. Then find the sines of these 
measures, and arrange the information in a table as shown below. 


Step 2: The arrows to the left 
of the table show differences in 
angle measures, taken from a 
starting point of 34°20’. The 
ratio of these differences is T 
written in simplified form as ;.. 
The arrows to the right of the 
table show differences in sine 
values, taken from a starting 
point of .5640. The ratio of 








; . ,QOO1k 
these differences is -— 4? 
written in simplified form as —— 2 4 
Step 3: Since the ratio of the T _ .0001k 
differences of the angle mea- 10° .0024 
sures is approximately equal to 7 k 
the ratio of the corresponding 10 "24 


differences of their sine values, 
we write and solve a proportion 10k = 168 
involving these ratios. (From 


this point on, we will write only diio 

the simplified proportion, such k=17 

ag te It. when we Biterpo. Just as 5640 +17 = 5657, so 
10 24 does sin 34°27' = .5640 + .0017 

late.) = 5657 


Step 4: When rounded to the nearest integer, the value of k is 17. 
Therefore, the difference between the sine value we are finding and 
.5640 is .0001 (17) or .0017. As 0 increases from 34°20' to 34°27’, 
sin 0 increases. Thus, we add .0017 to .5640 to find the value of 34°27’. 


Answer: sin 34°27' = .5657 
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Note: In the table just seen, the larger sine value (that is, the larger 
decimal) is placed at the top of the table to make subtraction easier to 
perform. In this interval, we observe that as 0 increases, sin 0 increases. 


O ExaMPLE 2: Find the value of cos 57^22' to four decimal places. 


Step 1: In the table on pages 750-754, the angle measures closest to 
57°22' are 57?20' and 57°30’. These angle measures and the corre- 
sponding cosines of these measures are arranged in a table so that the 
larger cosine value (larger decimal) is placed at the top. In this interval, 
as 0 increases, cos 0 decreases, and as 0 decreases, cos 0 increases. 


Step 2: From a starting point of 57°30’, 
the ratio of the differences in angle mea- 


sures is & in simplified form. 
From the corresponding starting point 
of cos 57°30’, or .5378, the ratio of the 





differences in cosine values 1s 57 in sim- 


25 
plified form. 
Step 3: We write and solve the simpli- S _ k 
fied proportion, using the ratios of the 10 25 
differences found in step 2. 10k = 200 
Step 4: Here, k is 20, an integer. Since k = 20 


cos 0 is increasing from the starting point | As 

of .5373 and moving toward .5398, we Just as 6373 + 20 = 0398, 
add .0020 to .5373 to find the value 
of cos 57°22’. 


Answer: cos 57°22’ = .5393 


so does 
cos 57°22’ = .5373 + .0020 


-5393 


u ii 


Using Interpolation To Find Angle Measures 
To find the measure of an acute angle when the value of its trigono- 


metric function is not given in the table, we again use interpolation 
within a small interval. 


O ExaMPLE 3: If cos A = .8247, find the measure of acute angle A, 
correct to the nearest minute. 


Step 1: The cosine values closest to .8247 are .8258 and .8241. These 
cosine values and their corresponding angle measures are arranged in a 
table. The larger cosine value is placed at the top. 
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Step 2: From a starting point of 34°30’, 
the ratio of the differences in angle mea- 
sures is a in simplified form. From a 
corresponding starting point of .8241, 
the ratio of the differences in cosine 


values is -£ in simplified form. 





Step 3: We write and solve the simpli- EK _ 6 

fied proportion, using the ratios of the 10 17 
differences found in step 2. 17k = 60 

Step 4: The value of k is 4, rounded i 60 _ 3-9. 
to the nearest integer. Since m/A is 17 17 
decreasing from the starting point of TN 

34^30' and moving toward 34^20', we 

subtract 4' from 34^30' to find the mZA = 34°30’ - 4’ 
angle measure. = 34°26’ 


Answer: mZA = 34°26’ 


| MODEL PROBLEM 


If tan A = 1.3450, refer to the table on pages 750-754 and find the 
measure of acute angle A: a. to the nearest ten minutes b. to the 
nearest minute. 





Solution 


a. Interpolation is not needed when find- 
ing angle measures to the nearest ten 
minutes. In the table on pages 750-754, 
since 1.3450 is closer to 1.3432 than to 
1.3514, the measure of LA is closer to 
53 20' than to 53^30'. Thus, the mea- 
sure of / A to the nearest ten minutes is 
53°20’. 


| .0064 
|].0018 
(closer) 





b. 1. From the table on pages 750-754, the tangent values closest to 
1.3450 and their corresponding angle measures are arranged in a 
table, as shown on top of the next page. 
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2. In simplified form, the ratio of 
differences in the angle mea- 


sures is Ak and the ratio of dif- 





10 
ferences in the tangent values is 
18 
82" 

3. Write and solve the simplified k _18 
proportion, using the ratios of 10 82 
differences found in step 2. 82k = 180 

4. The value of k is 2, rounded to p = 180 _ 9 16 
the nearest integer. From the 82 8 
starting point of 53°20' and a 


moving toward 53°30", mL A 
increases. Thus, we add 2'to | mZA = 53^20' + 2' = 53722 
53^20' to find the angle measure. 


Answer: a. 53?20' b. 53^22' 





EXERCISES 


In 1-50, refer to the table on pages 750-754. 


In 1-18, use interpolation to find the trigonometric function value to 
four decimal places. 


1. sin 12^42' 2. sin 82^58' 3. tan 38^13' 
4. cos 67°36' 5. sin 42°28’ 6. tan 71°46’ 
7. cos 27°27' 8. cos 50°44’ 9. sin9^21' 
10. tan 56°19’ 11. tan 46^8' 12. cos 8°7' 
13. sin 17°42’ 14. cos 23°16’ 15. sin 31°52’ 
16. tan 15°33’ 17. cos 53°46’ 18. tan 3°47’ 


In 19-24, find the measure of acute LA to the nearest ten minutes. 


19. cosA = .9583 20. sin A = .5060 21. tan A = .7465 
22. sin A = .7203 23. tanA = 1.2345 24. cos A = .5772 


In 25-36, use interpolation to find the measure of acute LA to the 
nearest minute. 


25. tan A = .1175 26. cos A = .8215 27. sin A = .3213 
28. sinA = .7486 29. tan A = .4460 30. cos A = .5915 
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31. tan A = 1.3902 32. cosA = .1170 33. sin A = .2685 
34. cosA = .6816 35. sin A = .8836 36. tan A = 3.1217 


In 37-42, find the measure of 0 (a) to the nearest ten minutes (b) to 
the nearest minute. 


37. cos @ = .7440 38. sin = .2988 39. cos d = .9883 
40. sin = .9712 41. tan 0 = 2.1994 42. tan = 5.1056 


43. Find the value of tan 37°17’ to four decimal places. 
44. If tan B - 0.4750, find the measure of acute / B to the nearest 
minute. 


In 45-50: a. Express the value of the trigonometric function as a 
four-place decimal. b. Find the measure of the acute angle to the near- 
est minute. 


45. sin C = 3 E 4 
48. cosB = $ 49. tan 0 - 32 50. sinA = +4 


8-9 FINDING REFERENCE ANGLES 


Since the standard table of values of trigonometric functions gives 
values only for angles whose measures are between 0° and 90°, we will 
now learn how to relate function values of angles in quadrants II, III, 
and IV to values of trigonometric functions of angles in quadrant I. 


Second-Quadrant Angles 


In Fig. 1, let LROP be any 
second-quadrant angle in stan- 
dard position in the unit circle. 
If m/ ROP = 0 and P is a point 
on the unit circle, then the co- 
ordinates of P are (-a, b) or 
(cos 0, sin 6). 





Fig. 1 
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— + P(—a,b)- 

In Fig. 2, we draw PQ L RO, (cos 0, sin 0) 
and we reflect APOQ in the y- 
axis. The image of APOQ is 
AP'OQ' with P' a point on the 
unit circle. Notice that / ROP', 
called the reference angle, is 
formed in the first quadrant. 


Fig. 2 


To find the measure of the reference angle, study Fig. 3. Since 4 ROP 
and LQOP are supplementary, mLQOP = 180° - m/ ROP = 180° - 0. 
Because angle measure is preserved under a line reflection, mL ROP’ = 
m/QOP = 180? - 0. Therefore: 


@ For every angle in the second quadrant whose degree measure is 0, 
there is a reference angle in the first quadrant whose measure is 180° - 6. 


P(—a,b)= 


P'(a,b)= 
(cos 0, sin 0) cos (180? —6), 


^ 
1809 - 2 & LX(1809 —0 
Q' 





Fig. 3 


Under a reflection in the y-axis, P(-a, b) > P'(a, b). The coordinates 
of P'(a, b) = (cos (180° - 8), sin (180° - @)), as shown in Fig. 3. Using 
the definitions of sine, cosine, and tangent, we find that the following 
relationships hold: 
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Since sin Ó = b and sin (180° - 0) = b: sin 0 = sin (180° - 6) 
Since cos 0 = -a and cos (180° - 0) =a: cosÓ = -cos (180? - 0) 


Since tan’) = 2 and tan (180° - 0) = 2. tan 0 = -tan (180° - 6) 


O ExaMPLE 1: Find cos 130". 


1. For an angle of measure 0 in the second quadrant, the cosine is nega- 
tive and the measure of the reference angle is 180° - 0. Therefore, 
cos Ó = -cos (180° - 6). 

2. By substitution, cos 130° = -cos (180^ - 130^) = -cos 50°. 

3. From the table on pages 750-754, cos 50° = .6428. Therefore, 
-cos 50° = -.6428. 


Answer: cos 130? = -.6428 


O ExauPLE 2: Find sin 173°. ExaMrPLE 3: Find tan 118°. 

1. For an angle of measure 0 in | 1. For an angle of measure @ in 
the second quadrant, sin 0 = the second quadrant, tan 0 - 
sin (180? - 8). -tan (180? - 6). 

2. sin 173° = sin (180? - 173°) | 2. tan 118? = -tan (180^ - 118°) 

= sin 7° = -tan 62° 

3. sin 7° = .1219 3. -tan 62° = - 1.8807 

Answer: sin 173? = .1219 Answer: tan 118° = - 1.8807 


Third-Quadrant Angles 


In Fig. 1, let LROP be any 
third-quadrant angle in standard 
position in the unit circle. If 
m/ ROP = 0 and P is a point on 
the unit circle, the coordinates 


of Pare (-a, - b) or (cosO ,sin 0). P(—a,—b)= | 
(cos 8, sin 0) ™ 





Fig. 1 
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In Fig. 2, we draw PQ | RO, 
and we reflect APOQ in the 
origin, O. The image of APOQ 
is AP'OQ' with P' a point on 
the unit circle. Notice that the 
reference angle, LROP', is 
formed in the first quadrant. 





Fig. 2 


To find the measure of the reference angle, study Fig. 3. Since 
mL ROP = 180° + mZQOP, then m/QOP = 0 - 180°. Because angle 
measure is preserved under a point reflection, m4 ROP' = m/QOP = 
0 - 180°. Therefore: 


WE For every angle in the third quadrant whose degree measure is 6, 
there is a reference angle in the first quadrant whose measure is 0 - 180°. 







P'(a,b)= 
(cos (@—180°), 


sin (0—1809)) 
/ | f6-180° 


P (—a,—b)= 
(cos 6, sin 4) 


Fig. 3 


Under a reflection in the origin, P(-a, - b) > P'(a, b). The coordinates 
of P'(a, b) = (cos (0 - 180°), sin (0 - 180°)),,as shown in Fig. 3. Using 
the definitions of sine, cosine, and tangent, we find that the following 
relationships hold: 
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Since sin 9 = -b and sin (0 - 180°) = b: sin à = -sin (0 - 180°) 
Since cos 0 = -a and cos (0 - 180?) =a: cos 0 = -cos (0 - 180°) 


Sinosten 6 = 2 z ? and tan (0 - 180°) = b, tan 0 = tan (0 - 180°) 


O ExaMPLE 1: Find sin 200°. 


1. For an angle of measure @ in the third quadrant, the sine is negative 
and the measure of the reference angle is 0 - 180°. Therefore, 
sin 9 = -sin (0 - 180^). 

2. By substitution, sin 200° = -sin (200° - 180°) = -sin 20°. 

3. From the table on pages 750—754, sin 20° = .3420. Thus, -sin 20? = 
- 3420. 


Answer: sin 200° = -.3420 


O ExAMPLE 2: Find cos 266°. [] ExaMPLE 3: Find tan 253". 

1. For an angle of measure 0 in | 1. For an angle of measure @ in 
the third quadrant, cos 0 - the third quadrant, tan @ = 
-cos (0 - 180^). tan (0 - 180?). 

2. cos 266° = -cos (266? - 180°) | 2. tan 253? = tan (253° - 180°) 

= -cos 86° = tan 73° 

3. -cos 86° = -.0698 3. tan 73° = 3.2709 

Answer: cos 266° = -.0698 Answer: tan 253° = 3.2709 


Fourth-Quadrant Angles 


In Fig. 1, let ¿ROP be any 
fourth-quadrant angle in stan- 
dard position in the unit circle. 
If mZ ROP - 0 and P is a point 
on the unit circle, then the co- 
ordinates of P are (a, -b) - 
(cos 0, sin 0). 





P (a,—b)= 
(cos 6, sin 8) 


Fig. 1 
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— *—— 
In Fig. 2, we draw PQ 1 RO, and we reflect APOQ in the x-axis. The 
image of APOQ is AP'OQ with P' a point on the unit circle. Notice that 
the reference angle, L.ROP', is formed in the first quadrant. 





P (a,—b)= 
(COS 6, sin 8) 


Fig. 2 


To find the measure of the reference angle, study Fig. 3. Here the 
counterclockwise rotation / ROP and / POQ makes a complete rota- 
tion. Thus, m/ ROP + m/ POQ = 360°, or m4 POQ = 360? - mL ROP = 
360° - 0. Since angle measure is preserved under a line reflection, 
mZ ROP’ = mL POQ = 360° - @. 







P'(a,b)= 
(cos (360? —6), 
sin (360? —6)) 


P(a,—b)= 
(cos 6, sin 6) 


Fig. 3 


B For every angle in the fourth quadrant whose degree measure is 0, there 
is a reference angle in the first quadrant whose measure is 360° - 0. 
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Under a reflection in the x-axis, P (a, -b) — P'(a, b). The coordinates 
of P'(a, b) = (cos (360? - 0), sin (360? - 8)), as shown in Fig. 3. 
Using the definitions of sine, cosine, and tangent, we find that the 
following relationships hold: 


Since sin 0 = -b and sin (360° - 0) = b: sinÓ = -sin (360" - 8) 
Since cos 0 = a and cos(360? - 0)- a:  cos0 = cos (360° - 8) 


Since tan 0 = — and tan (860° - 0) = 2 tan 0 = -tan (360° - 0) 


[] ExAMPLE 1: Find tan 320°. 


l. For an angle of measure 0 in the fourth quadrant, the tangent is 
negative and the measure of the reference angle is 360? - 0. There- 
fore, tan 0 = -tan (360° - 0). 

. By substitution, tan 320° = -tan (360? - 320°) = -tan 40°. 

. From the table on pages 750-754, tan 40? = .8391. Therefore, 
-tan 40° = - 8391. 


co bo 


Answer: tan 320° = -.8391 


O ExaMPLE 2: Find sin 348°. [] ExaMPLE 3: Find cos 285°. 


1. For an angle of measure Ó in | 1. For an angle of measure @ in 
the fourth quadrant, sin 0 = the fourth quadrant, cos 0 - 


-sin (860° - 6). cos (360° - 6). | 
2. sin 348° = -sin (360° - 348°) | 2. cos 285? = cos (360? - 285°) 
= -sin 12? = cos 75° 
3. -sin 12° = -.2079 3. cos 75° = .2588 
Answer: sin 348° = -.2079 Answer: cos 285° = .2588 
Summary 


If 0 is the measure of an angle greater than 90? but less than 360°: 


90° <6 < 180° 180° < 0 < 270° 270° < 0 < 360° 
| quadrant II quadrant III quadrant IV 


| sin 0 = sin (180° - 0) sin 0 = -sin (0 - 180^) sin Ó = -sin (360° - 8) 
cos 0 = -cos (180° - 8) | cos @ = -cos (8 - 180°) | cos? = cos (360° - 8) 
tan ð = -tan (180° - 0) | tan@ = tan (ð - 180°) | tan6 = -tan (360? - 0) 
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If 0 is the measure of an angle greater than 360^ or less than 0°, we 
first find a coterminal angle whose measure is between 0? and 360°. In 
this way, we can find the value of a trigonometric function of an angle 
of any degree measure. 





[ MODEL PROBLEMS 


1. Express each of the following as a function of a positive acute angle: 


a. cos 260" b. sin 715° c. tan (- 110^) 
Solution 
a. Determine the quadrant: Since 180° < 260° < 270^, the angle 
lies in the third quadrant. 


Determine the reference angle: 0 - 180? = 260? - 180° = 80°. 


Determine the sign: The cosine of a third-quadrant angle is 
negative. 


cos 260? = -cos 80° 
b. Determine the angle of smallest positive measure that is coter- 
minal with an angle of 715°: 715° - 360? = 355^ 


Determine the quadrant: Since 270? < 355° < 360°, the angle 
lies in the fourth quadrant. 


Determine the reference angle: Here 360? - 0 = 360° - 355^ = 5°. 


Determine the sign: The sine of a fourth-quadrant angle is nega- 
tive. 


sin 715° = -sin 5° 
c. Determine the angle of smallest positive measure that is coter- 
minal with an angle of -110°: -110° + 360° = 250° 


Determine the quadrant: Since 180° < 250° < 270°, the angle 
lies in the third quadrant. 


Determine the reference angle: 0 - 180° = 250? - 180° = 70°. 


Determine the sign: The tangent of a third-quadrant angle is 
positive. 


tan (-110°) = tan 70° 


Answer: a. -cos 80° b. -sin 5° c. tan 70° 


2. 
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Trigonometric Functions 
Find cos 168^20'. 


Solution 
Determine the quadrant: Since 90? < 168°20' < 180^, the angle 
lies in the second quadrant. 


Determine the reference angle: Here 180? - 0 - 180? - 168^20' 
= 179^60' - 168^20' 
= 11°40’ 
Determine the sign: The cosine of a second-quadrant angle is nega- 
tive. 
cos 168?20' = -cos 11°40’ 
Find the function value in the table on pages 750-754: -cos 11^40' = 
-.9793 


Answer: cos 168?20' = -.9793 





| EXERCISES. 


In 1-24, express the given function as a function of a positive acute 


angle. 

1. sin 100? 2. cos 150^ 3. sin 340? 
4. tan 300? 5. cos 190? 6. tan 215° 
7. cos 290? 8. tan 145^ 9. sin 248? 
10. cos 305? 11. sin 200° 12. tan 237° 
13. sin 98° 14. tan 345° 15. sin 500° 
16. cos 690° 17. tan 620° 18. sin 650° 
19. sin (-20°) 20. cos (-200^) 21. sin (-340°) 
22. cos (-250°) 23. tan (-80°) 24. sin (-158°) 


In 25-30: a. Express the given function as a function of a positive 
acute angle. b. Find the exact function value. 


25. 
28. 


tan 225? 
cos 405° 


cos 300? 27. 
29. tan 120° 30. 


sin 150? 26. 
cos 240? 


In 31-42, find the exact function value. 


91. 
34. 
3T. 
40. 


cos 315^ 32. sin 135° 33. tan 330° 
sin 240? 35. sin 390° 36. tan 600* 
cos 570° 38. sin (-45°) 39. cos (-30^) 
tan (-120°) 41. cos (-300?) 42. sin (-135^) 
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In 43-48, find the exact value of the given expression. 


43. sin 210° + cos 120? 44. tan 135^ + sin 330° 
45. cos 135^ + cos 225° 46. sin 300° + sin (- 240^) 
47. tan (-315^) + tan 135? 48. (sin 60°)(cos 150?) - tan (- 45?) 


In 49-66: a. Express the function as a function of a positive acute 
angle. b. Using the table on pages 750—754, find the value of the given 
function to four decimal places. 


49. sin 172° 50. cos 252° 51. tan 292° 
52. cos 347° 53. tan 103° 54. sin 196° 
55. tan 221° 56. cos 400? 57. tan 737° 
58. sin (-80°) 59. sin (- 299?) 60. cos (-239°) 
61. cos 216°30’ 62. tan 208?20' 63. sin 152°40’ 


64. tan (-53?20') 65. sin (-126°10’) 66. cos (-244°50’) 


In 67-71, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


67. The value of tan 150" is equal to the value of: 
(1) tan 30? (2) tan 60? (3) -tan 30? (4) -tan 60? 
68. The value of tan 135° is equal to the value of: 


(1) cos 90? (2) sin 90° (3) cos 270° (4) sin 270* 
69. The value of cos 390° is equal to the value of: 
(1) sin 30° (2) sin 60° (3) -sin 30° (4) -sin 60° 


70. Which of the following has the largest numerical value? 

(1) sin 150° (2) cos 225° (3) cos 270° (4) tan 315° 
71. Which of the following has the smallest numerical value? 

(1) cos 120° (2) tan 225° (3) sin 240° (4) cos 315° 


8-10 RADIAN MEASURE 


Just as we can measure a line segment by using different units of 
length, such as inches or centimeters, so we can measure an angle by 
using a unit of measure other than a degree. 


B DEFINITION. A radian is the measure of an angle that, when 
drawn as a central angle of a circle, would intercept an arc whose length 
is equal to the length of a radius of the circle. 
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In the figure, the measure of a radius of circle O 
is r. The distance from P to Q along the circle is r. 
The measure of / POQ is 1 radian. 

In a unit circle, an angle of 1 radian intercepts an 
arc whose length is 1. 








Fig. 1 Fig. 2 


In Fig. 1, radius OA has a length of 2, / AOB is a central angle, and 
the intercepted arc AB has a length of 6. Since ÁB can be divided into 
3 parts, the length of each being equal to the length of the radius, 2, 
then mZ AOB = 3 radians. 

In Fig. 2, radius O'A' has a length of 1, 1L A'O'B' isa central angle, 
and the intercepted arc A'B' has a length of 3. Since Á'B' can be 
divided into 3 parts, the length of each being equal to the length of 
the radius, 1, then m/A'O'B' = 3 radians. These examples illustrate the 
following relationship: 


length of the intercepted arc 


measure of an angle in radians = length of the radius 


In general, if 0 is the measure of a central angle 
in radians, s is the length of the intercepted arc, 
and r is the length of a radius, then: 


g= X 
r 


If both members of this equation are multiplied 
by r, the rule is stated as s = r6. 
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A Relationship Between Degrees and Radians 
The circumference of a circle is equal to 27 
times the length of its radius, or C = 2r. If 
AOB is a diameter of circle O with a radius of 
length r, then points A and B separate the circle 
into two semicircles. The length of each semi- 
circle is the length of an arc equal to one-half 
the circumference, or: 





$7iC-2(2m)mr 
To find the measure of straight L AOB in radians, we write: 


0 -— 
r 


Then, substitute: 


mZLAOB = = = T radians 


Since the measure of a straight angle, such as  AOB, is 7 radians and 
since the measure of a straight angle is also expressed as 180^, the fol- 
lowing relationship is true: 


T radians = 180° 


To find the degree measure of an angle of 1 ra- 
dian, we can divide both sides of the equation just 
stated by 7. Thus: 


i80 (an irrational number) 


1 radian = —— 
T 





By substituting an approximate rational value for 
T, such as 3.1416, we find an approximate degree 
809 | measure for an angle of 1 radian. 
180^ d. 180° 


1 radian ~ 57°18" [radian = “~~ - ™ 3.1416 





0 = 1 radian = l 


z 571.3? or 57°18' 





Thus, an angle of 1 radian has a degree measure slightly larger than 
57°, or 1 radian = 57° (to the nearest degree). 


Changing From Degrees to Radians 
We have seen that 7 radians = 180°. Just as the measure of a straight 
angle can be expressed in degrees or in radians, the measure of any 
angle (such as LA) can be expressed in degrees or in radians. Thus, we 
form the proportion: 
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mZA in degrees measure of a straight angle in degrees 
mZA in radians measure of a straight angle in radians 


Since 180° and 7 radians are the measures of a straight angle, the pro- 
portion can be rewritten as: 


mA in degrees 180° 
mA in radians 7 radians 


OR 


measure in degrees 180 
measure in radians 


O ExaAMPLE: Express in radian measure an angle of 75°. 


How to Proceed Solution 


1. Identify the variable. Let x = the measure in radians of 
an angle of 75°. 


i ; measure in degrees 180 
2. Write the proportion. Sle ee rarer Same 


measure in radians T 
3. Substitute 75^ and x radians 2. it 
for the angle in question. 
4. Solve for x. 180x = 757 
180 
5. Express in simplest form. x= XL Ans. 


Note: Although the measure of the angle is i7 radians, mathe- 


maticians generally agree that the word ''radian" or any symbol for the 
word need not be written when stating a radian measure. Thus, the 
radian measure of the angle is simply written as 45 T. 

This agreement can cause some confusion. For example, if m/ A = 2, 


do we mean 2° or 2 radians? To ease this confusion, we observe: 
1. If an angle measure is found by the rule 0 = = then a radian mea- 


sure is being found. 

2. If the situation is unclear, we will identify the type of angle measure 
being used, either by words or by symbols, as in mL A = 2° and 
mZ B = 2 radians. 
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Changing From Radians to Degrees 


To find the degree measure of an angle whose radian measure is 
known, we use the same proportion developed earlier. 


O ExampLe: Find the degree measure of an angle of T radians. 


How to Proceed Solution 


1. Identify the variable. Let x = the degree measure of 
an angle of A radians. 


measure in degrees 180 


ZEZE —— 
— 


2. Write the proportion. 


measure in radians T 
3. Substitute x^ and í radians for x. 180 
T T 
the angle in question. 4 
4. Solve for x. ix = 7 (180) 
Tx = 457 
x = 45 


Answer: The measure of the angle is 45°. 





MODEL PROBLEMS 


1. In a circle, the length of a radius is 4 cm. Find the length of an arc 
intercepted by a central angle whose measure is 1.5 radians. 


How to Proceed Solution 

1. Write the rule that shows that the radian mea- jas 

sure 0 of a central angle is equal to the length r 

s of the intercepted arc divided by the length r 

of a radius. 
2. Substitute the given values. 1.5 = T 
3. Solve for s. s = 4(1.5) 

s=6 


Answer: 6cm 
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2. Express in radian measure an angle of 135". 


How to Proceed Solution 
1. Identify the variable. Let x = the radian measure 
of an angle of 135°. 


^ l measure in degrees 180 
2. Write the proportion. A nca era M cse 


measure in radians T 
3. Substitute 135° and x radians 135 150 
x T 
for the angle in question. 
4. Solve for x. 180x = 1357 
T 135 T 
180 
€— E 
5. Express in simplest form. x=" 
ME TE 
Answer: Zt Ol | 
"Tm 
3. Express um radians in degrees. 
Method 1 Method 2 
Let y = the degree measure of Substitute 180^ for m radians, 


"gr and simplify. 
an angle of —- radians. 


3 It 3i n Toa o 
Use the proportion, and solve j amus ps) 
for y. | eo? 
measure in degrees 180 = y 380^) = 420° 
measure in radians 7 1 
E AN 180 
LL r 
3 
Ty = = (180) 
Ty = 4207 
y = 420 


Answer: 420° 


- A —Ó—————————— ÁÉÉÓ ÓEHá BM MÀB Bor HEEL i -5- 9 R5. Mo 3— a a NEN hb ium-» 1 
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EXERCISES 


In 1-15, find the radian measure of an angle of the given degree 
measure. 


1. 30° 2. 90° 3. 45° 4. 120° 5. 160° 
6. 180° 7. 210° 8. 225° 9. 270° 10. 300° 
11, 315° 12. 100° 13. 198° 14. 99° 15. 396° 


In 16-30, find the degree measure of an angle of the given radian 
measure. 


T pod | T a of T 
16. 3 17. 9 18. 10 19. 5 20. 2 

oT 4T , lOr 9T 
21. 6 24. T 23. a 24. 9 25. 4 

llr | "Tr oT |. 27 
26. 6 27. ST 28. 9 29. 18 30. 9" 


In 31-38, 0 is the measure of a central angle that intercepts an arc of 
length s in a circle with a radius of length r. 


3l. Ifs = 12andr = 4, find 0. 
32. Ifs = 6 andr = 1, find 0, 
33. Ifs = 10 andr = 2.5, find 0. 
34. Ifs = 12 and @ = 6, find r. 
35. Ifs = 12 and @ = .5, find r. 
36. If@ = 2.5 andr = 4, find s. 


37. If0 = $ ands = 8, find r. 
38. If@ = Aandr = 1.25, find s. 


39. In a circle, a central angle of i radian intercepts an arc of 3 centi- 


meters. Find the length, in centimeters, of a radius of the circle. 

40. A circle has a radius of 1.7 inches. Find the length of an arc inter- 
cepted by a central angle whose measure is 2 radians. 

41. In a circle whose radius measures 5 cm, a central angle intercepts 
an arc of length 12 cm. Find the radian measure of the central 
angle. 

42. In a circle, a central angle of 4.2 radians intercepts an arc whose 
length is 6.3 meters. Find the length of a radius in meters. 

43. A central angle intercepts an arc on a circle equal in length to a 
diameter of the circle. Find the measure in radians of the central 
angle. 


44. 


45. 


46. 


47. 
48. 
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On a clock, the length of the pendulum is 30 
centimeters. A swing of the pendulum determines 
an angle of 0.8 radian. Find, in centimeters, the 
distance traveled by the tip of the pendulum dur- 
ing this swing. 





Ex. 44 


As the pendulum of a clock swings through an angle of 30°, the 
tip of the pendulum travels along an arc whose length is 47 inches. 
a. Express the angle of 30° in radian measure. 
b. Find the length of the pendulum in inches. 


Copy and complete the table. 





Express — radians in degrees. 


Find the radian measure of an angle of 306°. 


In 49-58, select the numeral preceding the expression that best com- 
pletes the sentence. 


49. 
50. 


91. 


52. 


One radian is approximately equal to: 
(1) 45? (2) 50? (3) 57° (4) 60° 
The number of radians in a complete rotation is approximately: 
(1) 6.28 (2) 3.14 (3) 10 (4) 36 
Two-thirds of a rotation determines an angle whose radian mea- 
sure is: 
Qn >, 4 8r 3v 
Three-eighths of a rotation determines an angle whose measure is: 


(1) 3 — (14. (8 B® — (a) 150° 
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A wheel whose radius measures 10 inches is rotated. If a point on 
the circumference of the wheel moves a distance of 5 feet, then 
the point travels through an angle whose radian measure is: 


(1) $ (2) 2 (3) $ (4) 6 


8-11 TRIGONOMETRIC FUNCTIONS 
INVOLVING RADIAN MEASURE 


Since angle measure can be expressed in radians as well as in degrees, 


we 


can find values of trigonometric functions of angles expressed in 


radian measure. To do this, we convert the radian measure to a degree 
measure and follow the procedures learned earlier. 


MODEL PROBLEMS] — — Ğ 1 1 1 


1. 


Find the value of sin oy 


Solution 


T 
ð 


proportion method or by using substitution as shown here. 


1. Find the degree measure of an angle of 7 radians by using the 


JT > pa » E 1 O4 _ o 
3 radians 3 (7 radians) 3 (180°) = 60 


2. Find the value of the function. 


sin - = sin 60° = 


V3 
E 
Answer: v3 

2 
If a function f is defined as f(x) = cos 2x + sin x, find the numerical 
value of (2) 

2 

How to Proceed Solution 

1. Write the function. f(x) = cos 2x + sinx 
2. Let x = T and simplify the e(z) = cos (2 . z) + sin (E 


2 
terms in the expression. 


EE d 
cosy t sm | 


Trigonometric Functions 385 


3. Change radian measures to de- = cos 180° + sin 90? 
grees in the expression. 


4. Evaluate and simplify. =-1+1=0 


Answer: f (=) = (0 


EXERCISES 





In 1-16, find the exact value of the trigonometric function. 


: T : T 3 gin 2T An 
1. cos 3 2. tan n 3. sin 3 4. cos 3 
57 fy An ila 
5. sin 6. sin 6 T. tan ^4 8. cos 6 
9. tan sr 10. cos i 11. sin Eu 12. tan 37 


. lör -T o oo f= Be 
13. sin ^, 14. tan (-7) 15. cos (z£) 16. sin( 6 


17. Ifa function f is defined as f(x) = cos 3x, find the numerical value 


of: a. (5) b. (2) c. f(r) 


18. Ifa function f is defined as f(x) = sin B 3. find the numerical value 


of: a. £3) b. (E) ^ «(er 


In 19-24, find the numerical value of f(7) for the given function f. 


19. f(x) = sin 2x 20. f(x) = cos ix 
21. f(x) tan (8 22. f(x) sinx + cos 2x 
23. f(x) tan 2x - sin (=) 24. f(x) sinx cos 2x 


In 25-30, find the numerical value of f d for the given function f. 


25. f(x) = sin 2x 26. f(x) = tan 5x 
27. £(x) cos Sx 28. f(x) = sin C) 


29. f(x) = sinx + cos 5x 30. f(x) tan x tan 2x 
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In 31-34, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


31. Iff(x) = tan 5x + cos 2x, then (4) equals: 


Qi @2 Go (X 
32. Iff(x) =cosx + tan s then f(r) is: 


a) X923 o (ays.i wv- 


33. Which of the following functions has the largest numerical value 
when x = 27? 


(1) f(x) = sin 7 (2) g(x) = cos 3 
(3) h(x) = sin = (4) k(x) = cos T 


34. What is the value of sin E: sin s 


(0-2 (24$ (9-$ (574 


8-12 THE RECIPROCAL TRIGONOMETRIC 
FUNCTIONS 


We have defined three trigonometric functions, namely, the sine, 
cosine, and tangent functions. Three other trigonometric functions can 
be defined in terms of the sine, cosine, and tangent. 


E The secant function assigns to every angle measure 0, for which 
cos 0 # 0, a unique value that is the reciprocal of cos 0. 


secant 1 
— p 


0 cos 6 


Using ‘“‘sec” for secant, we write the reciprocal identity as: 





sec 0 = cos 0 
Since sec 0 is the reciprocal of cos 0, sec @ is undefined when cos 0 = 0. 
For example: 
1 1 


Cos 90° = 0. Thus, sec 90° = — 90" T (undefined). 
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The secant function is undefined when sec 0 = i , that is, when 0 = 90°, 
270°, etc. 


E The cosecant function assigns to every 0 for which sin 0 # 0 a unique 
value that is the reciprocal of sin 0. 


cosecant 1 
———MÀ 


0 sin 0 





The abbreviation for cosecant is *'csc," not the first three letters of 
the word as in the other functions. This reciprocal identity is: 


"mm! 
csc 0 = unb 


Since csc 0 is the reciprocal of sin 0, csc Ó is undefined when sin 0 = 0. 
For example: 


—— "C E. E 
Sin 180 0. Thus, csc 180 sin 180 ^0 (undefined). 
The cosecant function is undefined when csc 0 = i , that is, when 0 = 0°, 


180°, 360°, etc. 
M The cotangent function assigns to every 0 for which tan 0 +0 a 
unique value that is the reciprocal of tan 0. 


cotangent ji 
— y  —_ 


0 tan 0 


Using ''cot"' for cotangent, we write the reciprocal identity as: 





1 
cot 0 = -g 
Using the quotient identity tan 0 = an ; , We can express cot @ in 
terms of sin 0 and cos 6, forming another quotient identity. 

GLO x -ad u SURE 
tan 0 sin sin sin 6 

cos 6 

1 cos @ 





as an expression for cot 0, we find that 





Using either tno daB 


cot 0 is undefined when tan 0 = 0. For example: 
Tan 180° = 0 and sin 180? = Q. 


d us 1 cos 180° ; 
Thus, cot 180 7 tan 180? sinig0° ~ 5 (undefined). 
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The cotangent function is undefined when cot 0 = 5, that is, when 


0 = 0°, 180°, 360°, etc. Notice, however, that the cotangent function 
is defined when 0 = 90? and 270° because: 
cos90? 0 _ cos 270° 0 


— = O m SS ee = e NE 
ain 90° "1 "^ 0 and cot 270° = Sin 270° 7 -17 O 





Cot 90° = 


Function Values as Lengths of Line Segments 


The following diagrams represent each trigonometric function value 
as the length of a line segment. Angle ROP is an angle in standard posi- 
tion in a unit circle whose center is at the origin. The tangent to the 
circle at R(1, 0) intersects the line of the terminal ray at T. Point C is 
the point of intersection of the circle with the non-negative ray of the 
y-axis. The tangent to the circle at C intersects the line of the terminal 
ray at S. 





Quadrant | 





Quadrant III Quadrant IV 
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In each diagram CS 1 y-axis, and RT and PQ 1 x-axis. Since LOSC = 
LPOQ = LTOR and LOCS = / PQO = LTRO, then AOSC ~ APOQ ~ 
ATOR by a.a. = a.a. If mL ROP = 9, 


sin 0 = PQ 
cos 0 = OQ 
tan 0 = TR 
sec 9 = OT since CE m OF i secó — 1 








OR OQ 1 cos 0 
_ 08S _ PO wcp Jd 
csc 0 = OS since OC ` PQ or 1 sin 6 
| _ x CS . RO coto 1 
cot 0-- CS since OC TRO 7 yg 
A number and its reciprocal have the same sign. Recall that a vertical 
line segment is positive if it is above the x-axis and negative if it is be- 
low the x-axis. A horizontal line segment is positive if it is to the right 
of the y-axis and negative if it is to the left of the y-axis. A line segment 
that is part of the line of the terminal side of a central angle is positive 
if it is part of the terminal ray and negative if it is part of the opposite 
ray of the terminal side. 


ean [ 


esc 6 = OS 



























part of 
ray 


— 
opposite OP 


part of 
ray 

— 

opposite OP 
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"MODEL PROBLEMS 


1. Write each expression in terms of sin 0, cos 0, or both. Simplify 
tan 0 
esc 0 





wherever possible. a. sec @ + cot 0 b. 


Solution 


a. Since sec @ = A. and cot 0 - COS o substitute these values in 
cos Ü n 6 





the expression. 





1 
1 cos 0 1 cost 1 
pee Q= cota cosÜ sinô esf sin@ sin ASTIN 
1 
sin 0 : = = | , 
b. Since tan 0 = ara and csc 0 = n substitute these values in 


the expression. md simplify the complex fraction. 














sin À sind. ay sin? 0 
tanÜ _ \cos0/ — \cos0 UT eos8 _ sin? 6 ‘ 
ese 6 1 io ie re 1 cos 0 

E ;) d 


Note: The product sin 0 - sin 0 is equal to (sin 0)?, which is usu- 
ally written as sin? 0 to indicate that the sine function value is being 
squared. 


2. Find the exact numerical value of cot 45^ - csc 45°. 


Solution 
| 2 
Since tan 45° = 1, cot 45? = 1 and since sin 45° = x 
esc 45° = J 


Therefore: 


cot 45° * esc 45^ = 1* Ji Js 


2 X2 2/2 
——— = 42 Ans. 
2 v2 M 


— àù m 


Trigonometric Functions 391 
EONS — GET 


In 1-12, write each expression in terms of sin 0, cos 0, or both. Sim- 
plify wherever possible, 








1. tan60 2. coté 3. sec 6 4. csc é 
= c tané cot 0 cos 0 

5. tan - csc 0 6. sen B T7. AB 8. aH 
sin 0 tan 0 sec 6 sec @ 

9. csc @ 10. cot 0 1. cot 0 12. esc 0 


13. Copy and complete the following table. If a function is undefined 
for an angle measure, write “undefined.” 





In 14-81, find the exact numerical value of the expression. 
14. csc 150° 15. sec 240? 16. cot 315? 17. csc 120? 


18. sec 27 19. cot z 20. csc * 21. sec OE 
22. sin 30? « esc 30? 23. tan 45? - sec 30? 
24. sec? 60? + csc? 60° 25. tan? 60° + cot 45° 
m M. T ) T 2 70 
26. sin z * tan 6 27. cot 4 * sec 6 
| 2 2 9. T 
28. cos 4 + sec 4 29. csc 2 + sec T 
us 3 27 T 
30. cot 2 + sec 0 31. cot 3 * csc 2 
In 32-37, name the quadrants in which LA may lie. 
32. cscA 0 33. cotA «0 34. secA <0 
35. cotA 0 36. cscA < 0 37. secA 0 


In 38-43, name the quadrant in which LB must lie. 
38. cot B < 0 and sin B > 0 39. sec B< O and tan B 5 0 
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40. 
42. 


44, 


45. 


46. 


4'l. 


Integrated Mathematics: Course lll 


sec B < 0 and esc B > 0 41. cot B < 0 and sec B > 0 
csc B < 0 and tan B > 0 43. csc B < 0 and sec B > 0 


If sin A = 2andcosA = - $, find: a. the quadrant in which LA 
lies b. tan A c. sec A d. cscA œ. cot ÁA 
If sin 0 = -2 and cos @ = S find: a. the quadrant in which 


the angle whose measure is 0 lies b. tan 0 c sech d. cscé 
e. cot 0 


1 2. s ; : 
If sin ġ = dE and cos $ = ——, find: a. the quadrant in which 
5 y5 


the angle whose measure is ġ lies b. tang c. sec @ d. cscó 


e, cot ó 
V6 


If sec 0 = ./3 and csc 0 7 75, find: a. the quadrant in which 


the angle whose measure isÓ lies b. cos@ c. sin@ d. tan 0 
e. cot 0 


In 48-55, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


If cos A > 0, then which must always be true? 

(1) snA>O (2) tanA>O (3) secA >0O (4) cscA > O 
If csc B < 0, then which must always be true? 

(1) sinB«0 (2) cosB <0 (3) tanB <0 (4) cot B « O 
In which quadrant are cotangent and cosecant both negative? 

(1) I (2) II (3) III (4) IV 

If cot x > 0 and sec x < 0, which must be true? 

(1) tanx «0 (2) sinx ^0 (3) cosx>0 (4) sinx <0 
If sin y sec y > O and sin y < 0, which is true? 

(1) cosy «0 (2) tany «O0 (3) coty «0 (4) secy > 0 
If sin A cot A > 0 and sin A < 0, which must be true? 

(1) cosA 2 0 (2) tanA ^ 0 (3) secA <0 (4) escA ^ 0 


The value of sec T cot us is: 


6 6 
| 3 
Q) 3 (2) 3 (3) V8 a) X 
The value of csc A + sec 1 is: 
24/3 + 2 2/8 *6 6 3 
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8-13 THE PYTHAGOREAN IDENTITIES 


If circle O is a unit circle whose 
center is at the origin, the equa- 
tion of the circle is: 


In the diagram, P is any point 
on circle O. If the coordinates of 
point P are (a, b), then: 


a? +h? 21 


Since m/ ROP = 0, we know 
that a = cos 0 and b= sin @. 
Therefore, the equation becomes: 





(cos 0)? + (sin 0)? - 1 or cos?0 4 sin?8 2 1 


Recall that the square of the sine of an angle (sin 0)? is written with- 
out parentheses as sin? @ to emphasize the fact that it is the function 
value, not the measure of the angle, which is being squared. Also 
(cos 0)" = cos? 0, (tan 0)? = tan? 6, (sec 0)? = sec? 0, etc. 


B DEFINITION. An identity is an equation that is true for all values 
of the variable. 


To demonstrate that cos? 0 + sin? 0 = 1 is an identity, we may select 
any values for 0 and show that the equation is true. For example: 


If 0 = 60°, cos 0 = 7 and sin 0 =v 


2 2 1 9 
Then, cos? 0 + sin? 0 = (z) * (>) SU a hk 


v2 V2 


If 0 = 135°, cos 0 = sdy and sin 6 = “—. 


2 2 
Then, cos? 6 + sin? g = (- X2) + (2) PELLE 


If 0 = 7,cos@ = -1 and sin 0 = 0. 
Then, cos? 0 + sin? 6 = (-1)? + (0? =1+0=1. 


From this basic identity, cos? 0 + sin? 0 = 1, we can derive other 
identities. 


394 Integrated Mathematics: Course lll 


Derivation 1 


1. Write the identity involving cos? 0 + sin? 6 = 1 
cos? 0 and sin? 0. 
2. Divide both sides of the equa- cos? 0 + sin? 0 1 
tion by cos? 0. Here, cos6 7 0. cos? 0 cos? 6 
cos? 0 , sin? 0 1 





cos? 0 ' cos? 0 cos? 0 
3. Rewrite the equation in terms (ses 0, (sinOV — fí 1 V? 
of other trigonometric func- cos cos 0 cos 0 
tions, and simplify. The identity 
is true for all values of 0 for 








(1)? + (tan 0)? = (sec 0)? 





which tan 0 and sec 0 are de- 1 + tan? 0 = sec? 0 
fined. 
Derivation 2 
1. Write the identity involving cos? 0 + sin? 0 - 1 
cos? 0 and sin? 0. 
2. Divide both sides of the equa- cos? 0 + sin? 0 . 1 
tion by sin? 0. Here, sin 0. #0. sin? 0 sin? 6 
cos? 0 , sin? @__ 1 





sin? 0 sin? 6 sin? 0 
3. Rewrite the equation in terms /cos@\* , /sin@\* _ /(_1 (4 
of other trigonometric func- \ sin 0 sin 0 / sin 0 

tions, and simplify. The identity 2 » s 2 
is true for all values of 0 for (cot 0)" + (1)" = (ese 9) 
which cot Ó and csc @ are de- cot? 0 + 1 = csc? 0 

fined. 

If we look at these function 
values as lengths of line segments, 
we can see how these identities 
can be found by using the Pythag- 
orean Theorem. 

The diagram shows the unit 
circle with its center at the origin, 


where RT is tangent to the circle 
—_— 
at R, CS is tangent to the circle 


at C, and PQ 1 x-axis at Q. If 
m/ ROP = 6, then: 





PQ = sin 0 OQ -cos0 RT=tané 
OS = csc 0 OT = sec 0 CS = cot 0 
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CT rrigonometric Functions 395 
In right AOPQ, (OQ)? + (PQ)? = (OP)? 
cos? 0 + sin? 0 =1 


In right AOTR, (OR)? + (RT)? = (OT)? 
1 + tan? 6 = sec? 6 
In right AOSC, (CS)? + (OC)? = (OS)? 


cot? 0 + 1 = csc? 0 


Using the diagrams for the angles in other quadrants given on page 
388 of this chapter, we can verify that these identities are true for an 
angle in any quadrant. 


Summary 
In this chapter, we have defined eight basic trigonometric identities. 


Reciprocal Quotient Pythagorean 
Identities Identities | Identities 
1 | 


me | cos? 0 + sin? 6 =1 
cos 0 


sin 0 
L | : | 























cot? 0 + 1 = cse? 





1. Ifsec A = -3 and ZA is in quadrant II, find tan A. 


Solution 
1. Use the Pythagorean identity: 1 + tan? A = sec? A 
2. Substitute the given value. 1 + tan? A = (-3)? 


3. Solve for tan A. l + tan? A=9 
tan? A=8 — 
tan A = t/8 = +2,/2 
4. In quadrant II, the tangent is tan A = -/8, or -2 /2 
negative. 


Answer: - V8, Or -2/2 
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2. Write the expression 1 + cot? 0 in terms of sin 0, cos 0, or both. 
Then, express the result in simplest form. 


How to Proceed Solution 


1. Write an equivalent expres- cos? 0 
sion for cot? 0. sin? 0 
2. To add fractions, obtain =] E A) , cos’ 0 
like denominators. Then, — *sin* 0 sin? 0 
add the numerators and 
maintain the common de- 





1 + cot? 0=1+ 


i sin? 0 " cos? 0 
sin? 0 sin? 0 


nominator. 
sin? 0 * cos? 0 
sin? 0 
3. Since sin? 0 + cos? 0 = 1, 1 
the numerator can be re- eint 8 Ans. 
placed by 1. 


EXERCISES 


In 1-12, name the trigonometric function of the angle A that, when 
written in the blank, will make the equation an identity. 


























1. si?A*( 71 2. 1*( )? = sec? A 
3. ( y-1-2cscA 4. ( )21-cos A 
5. sinA cot A = 6. sec A cos? A = 

T. +4/1 + tan? A m cct. 8. = +,/cot? A * 1 
9. esc A tan À = 10. sin A sec A = 

11. cosA = cotA = —__— 12. cot A sec A = —— 


In 13-20, use a Pythagorean identity to find the required function 
value. 
13. If sin A = .6 and LA is in quadrant II, find cos A. 
14. Iftan B = - $ and ZB is in quadrant IV, find sec B. 
15. Ifcsc C = 48 and ZC is in quadrant I, find cot C. 
16. IfcosA = - 1 and ZA is in quadrant III, find sin A. 
17. Ifsec B = - 4/5 and ZB is in quadrant II, find tan B. 
18. If cot C = -v15 and LC is in quadrant IV, find csc C. 
19. Iftan A = 3 and LA is in quadrant III, find sec A. 


20. If cos B - Vs and /.B is in quadrant I, find sin B. 


21. 


22. 
23. 


24. 
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a. If @ = © radians, find the values of sin 0 and cos 0. 


c 


. Demonstrate that sin? 0 + cos? 0 = 1 when 0 = g radians. 


a. If 0 = 225°, find the values of tan 0 and sec 0. | 
b. Demonstrate that tan? 0 + 1 = sec? 0 when 0 = 225°. 
a. If 0 = 300°, find the values of cot 0 and cse 0. 

, Demonstrate that cot? 0-1- csc? 0 when 0 = 300°. 
What i is the value of sin? 63° + cos? 63°? 


c 


In 25-36, write the given expression in terms of sin A, cos A, or 
both. Then express the result in simplest form. 








25. sec A cot A 26. csc A tan A 27. sec A cos? A 
28. cot? A tan A 29. 1+ tan? A 30. tan A + cot A 
31. sec? A + csc? A 32. sec? A- 1 33. csc? A - 1 
tan A cot A ! sec A cos A 
ae sec A 95. csc A 36. tan A cot A 
In 37-40, select the numeral preceding the expression that best com- 
pletes the statement. 
37. The expression — L (tan 0 + sec 0) equals: 
(1) sin 0 Rs sin@ + 1 (3) cos 0 (4) cos * 1 
38. The product (1 + csc 0)(1 - csc 0) equals: 
(1) tan? 0 (2) -tan? 0 (3) cot? 0 (4) -cot? 0 
39. The expression ecd = emen is equal to: 
sec 0 
sin 0 - cos 0 sin 0 - cos 
(1) sin 0 (2) cos 0 
cos 0 - sin 0 cos 0 - sin 0 
(3) sin 0 (4) cos 0 
40. The product (1 - sec B)(1 + cos B) equals: 
| | co? B- 1 cosB- 1 
(1) 0 (2) 2 3) cob (5) cos B 
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8-14 FINDING THE REMAINING 
TRIGONOMETRIC FUNCTION VALUES 
OF ANY ANGLE WHEN 
ONE FUNCTION VALUE IS KNOWN 


If we know one trigonometric function value and the quadrant in 
which the angle lies, it is possible to find the remaining five trigono- 


metric function values of the angle. 


Method 1: Using Identities 


5 


O ExaMPLE: If sin 0 = 44 and 0 is the measure of an angle in the 
second quadrant, find the values of: a. cos 0 b. tan 0 c. csc 0 


d. secÓ œe. cot 0 


Solution 
a. 1. Use the Pythagorean identity: 
2. Substitute the given value. 


3. Solve for cos 0. 


169 
4. Since an angle in the second quadrant cos? 0 + m = 199- 
has a negative cosine, then cos @ is the cos? 0 = 144 
negative square root of 445. Sod us. 1H 
| 13 
b. 1. Write the quotient identity (shown below) for tan 0. 
2. Substitute the known values, and simplify. 
oS 9 
.sinü 183 | 18 ,138 5 » 5 
no = osa 23 12 38 -12 12 


13  t& 


cos? 0 + sin?0 - 1 
cos? 0 + (=)? =1 


cos? 6+ 3 =1 


In c, d, and e: 1. Write a reciprocal identity (shown below). 


2. Substitute the known value, and simplify. 





«alin dim d aai o 18 
«Geog me 5 5 434 D 
18 48 
eo E a ee ee ee: ae 
j cos 0 12 12 48 -12 
13 43 
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Answer; In the second quadrant: 


5 ee le: E 

When sin @ = 15: a. cos@ = 13 b. tan 0 19 
13 E E __12 

c. esc @ = R d. sec @ = 12 e. cot @ 5 


Method 2: Using Right Triangles and Directed Distances 


In section 3 of this chapter, we saw that a dilation could be used to 
transform a given right triangle into a similar right triangle in the unit 
circle. The hypotenuse of the right triangle in the unit circle has a 
length of 1 because the radius of the circle has a length of 1. 

We can also use a dilation to transform a right triangle in the unit 
circle into a similar right triangle whose hypotenuse does not have a 
length of 1. Just as the lengths of sides of a right triangle in the unit 
circle are treated as directed distances, so too are the lengths of sides 
in the newly formed similar triangle treated as directed distances in a 
coordinate plane. 

For example, if 0 is the measure of an angle in the fourth quadrant 


where cos 0 = 2 and sin 0 = -$, we can construct right AOQP in the 
unit circle (see Fig. 1). Here, OQ = , QP = - $, and hypotenuse OP 
has a length of 1. 





cos Ü = 0Q-$ 
sin 0 = QP = -$ 
OP = 1 OP'-5 





Fig. 1 Fig. 2 
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Under a dilation of 5 with the origin as the fixed point, right AOQP 
will have as its image right AOQ 'P' (see Fig. 2). The length of each side 
of AOQ'P' will be five times the length of its corresponding side in 
AOQP. 

Thus, under a dilation of 5, or under D;: 


OQ > OQ', where OQ = $ and OQ' = 5(2) = 3. 
QP — Q'P', where QP = -$ and Q'P' = 5(-$) = -4. 
OP > OP’, where OP = 1 and OP’ = 5(1) = 5. 


In right AOQ'"P', the acute angle 
whose vertex is at the origin, that is, 
L Q'OP', is directly related to the fourth- 
quadrant angle whose measure is @ (see 
Fig. 3). Using acute LQ'OP', we can 
identify the sides of right AOQ'P' as 
follows: 


Q'P' is opposite the acute LQ'OP'., 
OQ' is adjacent to the acute A Q'OP'. 
OP’ is the hypotenuse of the triangle. 


Recall that the sine, cosine, and tan- 
gent functions were originally defined as Fig. 3 
ratios involving the lengths of sides of a 
right triangle. We now extend these definitions to include directed 
distances for any right triangle, either in the unit circle or similar to 
that right triangle. We name the sides of the right triangle as they relate 
to the acute angle whose vertex is at the origin and which is determined 
by the angle of any given measure 0. Thus, using right AOQ'P', we now 
state: 





adj 3 F opp_ 4 opp 4 

sQ=—=—-  sn0Üü-——--—  ltamnü-——--— 

= hyp 5 = 5 ý adj 3 
Since sec 0 = -L ,csc 0 = = , and cot 0 = aT these reciprocal 


identities allow us to nda these functions as ratios involving the 
lengths of sides of a right triangle. Thus, for right AOQ'P": 


ip uS csc 0 hyp B aa = 


= => = = t = — m - 


adj 3 Opp 4 Opp 4 


Let us now apply this method to solving the problem stated earlier in 
this section. 


sec 0 = 
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C ExaMPLE. If sin Ó = 4& and 0 is the measure of an angle in the sec- 


ond quadrant, find the values of: a. cos 0 b. tan 0. c. esc 0 
d. sec 0 e. cot 0 


Solution 


1. Draw right AOQ'P' in quadrant II. Since sin 0 = a Spp let 
13 hyp 
Q'P' = 5 and OP’ = 13. Also, let OQ' = x. (Note that right AOQ'P' 
is the image under a dilation of 13 of AOQP, a right triangle in quad- 
rant II of the unit circle where sin 0 = -& .) 


P' 





2. Solve for x by using the Pythagorean Theorem: x? + 5? = 13? 


x? + 25 = 169 
x? = 144 
In quadrant II, x is a negative value. --—12 


3. To find the remaining j 
trigonometric functions, 
use the definitions in- 
volving ratios of lengths 
of sides in a right tri- 
angle. Remember to use 
directed distances. 
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adj -12 9p BW 8. 
Answer: a. cos ie 1a b. tan 0 adi -12 12 
 hyp 13 _hyp_ 13 | 13 
c. cscÓ opp 5 d. sec 0 adj -12 12 
e UTI Em 
Opp 5 


MODEL FROBLEMS |e 





1. Express each of the five remaining trigonometric functions in terms 
of sin 0. 
Solution 


To express one function in terms of another, we make use of the 
identities for trigonometric functions. 


1. Use the Pythagorean identity cos? 0 + sin? 6 = 1 
that includes sin 0, and solve 20-1 - sin? 0 
for cos 0. Since no quadrant cos @ = *4/1 - sin? 0 


is specified, cos 6 may be 
positive or negative. 


2. Use reciprocal identities to find csc 0 and sec 0. 


VEVO and cos0  t4/1- sin? 0 
3. Use quotient identities to find tan 0 and cot 0. 
. E +4 maa 
— sno — sin 0 corda CURE _ fXl- sin* 0 


cosh +,/1 - sin? 0 snÓ sin 0 


Answer: The remaining functions expressed in terms of sin Ó are: 


1 1 
cos 0 = t4/1l- sin? 0 esc ü = — sec 9 = im 
sin 0 1 - sin? 0 
RE LB cot B.» 4V1- nU 0 
1 - sin’ 0 sin 0 
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2. IftanA = VT. and sin A < 0, find cos A. 
Solution 


1. Since tan A is positive and sin A is negative, the terminal side of 
LA must lie in quadrant III. 





2. Draw right AOQ'P’ in quadrant III. Here, x and y are both nega- 


tive values. Since tan A = vi and x and y are negative, let 
-V7 _ opp 
-3 adj ` 
Thus, Q'P' = -./7 (opposite acute 1Q'OP’). 
OQ' = -3 (adjacent to acute 1 Q'OP'). 


3. Let h = the length of hypotenuse OP’. Use the Pythagorean 
Theorem to find the value of h. 


h CNTY pay 


tan A = 


h?=7+9 
h? = 16 
h=4 
4. Therefore, cos A = Lm Ans. 
yp 4 


Alternate Solution 


1. Use the Pythagorean iden- tan? A + 1 = sec? A 
tity that includes tan A. 
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2 
2. Substitute the value of tan A. (aT. +1= sec? A 


3. Simplify the left member of T +2 -secA 
the equation. 

4. Since tan A is positive and 48 = sec? A 
sin A is negative, LA lies in -4 = sec A 


quadrant III. Thus, sec A is 
negative. Solve for the nega- 
tive value of sec A. 





i 
I 
i» [oo 


5. Use the reciprocal identity cos A = E = 
to find cos A. 


Answer: cos A = -$ 





EXERCISES 


In 1-4, a right triangle is drawn in one of the quadrants relating to an 
angle whose measure is 0. Using the lengths of the sides of the triangle, 
indicated as directed distances, find: a. sin 0 b. cos 0 c. tan 0 
d. csc@ e. secO f. cot 0 
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5. If cos 0 = $ and sin 0 <0, find: a. sin@ b. sec Ó c. escé 
d. tan@ œ. cot 0 

6. Iftan A = -2 andcosA < 0, find: a. sec A b. cosA c. sin A 
d. csc A e. cot A 


Vil 


7. If tan 0 = “5 and sec 6 > 0,find: a. sec@ b. cosÓ c. sin 


d. csc) œe. cot 0 

8. Ifsin B - - and tan B > 0, find: a. cosB b. tanB c. cot B 
d. csc B. e, sec B 

9. If cot 0 = $ and csc 0 <0, find: a. csc Ó b. tan 0 c. sind 
d. cosÜ e. sec 0 


10. If csc A= XI and cot A <0, find: a. cot A b. sin A 


c. tanA d. secA e. cos A 


In 11-15, express each of the five remaining trigonometric functions 
in terms of the given function. 


11. cos0 12. tan 13. cot 60 14. sec 15. cscÓ0 


V3 


16. Ifsin A = E and tan A is negative, find cos A. 


17. If cosA = -V2. ang cot A > 0, find sin A. 
18. If tan B = -$ and sin B < 0, find cos B. 


19. Ifsin A = ~% 2 and sec A > 0, find tan A. 





In 20 and 21, select the numeral preceding the expression that best 
completes the sentence. 


20. Iftan 0 = 2 and sin 0 < 0, then cos Ó is equal to: 
5 y 29 5 o 
(1) — iu) -—— (3) -— (4) 7-526 
v 29 5 /29 29 


21. Iftan A = -4 and cos A < 0, then sin A equals: 


v10 3 v10 3/10 
MET: al (8) ^5 (4) ^19 
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8-15 COFUNCTIONS 


In Fig. 1, 4 ROP is a central angle 
of a unit circle whose center is at 
the origin. Points R (1,0) and P (a, b) 
are on the circle. If the measure of 
acute angle ROP is 0, then cos0 =a 
and sin Ó = b. 





In Fig. 3, we see that ROP’ is 
an angle in standard position, and 
the coordinates of P' are (b, a). 
Therefore, cos (90° - 0) = b and 
sin (90° - 8) =a. 





Fig. 1 


In Fig. 2, LROP is reflected 
in the line y = x: 
Fysx(X, y) = (y, x) 
P (a, b) > P'(b,a) 
R(1,0) > R'(0, 1) 
O(0,0) + O(0, 0) 


Since a line reflection preserves 
distance, OP’ = OP = 1 and P' is 
a point on the unit circle. Since a 
line reflection preserves angle 
measure, mZ R'OP' = mL ROP = 
0. Thus: 

m/ ROP' = m/ ROR' - mL ROP 
= 90° - 6 
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Since sin 0 = b and cos (90° - 0) = b: sin @ = cos (90° - 0) 

Since cos 0 = a and sin (90^ - 0) = a: cos @ = sin (90? - 0) 

Thus, the sine of an acute angle is equal to the cosine of its comple- 
ment, and the cosine of an acute angle is equal to the sine of its comple- 
ment. The sine and cosine functions are called cofunctions. 

Other cofunctions exist in trigonometry. For example: 


: tan @ = cot (90? - 0) 


Since tan 0 ? and cot (90° - 0) = 


Since cot 0 = 7, and tan (90° - 8) = 


oja aloe 


cot 0 = tan (90° - 6) 


Thus, the tangent of an acute angle is equal to the cotangent of its 
complement, and the cotangent of an acute angle is equal to the tan- 
gent of its complement. The tangent and cotangent functions are 
cofunctions. 


Since sec 0 = = and esc (90° - 0) = 


Since csc 0 = = and sec (90? - 8) = esc Ó = sec (90° - 8) 
Thus, the secant of an acute angle is equal to the cosecant of its 
complement, and the cosecant of an acute angle is equal to the secant 


of its complement. 
These observations allow us to make the following general statement: 


E Any trigonometric function of an acute angle is equal to the cofunc- 
tion of its complement. 


Notice how the prefix co- allows us to identify easily the pairs of 
functions that are cofunctions: 

Sine and cosine are cofunctions. 

Tangent and cotangent are cofunctions. 

Secant and cosecant are cofunctions. 

Note that the prefix co- matches the first two letters of the word 
"complement," a concept that is basic in the definition of cofunctions. 

The cofunction relationship is used in the construction of the table of 
trigonometric values. Each angle whose measure is listed in the column 
at the left is the complement of the angle whose measure is listed on 
the same line in the column at the right. Also, each column that names 
a function at the top names the cofunction at the bottom. 
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[MODEL PROBLEMS 


Le 


If x and (x + 20°) are the measures of two acute angles and sin x = 
cos (x + 20°), find x. 
Solution 


If the function of one acute angle is equal to the cofunction of 
another acute angle, then the angles are complementary. Thus: 


x + (x + 20) = 90 


2x + 20 = 90 
2x = 70 
x = 35 


Check by substitution: Does sin 35° = cos (35° + 20°) or sin 35° = 
cos 55^? (True.) 


Answer: 35° 


Express sin 285° as the function of an angle whose measure is less 


than 45°. 


Solution 

1. Determine the quadrant: An angle of 285° is in the fourth 
quadrant. 

2 Determine the reference Here, 360? - 0 = 360° - 285° = 

angle: 15°. 

3. Determine the sign: The sine of a fourth-quadrant angle 
is negative. 

4. Use cofunctions: Sin 285° = -sin 75° = -cos 15°. 


Answer: -cos 15° 





In 1-12, write the expression as a function of an acute angle whose 
measure is less than 45°. 


l. 
A, 
[P 
10. 


sin 80? 2. tan 72° 3. sin 50° 
cos 67° 5. sec 83° 6. cot 65° 
csc 58? 8. cos 75° 9. sin 88? 
tan 56^30' 11. cot 87^20' 12. cos63^50' 
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In 13-23, the equation contains the measures of two acute angles. 
Find a value of 0 for which the statement is true. 


13. sin 10° = cos 0 14. tan 48? = cot 0 15. sec 70° = esc 0 


16. sin = cos0 17. sin @ = cos 20 18. tan 6 = cot 50 
19. sec 0 = csc (0 + 60°) 20. sin 20 = cos (0 + 15°) 
21. cosÓ = sin (20 + 15°) 22. tan (0 + 5°) = cot (20 - 20°) 


23. sec(0 + 8°) = esc (90? - 20) 


In 24-38, write the expression as the function of an acute angle 
whose measure is less than 45°. 


24. sin 280? 25. cos 110? 26. tan 265°. 
27. sec 125° 28. cot 95° 29. tan 310° 
80. cos 258° 31. sin 420° 32. sec 490° 
33. cos 635^ 34. tan 600? 35. cos (-50°) 
36. sin (-80^) 37. sin (-100?) 38. cot (-277°) 


In 39-43, select the numeral preceding the expression that best com- 
pletes the sentence. 


39. If x and y are the measures of two acute angles and tan x = cot y, 


then: 

(1) x = y + 90? (2) x = y - 90° 

(3) x = 90° - y (4) y 2 x - 90? 
40. If 0 is the measure of an acute angle and cos 0 = sin 60^, then cos 0 

equals: 

e» | | 

(1) 30° (2) 60° (3) v3 (4) 9 
41. If x is the measure of an acute angle and sin (x + 15°) = cos 45^, 

then sin x equals: 

“4 2 3 
(1) 2 (2) ve (3) vs (4) 30* 


42. If r and t are the measures of two acute angles so that r + t = 90°, 
then cos r equals: 
(1) sin (90^ - t) (2) sin(t + 907) (3) sin(t- 90°) (4) sint 
43. If b is the measure of an acute angle and cos b = .75, then: 
(1) sin (b - 90?) = .75 (2) sin (90° - b) = .75 
(3) sin b = .75 (4) sin b = .25 


44. If k is the measure of an acute angle and cos k = sin (2k + 30°), 
demonstrate that k may equal 20° or 60°. 


410 
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8-16 REVIEW EXERCISES 


In the diagram, CA is tan- 
gent to circle O at A(1, 0) 
and ED is tangent to circle 
O at E(0, 1). Point B is on 
circle C O, points D and C C are 
on OB, and BF LOA. If 
mL AOB = 0, name the line 
segment whose measure is 
each of the following: 





a. sin @ b. cos 

c. tan 0 d. sec 0 

e. csc 0 f. cot 0 Ex. 1 

Express each of the following degree measures in radian measure: 
a. 90° b. 120? c. 30? d. 100° e. 135? 


f. -180° g. 240° h. 315° i. 450° j -200° 
Express each of the following radian measures in degree measure: 


M p O2 . BT q 87 . lim 
a ” "6 "9 "0 
Tr _3n 9r im . Bm 
E -3 4 h. -10 MEE i15 


In a circle whose radius has length r, a central angle whose radian 
measure is 0 intercepts an arc of length s. 
a, If s = 10 andr = 2, find 0. b. If s = 5r andr = 10, find 0. 


c. If = 3ands = 9, find r. d. If 0 = mand s = 27, find r. 
e. If 0 =4 andr = 8, find s. f. If à = 3 andr = 9, find s. 
Find the exact value of each expression. 

a. sin 120° b. cos 300° c. tan 405° d. cos 135° 
e. tan (-120°) f. sin om g. sec (-7) h. cot 3T 


Express each of the following as a function of an acute angle: 

a. cos 190? b. tan 305° c. sin 138° d. sec 92° 

e. csc 350° f. sin(-165°) g. cos(-284°) h. tan (-142^) 
Find each function value to four decimal places. 


a. sin 43°20’ b. cos 77°50’ c. sin 61^18' 
d. tan 39°46’ e. cos 12?8' f. tan 82°33’ 
Find the measure of @ to the nearest minute. 

a. sin 0 = .9390 b. tan 0 = .2732 c. cos Ü = .4472 
d. tan 0 = 1 1868 e. cos@ = .1113 f. sin@ = .5555 
If tan 0 = - $ and sin 0 > 0, find: 


a. sec @ b. cos 0 c. sin d. csc 0 e. cot 0 


10. 
11. 


12. 


13. 
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If cos 0 = -2 and sin 0 < 0, find tan 0. 

Express each of the five remaining trigonometric functions in 
terms of cos 0. 

Write each of the given expressions in terms of sin 0, cos 0, or 
both. Express the result in simplest form. 


a. csc 0 sin? 0 b. sec @ cot 0 c. cot? 0 +1 

sec 0 tan 0 2 2 
d. tan B e 8 f. sec* 0 + csc* 0 
If f(x) = sin x, find (E). 14. If g(x) = cos 2x, find sz. 


In 15-20, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


If sin x cos x < 0, x must be the measure of an angle in quadrants: 
(1) Ior III (2) IL or IV (3) Lor IV (4) IL or III 


. R ; M 
An angle whose measure is 3 has the same terminal side as an angle 
whose measure is: 


Qn br 8 ou 5r 
(1) 3 (2) 5 (B) «3 (4) -3 
The degree measure of an angle of 1 radian is: 

o o o Ls T^ 
(1) 57 (2) between 57° and 58 (3) = (4) 180 


If sin x < 0, which must also be true? 
(1) cosx <0 (2) tanx<O (8) secx «0 (4) csex <0 


The value of tan am is equal to the value of: 
xm T . On 3c 
(1) sin 9 (2) cos 2 (3) sin 9 (4) cos E 
.  escÓ - sing. ; 
The expression cot @ is equivalent to: 
(1) cos 0 (2) sin 0 (3) 1- sin? 0 (4) cos? 0 


Given that each equation contains the measures of two acute 
angles, find a value of x for which the statement is true. 

a. sinx = cos (2x + 45) b. sin (x + 20) = cosx 

c. cot (x * 10) » tan 3x d. sec (x + 12) = csc (x + 8) 
Write each expression as a function of an acute angle whose mea- 
sure is less than 45°. 

a. sin 125° b. cos 108° c. tan 297^ d. sin (-105^) 


Chapter 
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9-1 THE WRAPPING FUNCTION 


Let us think of a vertical number line that 
is tangent to a unit circle so that the point 
representing 0 on the number line coincides 
with the point (1, 0) on the unit circle. Imag- 
ine that we could wrap the number line about 
the circle so that each point on the line coin- 
cides with a point on the circle. The diagram 
shows some corresponding points as the posi- 
tive ray of the number line makes a single 
rotation about the circle. 

Each point on the circle determines the 
terminal ray of a central angle of the circle. 
The radian measure of an angle in standard 
position is equal to the coordinate of the 
corresponding point on the number line. 

For example, a point whose coordinate is 
2 on the number line corresponds to a point 
on the unit circle that determines an angle 
whose radian measure is 2. Similarly, a point 


— hol AD 





whose coordinate is A (approximately 1.5708) on the number line cor- 
responds to a point on the unit circle that determines an angle whose 
radian measure is » that is, a right angle. 


We can continue to wrap the positive ray of the number line about 
the circle in a counterclockwise direction. In the same way, we can 
wrap the negative ray of the number line about the circle in a clockwise 
direction. Under this wrapping function, every point on the real-number 
line corresponds to one and only one point on the unit circle. 


412 
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There is an infinite number of points on the real-number line, how- 
ever, that correspond to the same point on the unit circle. For example, 
the points that represent the real numbers 0, 27, -27, 47, - 47, 67, -67, 
etc. all correspond to the point (1, 0) on the circle, that is, the point 
that determines a central angle of O radian. This set of real numbers is 
indicated by the expression 27k, where k represents any integer. 

In the same way, think of the point on the unit circle that determines 
the terminal ray of an angle in standard position of 2 radians. The real 
numbers 2, 2 + 27, 2 + 471,2 - 27, and so forth have points on the num- 
ber line that correspond to this point on the circle. Thus, the set of 
points whose real numbers are of the form 2 + 27k for all integral 
values of k corresponds to a point on the unit circle that determines 
a central angle of 2 radians. 

We will use this correspondence between points on the real-number 
line and the radian measures of angles of a unit circle to graph trigono- 
metric functions. 





In 1 and 2, select the numeral preceding the expression that best 
answers the question. 


1. Which number does not have a point on the real-number line 
corresponding to the point on the unit circle that determines an 
angle measure of 0 radian? 

(1) 67 (2) 27 (3) 37 (4) 4T 

2. A point P on the unit circle determines an angle of 3 radians. 
Which real number does not have a point on the number line that 
corresponds to point P on the circle? 

(1) 3 + 27 (2) 3 - 2r (3) 3*7 (4) 3 * 10r 


3. Name four real numbers whose points on the number line corre- 
spond to the point on the unit circle whose coordinates are 
(71, 0). 


In 4-8, name three real numbers whose points on the number line 
correspond to the point on the unit circle that determines an angle 
whose radian measure is given. 

T 


4, 9 9. 5 6. 


Tr 
6 


woja 


7. 1.23 8. 
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Ex. 9 Ex. 10 


9. In a unit circle, ¿AOB indicates an angle associated with $ of a 
rotation, A and B are points on the circle, and A lies on the posi- 
tive x-axis. Name four real numbers whose points on the number 
line correspond to point B on the circle. 


In 10, select the numeral preceding the expression that best answers 
the question. 


10. In a unit circle, 2 AOC indicates an angle associated with $ of a 


rotation, and point C is on the circle, as shown in the accompany- 
ing diagram. If k represents any integer, which of the following 
expressions names the infinite set of real numbers that correspond 
to point C on the circle? 


(1) i Qnk (2) = +2nk — (3) = +2Qnk — (4) 2 ork 


In 11-18, three of the four given numbers have points on the real- 
number line that correspond to the same point on the unit circle. Which 
real number has a point that does not belong to this set? 


11. 87,107, 11r, 12r 12. 5r, 10r, 15r, -5r 
3m Sm Tr lom zm -18- 5r lin 





13. 3> 2> 2>? 2 14. 5> 66^ 6 
T Qn -Tr -3r © 5r -5T -1 lim 
15 Go ag a PA 16. 35-3 3B? 3 


1l2rtlortlli-i2m 


17. 4-27,4+7,4+ 21,4 - år 18. 7 oso 8 2 3 
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9-2 GRAPH OF y = sin x 


A function is a set of ordered pairs and can be represented as a set of 
points in the coordinate plane when the domain and range of the func- 
tion are subsets of the real numbers. This set of points is called the 
graph of the function. In Courses J and II, we learned to graph algebraic 
functions such as y = 2x - 1 and y = x? - 3x + 7. Now we will learn 
to graph y = sin x. 

In order to graph y - sin x, we will use as the x-axis the number line 
that we have associated with points on the unit circle. We can select 
from the domain that is the set of all real numbers any convenient set 
of values for x and find the corresponding value of sin x or y. One 


possible set with which to begin is the multiples of E from 0 to 27, 


which includes the measure of each of the quadrantal angles and two 
angles in each quadrant. 





: 3 
The value of sin — = t or .5, and the value of sin x" Y? = 87, to 


6 2 


the nearest hundredth. 

After choosing a scale along the y-axis, we let 3 be an approximation 
for 7 on the x-axis as a convenient way to present the graph as closely 
as possible to its actual scale. 





The curve shown above is the basic sine curve, or sine wave. If we 
divide the interval from 0 to 27 into four equal parts, the curve in- 
creases from 0 to 1 in the first quarter, decreases from 1 to 0 and from 
0 to -1 in the second and third quarters, and then increases from -1 
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to 0 in the fourth quarter. In the unit circle, we see this same pattern 


for sin 0. As 0 increases from 0 to E radians, sin 0 increases from 0 to 1. 


Then, in quadrant II, as @ increases from 5 to 7 radians, sin 0 de- 
creases from 1 to 0. The similarities continue for quadrants III and IV, 
as shown in the model problem at the end of this section. 

This, of course, is only a part of the graph of y = sin x. If we choose 
values of x from -2r to 0, we have the following set of values: 


ZEN es] m es -7 va^ 


EXFIPAHIEIE EI |-8T|-5 


Tee 
fT tt tt 
LLETIN TT TT rt ERTEAN 
ACEON A EON 

#4 PH LP 3 | N | sa | 42a x 
et} Sees? URRE 
-HHHHHRRHTE pM -- HEP 
PT PPI LITLE ELE ELI Tee 


The graph of y = sin x is drawn over an interval from -2r to 27. The 
set of values for sin x from x = -2r to x = 0 duplicates the values for 
sin x from x = 0 to x = 27. Thus, the graph of y = sin x in the interval 
-2r X x < 0 repeats the basic sine curve. We observe: 






















sin x = sin (x + 2k) for any integer k 


The graph of y = sin x has translational symmetry under the transla- 
tion T4, 9; that is, the graph of y = sin x is its own image under the 
translation T^, o. 


Domain = {x|x € Real Lampen 


Range = (yl-1€ y € 1) 
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A function, f, is a periodic function if there exists a nonzero constant, 
p, such that for every x in the domain of f, f(x + p) = f(x). The small- 
est positive value of p is called the period of the function. In other 
words, the period is the length of the interval between successive repeti- 


tions of the curve. For example, when x = a sin x = 1. Then, when 


x= T sin x = 1. Therefore, the difference between or and = shows 
an interval length of SE 2 hn 2m, or Zr is the period of the func- 


2 2 2 
tion y = sin x. 


MODEL PROBLEM 


From the graph of y = sin x, determine whether sin x increases or de- 
creases in each quadrant. 





Solution 





Sketch the graph and divide the interval from 0 to 27 into quadrants. 
Study the change in y-values in each quadrant. 


Answer: In quadrant I, sin x increases from 0 to 1. 
In quadrant II, sin x decreases from 1 to 0. 
In quadrant III, sin x decreases from 0 to - 1. 
In quadrant IV, sin x increases from - 1 to 0. 


Sketch the graph of y = sin x from x = -2r to x = 2r. 

What is the period of y = sin x? 

a. What is the largest value of sin x? b. What is the smallest value 
of sin x? 

4. What is the range of y = sin x? 

9. For what values of x in the interval -2r <x < 2r is sin x = 1? 





2 ic m 
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6. For what values of x in the interval -2r € x < 27 is sin x = -1? 

7. Between what values of x in the interval -2m <x < 2m is sin x 
a. increasing?  b. decreasing? 

8. Name three real numbers that are not elements of the range of the 
function y = sin x. 


9-3 GRAPH OF y - cos x 
We can sketch the graph of y = cos x by making a table of values, 


as we did for y = sin x, using multiples of 7 from 0 to 27. 


T7 
BERS 
[s[o|-s[-e|]-s- 








Once again, we have chosen a scale along the y-axis and we have let 3 
be an approximation for 7 on the x-axis as a convenient way to present 
the graph as closely as possible to its actual scale. 





The curve shown above is the basic cosine curve. If we divide the 
interval from 0 to 27 into four equal parts, the curve decreases from 1 
to 0 and then from 0 to -1 in the first and second quarters and then 
increases from -1 to 0 and from 0 to 1 in the third and fourth quarters. 
In the unit circle, we see this same pattern of values for cos 0. As 0 in- 


creases from 0 to 5 radians, cos 0 decreases from 1 to 0. Then, in 
quadrant II, as 0 increases from 5 to 7 radians, cos Ó decreases from 0 


to -1. The similarities continue for quadrants III and IV, as shown in 
the model problem at the end of this section. 
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Like the sine function, the cosine function is a periodic function with 
a period of 2r. 
cos X = cos (x + 27k) for any integer k 


When x = 7, cos x = - 1 and when x = 32, cos x = -1. The difference 
between 37 and 7 shows an interval length of 37 - 7 = 2T, or 27 is the 
period of the function y = cos x. 

The graph of y = cos x has translational symmetry with respect to 
the translation T;,,, and its graph is an endless repetition of the basic 
cosine curve drawn on the preceding page. 





! ji } | É 

i i ' E ' || 1 i i 
"ý n =r mcum A e ees orar 

IT * Tl E | + "! 


! || i i 3 i ' || 
amer mes CouA oon d ' - cate = a M * a ee ee a — — — — — en " an -— — —— 


Domain = (x|x € Real numbers) 
Range = (y|-1€ y € 1) 


[ MODEL PROBLEM 


From the graph of y 7 cos x, determine whether cos x increases or 
decreases in each quadrant. 





Solution 





Sketch the graph and divide the interval from 0 to 27 into quadrants. 
Study the change in y-values in each quadrant. 


Answer: In quadrant I, cos x decreases from 1 to 0. 
In quadrant II, cos x decreases from 0 to -1. 
In quadrant III, cos x increases from -1 to 0. 
In quadrant IV, cos x increases from 0 to 1. 
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EXERCISES) 


1. Sketch the graph of y = cos x from x = -2r tox = 2r. 

2. What is the period of y = cos x? 

3. a. What is the largest value of cos x? b. What is the smallest value 
of cos x? 

4. What is the range of y = cos x? 

5. For what values of x in the interval -2r <x € 27 is cos x = 1? 

6. For what values of x in the interval -27 € x < 2r is cosx = -1? 

7. Between what values of x in the interval -27 € x < 27 is cos x 
a. increasing? b. decreasing? 

8. a. Sketch the graph of y = cos x in the interval -2r <x < 2r. 


a 

b. On the same set of axes, sketch the graph of y = sin x. 

c. For what value of q is y = sin x the image of y = cos x under the 
translation T, 9? 


9-4 AMPLITUDE 


In order to draw the graph of 
y =a sin x for some constant, a, 
we must first find the values of 
sin x and then multiply these 
values by a. For example, the 
table at the right shows us how 
to find four rational approxima- 
tions for y when the function is 
y =2sinx. To abbreviate our 
work, study the chart that fol- 
lows. This compact chart gives 
the values we might use to graph y = 2 sin x and y = 4 sin x over the 
interval 0 € x € 2m. 


| 9sinO = 2(0) 


| 2:im 2 = 2(.5) 


2 sin A = 2(.866) = 


tja œj o3 o 





2 sin a = 2(1) 


aes oat E 


sans opo [rmn [ia 


eso] se| en| 2| 





After finding the values of sin x in row 2, we multiply those values by 
2 to find the values of 2 sin x in row 3. To draw the graph of y = 2 sin x, 
we use values of x from row 1 with the corresponding values of y from 


row 3. In the same way, we multiply the values of sin x in row 2 by 7 
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to find the values of 4 sin x in row 4. To draw the graph of y = 4 sin x, 


we use values of x "os row 1 with the corresponding values Bt y from 
row 4. These graphs are shown below. 


mur um. 
c ure 1 





Notice that each graph follows the pattern of the basic sine curve. 
Each graph intersects the x-axis at 0, 7, and 2m; reaches its highest point 


at = and reaches its lowest point at rs Like the graph of y = sin x, 
the graph of y =a sin x has translational symmetry under the transla- 
tion T5, o, and the complete graph repeats the basic pattern endlessly. 

The graph of y = -2 sin x is the reflection in the x-axis of the graph 
of y = 2 sin x, as shown in the figure below. 


LLEEETTTLIITTIEBÉS TI 
HAHH pyc sin xi 















a a BEB‘ = a SR sc eee 
TOTTI COE ET ET 
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The maximum value of y 7 sin x is 1 and the minimum value is - 1. 
The range of y = sin x is-1 € y € 1. The maximum value of y = 2 sin x 
is 2 and the minimum value is - 2. The range of y = 2 sin x is-2 € y € 2. 
The maximum value of y = 4 sin x is } and the minimum value is - 7. 
The range of y = i sin x is-4 Sy $5. 

Notice from the graph of y = -2 sin x (the reflection of y = 2 sinx 
in the x-axis) that the maximum value is 2 and the minimum value is 
-2. The range of y = -2 sin x is-2 € y € 2. 

The amplitude of a periodic function is one-half the difference be- 
tween the maximum value and the minimum value. 


1 1 
resi mile iniu Ao EA we 
If y 9 sin x,amplitude 2 2 
i 2 - (-2) 
If y = -2 sin x, amplitude = —HH ^" 2. 
| la| - (-la 
If y = a sin x, amplitude = me me = jal. 


The cosine function, like the sine function, has as its range the set of 
real numbers from -1 to 1. The same principles that were discussed for 
y =a sin x apply to the functions of the form y = a cos x. For exam- 
ple, if y = 4 cos x, the range of the function is -4 < y < 4 and the 
amplitude is 4. 

lll In general, for the functions y = a sin x and y = a cos x: 


the amplitude = |a| 


MODEL PROBLEM] _  — 1 o 


Sketch the graph of y = 2 cos x in the interval 0 € x € 2r. 
Solution 
Choose a convenient scale on the 


y-axis and, using this same scale, 
locate the points that are convenient 


à; T 3T | 
approximations of >, T, ^5; and 9 cos 2 = 2(0) 
21 on the x-axis. These four values ! 2 cos T = 2(- 1) 
and 0 can be used to find the maxi- | 3r | 
mum, minimum, and 0 values of 2 cos ua n 2(0) 


2 cos x, as shown in the chart. Plot 





2 cos 27 = 2(1) 
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the points, using values from the chart. Using the shape of the basic 
cosine curve as a guide, sketch the curve. 


Answer: 






TENURE : 
AEH NAR w 
t 4 | | | [v=2cosx [TT TT | 
= LLLIFIITITTTTIT 









In 1-6, state the amplitude of the given function. 


b. gem ox 2. y7^$ cos x 8. y » 2cos x 


4, y7isinx 5. y 7-83 sin x 6. y = -.6 cos x 


In 7-12, sketch the graph from x = 0 to x = 2r. 


7. y "^ $ cos x 8. y » 2sinx 9. y - 3cos x 
10. y = 8 sin x ll. y » 4cos x 12. y » -2sinx 


In 13-18, state the range of the given function. 


13. y 7» sinx 14. y= cos x 15. y » 2sinx 
16. y - icosx 17. y =8 cosx 18. y »-3 sinx 


19. a. State three values of x in the interval 0 < x < 2T for which 
3 sin x = 0. 
b. For what value of x in the interval 0 X x X 27 is 3 sinx a 
maximum value? 
c. For what value of x in the interval 0 < x < 27 is 3sinx a 
minimum value? 
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9-5 PERIOD 


We saw that the graphs of 
y =a sin x have different ampli- 
tudes as the value of a changes 
but that the period remains 27. 
Now we shall study the graph of 
a function of the form y = sin bx 
and observe what changes result 
when we multiply x by some 
constant before finding the sine 
value. For example, the table at 
the right shows us how to find 
four rational approximations for y when the function is y = sin 2x. To 
abbreviate our work, study the chart that follows. This chart gives the 
values we might use to graph y 7 sin 2x. 


wja eja on o 
wja P| oa 





EELE oo 


To draw the graph of y = sin 2x, we use values of x from row 1 with 





the corresponding values of y from row 3. 


= ae B 
: NC 






In y 7 sin x, the basic sine curve appears once over an interval of 27. 
In y = sin 2x, the sine curve appears twice over an interval from 0 to 
27. In other words, given y = sin 2x, the frequency of the curve is 2 and 
its period is m. In general, the frequency of a periodic function is the 
number of times the function repeats itself in a given interval. Let us 
agree that the interval to be considered is 2m for all trigonometric 
functions. 


Trigonometric Graphs 425 


The period of a function is equal to the length of the interval, 27, 
divided by the frequency. For example, in y = sin 2x, the frequency 
is 2 and the period = FS = T. 

This relationship can also be seen by studying translations. Since the 
graph of y = sin 2x completes a full cycle in a period of T, we can write: 
sin 2x = sin (2x + 27) = sin 2(x + r) 

Tro: sin 2x — sin 2(x + 7) 

The curve y = sin 2x has translational symmetry under T’,,9 and has 
a period of 7. 

In general, if y = sin bx or y = cos bx, where b is positive: 


sin bx = sin (bx + 27) = sin 2e * t) 
; i 2T 
Ta» : sin bx > sin p(x + T 
“5 b 
| " ? 2T 
cos bx = cos (bx + 2m) = cos »(s * 2r) 


T5, : cos bx > cos ss + 2r) 
E 0 b 


Therefore, y = sin bx and y = cos bx have translational symmetry 
AT 


under T3, 35 They are periodic functions with period b 


P ' 
lil In general, for the functions y = sin bx and y = cos bx: 


the period = BT 


Note: The absolute-value symbol is used in writing TT to ensure that 


the period is stated as a positive number. 


| MODEL PROBLEMS 


l. a. Sketch the graph of y = cos 1x from x = 0 tox = 4r. 
b. Find the value(s) of x in the interval 0 X x < 4m so that the 
value of cos $ x is (i) a maximum (ii) a minimum (iii) 0. 
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Solution 


a. 1. Compare y = cos x to y = cos bx to find b = i. 
















Thus, the period = TET - 


2. Since a complete cycle 
Occurs over a period of 
4T, divide the period 
into quarters and find 
the values of y for the 
values of x shown in 
the table. 


3. Plot these points and 
draw a smooth curve 
through them. 


b. Maximum, minimum, and zero values can be read from the graph. 
(i) The maximum value of cos $x occurs when x = 0 and when 


x = 4m. 
(ii) The minimum value of cos $x occurs when x = 2r. 
(iii) The expression cos 1 x equals 0 when x = m and when x = 9m. 


Answer: a. See the graph. 
b. (i) Oand 47 

(ii) 27 
(iii) 7 and 37 
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2. Which is the equation of the function 
sketched in the accompanying diagram? 





(1) y = sin 2x (2) y = cos 2x 
(3) y = sin ix (4) y = cos $x 
Solution 


l. Since the sketch above is the start of the sine curve, reject 
choices (2) and (4). 


2. Since the first half of the sine curve occurs over an interval from 
0 to 2 the period of the full curve is 2 - = = T. In choice (1), 
y = sin 2x, the period = — = — = q, 


Answer: (1) y = sin 2x 





In 1-8, give the period of each function. 


1l. y=cos2x 2. y "^ sinix 8. y=cos8x 4. y=cosx 


5. y=sin4dx 6. y -sinx 7. y * 8sin2x 8. y =4 cos 6x 


In 9-11, sketch the graph from x = 0 to x = 2r. 
9. y = cos 2x 10. y= sin ix 1l. y = sin 3x 
In 12-14, sketch the graph in the interval -27 < x < 2m. 

12. y = sin 2x 18. y = cos x 14. y = cos 3x 


15. Find the values of x between 0 and 27 inclusive for which y = sin 2x 
is: a. a maximum b. aminimum cœ. 0 

16. Find the values of x between 0 and 27 inclusive for which y = 
cos 2x is: a. a maximum b. a minimum cœ. 0 

17. The graph of y = sin 4x is drawn for values of x in the interval 
0 S x € 2r. a. How many times will the basic sine curve appear? 
b. What is the frequency of the graph of y = sin 4x? 


18. The graph of y = cos $x is drawn for values of x in the interval 
0 X x < 2r. a. What fractional part of the basic cosine curve will 
appear? b. What is the frequency of the graph of y = cos 1x? 


= ~~ —— Hei ii- - - — o4. h A 2 —AM d 
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In 19-24, the graph shows y 7 sin bx or y 7 cos bx. a. What is the 
frequency of the curve? b. What is the equation of the function? 


Lm 





9-6 SKETCHING SINE AND COSINE CURVES 


To summarize what we have learned in the last few sections, we can 
say: 


lll For every function y = a sin bx and y = a cos bx: 


the amplitude = |a | 
the frequency = |b] 


the period = a 
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1. Sketch the graph of y = 3 sin 2x in the interval 0 <x < 2r. 


Solution 





1. Determine the amplitude and the period of the curve y = 3 sin 2x. 
By a comparison to y = a sin bx, we see that a = 3 and b = 2. 
Therefore: 


1 = = DI = | 1 = = 2m _ 2T _ 
Amplitude = |a| = |3| 3. Period p ig^ 2 T. 


2. Since the amplitude is 3, the maximum value of the curve is 3 
and the minimum value is - 3. 


3. Since the period is 7, divide the interval on the x-axis from 0 to 
m into four quarters at the points 0, — 4 5 a and 7. In a sine 
curve, the zeros occur at the first, middle, and last of these 


points, that is, at 0, a and 7 for y = 3 sin 2x. The maximum 
value, 3, occurs when x = 2 and the minimum value, - 3, occurs 


when x = sr for the given equation. 
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4. Repeat the process in step 3 for the interval from 7 to 2T. 
5. Draw a smooth curve through the points that have been plotted. 


2. a. Sketch, on the same set of axes, the graphs of y = 2 cos x and 
y 7 sin ix as x varies from 0 to 27. 

b. Determine the number of values of x between 0 and 27 that sat- 
isfy the equation 2 cos x = sin 4 x. 


Solution 
y = 2 cosx y 7sinix 
amplitude = 2 amplitude = 1 
frequency = 1 frequency = 4 
period = an = 2T period = zi = 4T 
2 












TX 
ex 
EUN 






HERETER | | 
VENIO 
EEEE ANE AHE 
a E 
OPI PERASETT 
b. The values of x that satisfy the equation 2 cos x = sin $ x are 
the x-coordinates of the points of intersection of y = 2 cos x 


and y = sin 4x. Therefore, there are two values of x between 0 
and 27 that satisfy the equation. 










Answer: a. See the graph. b. two 
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[EXERCISES] — 0] 


In 1-6: a. State the amplitude of the graph. b. State the period of 
the graph. 


1l. y = 3sin2x 2. y =$ sinx 3. y = 2-cos x 
4. y= 2 cos 2x 5. y= sin ix 6. y = -2 cosx 
7. Iff(x) = sin 2x, find: a. f(r) b. (3) c. «(£) 


8. If f(x) = cos — d x,find: a. f(7) b. t (5) c. f£(37) 
9. a. Sketch the graph of y = sin 2x from x = 0 tox = 2m. 
b. On the same set of axes, sketch the graph of y = + cos x. 
c. For how many values of x in the interval 0 <x < 2m does 
sin 2x = 4 cos x? 
10. a. Sketch the graph of y = 2 cos 1x for values of x in the interval 
-2r €x < 92m. 
b. On the same set of axes, sketch the graph of y = 2 sin x. 
c. For how many values of x in the interval -27 <x < 27 does 
2 cos ix = 2 sin x? 
11. a. On the same set of axes, sketch the graphs of y = cos 2x and 
y = sin x for values of x in the interval 0 € x < 2r. 
b. For what values of x in the interval 0 € x < 2m does cos 2x = 
sin x? 
12. a. On the same set of axes, sketch the graphs of y = cos x and 
y = 2 sin 2x for values of x in the interval -r < x < m. 
b. For how many values of x in the interval -m <x < m does 
cos x — 2 sin 2x? 


In 13-18: a. Sketch the graphs of the two functions on one set of 


axes, using the interval 0 < x < 2m. b. Solve the given equation for 
x in the interval 0 € x < 2r. 
13. a. Graph y = sinx 14. a. Graph y = cos ix 
y =cosx y 7-sinx 
b. Solve sin x = cos x b. Solve cos 4x = -sin x 
15. a. Graph y = 3cosx 16. a. Graph y = -cosx 
y = sin 2x y = sinx 


b. Solve 3 cos x = sin 2x b. Solve -cos x = sin x 


432 


TE 


19. 


20. 


21. 


22. 
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a. Graph y = = sin x 18. a. Graph y = sin 5 
y-7-2sinx = -cosx 

b. Solve > sin x = -2sinx b. Solve sin $ = -cos x 

a. On the same set of axes, sketch the graph of y = sin 4x and 


y = 2 cos x for values of x in the interval -27 € x < 0. 
b. For how many values of x in the interval -2r < x < 0, does 


sin $x = 2 cos x? 
a. Sketch the graph of y = 2 cos 2x in the interval 0 <x S Qn. 
b. On the same set of axes, draw the graph of y = 1. 
c. What are the coordinates of the points of intersection of the 
graphs drawn in parts a and b? 
An oscilloscope is a device that presents pictures of sound waves. 
The function y = .002 sin (2007x) describes the sound produced 
by a tuning fork, where x represents the time in seconds. 
a. What is the amplitude of the given function? 
b. What is its period? 
c. Complete the table, finding values of y to four decimal places: 


fefe [aa [as [ats |e | at 


d. Graph the picture of the sine wave produced by the tuning fork 
over an interval of time from 0 to 485 (or 355) second. 

e. How many complete “sine visa" will be produced by the 
tuning fork in an interval of one second? 

Research the terms Amplitude Modulation and Frequency Modu- 

lation, commonly abbreviated as A.M. and F.M., and explain the 

terms in relation to practical applications of trigonometric graphs. 





9-7 GRAPH OF y - tan x 


We can draw the graph of y = tan x, as we did the graphs of y = sin x 
and y = cos x, by making a table of values, Recall from our work with 


3T 


the unit circle that the tangent function is undefined at +2 t Or 


ty t 


any odd multiple of T This is indicated in the table by a dash (—). 


2 
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y = tanx 





Domain = l x|x € Real numbers and 


x # e lm for integral values of eb 


Range = { y|y € Real numbers) 





Notice that, unlike the sine and cosine curves, which are continuous, 
the graph of y = tan x is discontinuous at x = = 


(2k +1) 


any value of x = 9 for integral values of k. By choosing points 
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with x-coordinates sufficiently close to these odd multiples of p we 


can make the value of tan x as large or as small as we choose. Therefore, 
y = tan x has no maximum or minimum value. The tangent function 
does not have an amplitude. 

Like the sine and cosine functions, the tangent function is periodic. 


Notice that the shape of the portion of the curve from x = zor to 


2 
x= = is repeated in the interval from x = 3 tox = z and again from 
o> a om T 2m _ i TE 
2 to 3 Since «^95 "1, the period of the tangent function is 7. 


tan x = tan (x + 7) for all x 


The graph of y = tan x has translational symmetry with respect to the 
translation Tyo. 





ss 








y = tan x 
===- y= tan (-x) 


The graph shows the reflection of the curve y = tan x in the x-axis. If 
this image is reflected in the y-axis, the image is the curve y = tan x. 
Since a reflection in the x-axis followed by a reflection in the y-axis is a 
reflection in the origin, the graph of y = tan x has point symmetry with 
respect to a reflection in the origin. 
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EXERCISES] ——— — ————  —] 


Sketch the graph of y = tan x from x = -2r to x = 2m. 
What is the period of y = tan x? 

What is the domain of y = tan x? 

What is the range of y 7 tan x? 


9 Rom 


Between what values of x in the interval EO c dx Sis tan x 

a. increasing? b. decreasing? 
In 6, select the numeral preceding the expression that best answers 
the question. 
6. Which is not an element of the domain of y = tan x? 


(1) 7 (2) 2m (3) $ (4) -7 


7. a. On the same set of axes, sketch the graph of y = 2 sin x and 
y = tan x for values of x in the interval -r <x < r. 
b. How many values of x in the interval -7 < x < 7 are solutions 
of the equation tan x = 2 sin x? 


9-8 GRAPHS OF THE RECIPROCAL FUNCTIONS 


The graphs of y = csc x, y = sec x, and y = cot x can be drawn by 
making a table of values as we did for y = sin x, y = cos x, and y = tan x. 
Each of the diagrams that follow shows a pair of reciprocal functions. 





Fig. 1 
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In Fig. 1, y = sin x is shown as a dotted line and y = csc x is shown as 
a solid line. Notice that: 

As sin x increases, csc x decreases and, as sin x decreases, csc x in- 
creases. 

The values of sin x and csc x always have the same sign. 

When sin x = 1,csc x = 1 and when sin x = -1,csc x = -1. 

When sin x = 0, csc x is undefined. 


y =cscex 


Domain = {x |x € Real numbers and x  k7 for integral values of k} 
Range = (yl |y] 2 1) 





In Fig. 2, y = cos x is shown as a dotted line and y = sec x is shown 
as a solid line. We can make observations about these functions that 
are similar to those we made for the graphs of the sine and cosecant 
functions. 


y = secx 


Domain = ls x € Real numbers and 


x M ce for integral values of eh 


Range = {y| |y| 2 1) 





Trigonometric Graphs 437 





In Fig. 3, y = tan x is shown as a dotted line and y = cot x is shown 
as a solid line. In addition to the observations made before, notice that 
cot x is undefined when tan x is 0 and that cot x is 0 when tan x is 
undefined. 


y =cotx 


| Domain = {x |x € Real numbers and x # kr for integral values of k} 
Range = (y |y € Real numbers} 





1. Iff(x) = secx,find: a. f(0) b. (5) e Im 
2. Iff(x)- cscx,find: a. (2) b. (2) c. f(-7) 
" eis a ED [7T xii 
3. Iff(x) = cotx,find: a. (7) b. f 5) c. (3) 
4. State two values of x in the interval =] ex m for which csc x 


is undefined. 

5. For what value of x in the interval 0 <x < 7 is the value of csc x 
a minimum? 

6. State two values of x in the interval 0 <x < 2m for which sec x 
is undefined. 
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7. State two values of x in the interval * <x< a for which 


COS X = sec x. 
8. State two values of x in the interval 0 <x < 7 for which tan x = 


cot x. 
9. State two values of x in the interval -n <x S y for which 


cot x = 0. 
In 10-12, select the numeral preceding the expression that best 
answers the question. 


10. Which is not an element of the domain of y = cot x? 


T 3T -T 
(1) 0 (2) 5 (3) 5, (4) 5 
11. Which is not an element of the range of y = sec x? 
(1) 1 (2) 2 (3) -1 (4) $ 
12. Which is not an element of the range of y = csc x? 
V2 
(1) V2 (2) -2 (3) ve (4) 4 


9-9 REFLECTION OVER THE LINE y = x 
In Chapter 5, we discussed the reflection of a set of points in the line 
y =x: 
P(x,y)>P'(y,x) OR  Ty=x(%, y) = (y, x) 
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When the set of points that is the graph of y = sin x is reflected in the 
line y = x, the set of image points is the graph of x = sin y. We can see 
from the graph that each x does not have a unique y. The set of ordered 
pairs defined by x = sin y is not a function of x since many ordered 
pairs have the same first element. 

When we express a set of ordered pairs in terms of its equation, it is 
usually convenient to express the second element, y, in terms of the 
first element, x. Therefore, we want to rewrite x = sin y so that it is 
solved for y. We will begin by expressing the relationship in words. 


x = sin y 
y is the angle whose sine is x 


Since the measure of a central angle of a unit circle is equal to the mea- 
sure of the arc, we could also say: 


y is the arc whose sine is x 


To abbreviate this statement and write it in symbolic form, we will pick 
out essential words. 
y is the arc whose sine is x 
Using just these essential words, we can write the sentence as y = arc sin x. 
y = arcsinx + x = siny 
T LU 


O ExAMPLE 1: z 7 are sin 1 is equivalent to 1 = sin 2 


Also, 90° = arc sin 1 is equivalent to 1 = sin 90°. 
O ExaMPLE 2: $ = arc sin 1 is equivalent to l. sin = 
6 2 | 2 6' 
Also, 30° = arc sin 4 is equivalent to 4 = sin 30°. 


Since 7 radians and 90° are measures of the same angle, the two state- 


ments in example 1 reflect the same equality. Since = radians and 30° 


are measures of the same angle, the two statements in example 2 reflect 
the same equality. 

If we consider the values of 0 for which @ = sin $, there are infinitely 
many solutions. 


0 = arc sin > <> sin = 4 
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Since 0 is the measure of an angle whose sine is positive, 0 can be the 
measure of an angle in quadrant I or quadrant II. In quadrant I, @ can 
be 30°, or any value that differs from 30° by a multiple of 360°. For 
example, 30? + 360° = 390°, 30? + 2(360?) = 750°, and 30° - 360? = 
-330?. In quadrant II, 0 = 180° - 30° = 150°. Again, 0 can be any 
value that differs from 150° by a multiple of 360°, such as 150° + 
360? = 510°, 150° + 2(360?) = 870°, and 150° - 360° = - 210°. 

In terms of degree measure, the solution of the equation @ = arc sin i 
is: 

0 = 30° + 360°R or 0-150? + 360°, where k is any integer 


In terms of radian measure, the solution of the equation 0 = arc sin i 
is: 
T OT i ; 
0 = 6 + 2rk or 0- 6 + 2rk, where k is any integer 

We can use a similar notation for the reflection of the other trigono- 
metric functions over the line y = x. 

When the set of points whose equation is y = cos x is reflected over 
the line y = x, the image is the set of points whose equation is x = cos y. 


y = arc cos X <> X = cos y 
When the set of points whose equation is y = tan x is reflected over 
the line y = x, the image is the set of points whose equation is x = tan y. 


y = arc tan x + x = tan y 





1. If @ = arc tan (- 1) and 0? < 0 < 360°, find 9. 


Solution 
1. Rewrite 0 = arc tan (- 1) as tan @ = - 1. 


2. Since tan @ is negative, @ is in the second or fourth quadrant. 
Since tan 0 = -tan 45°, the measure of the reference angle is 
45°. Therefore, in quadrant II, 0 = 180? - 45° = 135°; and, in 
quadrant IV, 0 = 360° - 45° = 315°. 


Answer: 185° and 315° 
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2. Find cos (arc sin .6) 
Solution 


Here we are asked to find the cosine of an angle measure whose 
sine is .6. 
1. Let 0 = arc sin .6; that is, sin @ = .6. 
2. Use the Pythagorean identity. cos? 0 = 1 - sin? 0 


3. Substitute. cos? 0 = 1 - (.6)? 

4. Simplify. cos? 0 = 1- .36 
cos? 0 = .64 

5. Solve for cos 0. cosl = +.8 


Answer: t.8 


3. Find the value of cot (arc tan 2). 


Solution 
Here we are asked to find the cotangent of an angle measure 
whose tangent is $, 


1. Let ¢ = arc tan $; that is, tan 9 = $. 


| 2 3d 
2. Since cot @ = tang 
E 5.8 
ep Uy a B 
5 Os 
"E 
Answer: g 





In 1-6, rewrite the statement as an equivalent statement, using arc sin, 
arc cos, or arc tan. 


1. sind = > 2. cos 9 = - VÈ 8. tan0 =2 
4. sin@ 7 1 5. tan =-4 6. cos - 1 


In 7-12, rewrite the statement as an equivalent statement, using sin 0, 
cos 0, or tan 0. 


8. 0 = arc tan (-/3) 9. 9 = arc sin VŽ 


11. 0 = arc sin (-1) 12. 0 = arc cos 0 


7. 0 = arc cos $ 
10. 0 = arc tan 1 
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In 13-21: a. Rewrite the statement as an equivalent statement, using 
sin 0, cos 0, or tan 0. b. Find all values of 0 between 0? and 360° 
inclusive. 


13. 0 = arcsin 1 14. 0 = arc cos C v3) 
2 

15. 0 = arc tan 0 16. 0 = arc cos 75 

17. 0 = arc sin (.9903) 18. 0 = arc cos (.7314) 

19. 0 = arc tan (- 3.7321) 20. 0 = arc cos (-.8988) 


21. @ = arc sin (-.3907) 


In 22-27, find all values of 0 in radians for 0 < 0 < 2r. 


22. 0 = arc sin (- 3) 23. 0 = arc tan (- 1) 

24. 0 = arc cos ve 25. 0 = arc sin Si] 

26. 0 = arc tan /3 27. 0 = arc cos (- x) 

28. Find sin (arc cos 4). 29. Find tan (arc sin 0). 

30. Find cos (arc sin (-1)). 3l. Find sec (arc cos .3). 
32. Find sin (arc csc 4). 33. Find tan (arc cot 3). 


34. Find the positive value of cos (arc sin 4). 
35. Find the positive value of sin (arc cos (- -&)). 


36. Find the positive value of cos (arc sin .28). 
37. Express cos (arc sin a) in terms of a. 
98. Express sin (arc sin b) in terms of b. 


In 39-42, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


39. Ifx = arc sin (- 5), then x can be equal to: 
(1) 30° (2) 60° (3) 300° (4) 330° 
40. Ify = arc cos (- 4), then y can be equal to: 


T T 2T a DT 
(1) 6 (2) 3 (3) ES (4) 6 
41. If@ = arc sin Yt then 0 can not equal: 
(1) 45? (2) 185° (3) 405? (4) 585? 


42. If 0 = arc cos 1, then 0 can not equal which radian measure? 
(1) 0 (2) T (3) 27 (4) -4r 
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9-10 INVERSE TRIGONOMETRIC FUNCTIONS 


When the sets of points y = sin x, y = cos x, and y = tan x are re- 
flected in the line y = x, the images are the sets of points y = arc sin x, 
y = arc cos x, and y = arc tan x. These sets of image points are not 
functions of x since each value of x is paired with many values of y. 
However, by limiting the range, that is, the allowable values of y, we 
can define functions that are inverse functions of the trigonometric 
functions. 


Inverse Sine Function 









| | [I ha 
‘oc aa) Sen a Gk a 


| | | | I. 
iy—-arcsinX!| | 
Pi I f i 
"— ——— — — 
SS AE ae má QÀ— ee ee | 
Fig. 1 


In Fig. 1, two graphs are drawn: y = sin x and y = arc sin x (the image 
of y = sin x under a reflection in the line y = x). We observe: 

y = sin x is a function whose domain = {x|x € Real numbers} and 
whose range = (y|-1 < y < 1). 

However, y = arc sin x is not a function of x. In y = arc sin x, the 
domain = {x|-1 € x € 1} and the range = ( y|y € Real numbers}. 

If we select values of y so that each value of x is assigned to a single 
value of y by the equation y = arc sin x, the resulting set of points will 
be a function. To do this, we must limit the range to the values of y 


"um 
— to — 


9 9 5O that the values of x will vary from - 1 to 1 just once. 


from - 
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This set of points (seen as the solid portion of the graph of y = arc sin x 
in Fig. 1 and reproduced in Fig. 2) is a function. 


To distinguish the relation y = arc sin x 
from the function y = Arc sin x just formed, 
we use the capital letter A to write the 
word “arc” in the function. Just as the 
range in y = Arc sin x is restricted, notice 
that we must work with only a portion of 
the domain of the sine function (that is, a 
restricted domain of y = sin x) to define 
the inverse sine function. 





A Subset of the Sine Function | Inverse Sine Function 


y = sinx y = Arc sin x 


| Restricted Domain -{2|-2 SAS 3 Domain = (x|-1 € x € 1) 





Range = (yl-1€ y € 1) Range = p -5«» < F} 


Another notation for y = Arc sin x is y = Sin^! x, but we must be 
careful not to confuse this notation with the exponent -1 that indicates 
a reciprocal. 


L]ExAMPLE: Find Arc sin (- xS) 


If 0 = Arc sin (aa then sin 0 = NE and € 0 <s > Since 


sin a = ve. the reference angle is an angle of measure T Since sin @ is 


V2 T 


1 1 T Em l—— i EE = — 
negative, sin (- 2 and 0 "E 


Answer: Arc sin (- Y = -7 
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Inverse Cosine Function 





In Fig. 3, two graphs are drawn: y = cos x and y = arc cos x (the 
image of y = cos x under a reflection in the line y = x). We observe: 

y 7 cos x is a function whose domain = (x|x € Real numbers) and 
whose range = (y|-1€ y € 1). 

However, y = arc cos x is not a function of x. In y = arc cos x, the 
domain = (x|-1 < x S 1) and the range = ( y|y € Real numbers}. 

As we did with the relation y = arc sin x, we can select values of y 
so that each value of x is assigned to a single value of y by the equa- 
tion y = arc cos x. The resulting set of points will be a function. To do 
this, we must limit the range to the values of y from 0 to 7 so that the 
values of x will vary from -1 to 1 just once. This set of points (seen as 
the solid portion of the graph of y = arc cos x in Fig. 3 and reproduced 
in Fig. 4) is a function. 


Just as with the inverse sine function, we 
use the capital A in writing the word *'arc" 
to distinguish the relation y = arc cos x from 
the function y - Arc cos x. The function 
y = Arc cos x is the inverse of a subset of 
the cosine function, y = cos x, formed by re- 
stricting the domain. 
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A Subset of the Cosine Function Inverse Cosine Function 


y = cos x y = Arc cos x 


Restricted Domain = (x|O <x €T) | Domain = {x|-1 € x S 1) 
Range = (y|-1€ y € 1) Range = (y|0 < y < r} 





[]ExaMPrLE: Find sin (Arc cos 2). 
We are asked to find sin 0 when 0 = Arc cos $, that is, when cos 0 = > 


/3 
and 0 <6 & rm. Since cos = =, then Ó = T and sin Z = VŽ. There- 


z) v3 Ans. 


s qu _Vv3 
fore, sin (Are cos 3 = sin (5 


2 
Inverse Tangent Function 


^» 
"4 y= —arc tan x 


Pi 
9p f y=Arc tan x 
10 E j X 






y=arc tan x 


ff ^ 
| ——" x x 
~ aai c c 
Es ca 
es — d— 
is) [l [ 
I > Pal 
> 
Fig. 5 


In Fig. 5, two graphs are drawn: y = tan x and y = arc tan x (the 
image of y = tan x under a reflection in the line y = x). Recall that 


tan x is not defined for values of x that are odd multiples of 2 There- 
fore, y = tan x is a function whose domain = 


2k * 1 
lle € Real numbers and x + (2h + t)r for integral values of .| 


2 
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and whose range = [y|y € Real numbers}. However, y = arc tan x 
is not a function of x. 


For y = arc tan x, the domain = (x|x € Real numbers) 
and the range = 


l y y € Real numbers and y # Ck uT for integral values of i) à 





y—Arc tan x 





—— — — — — — — - 


Fig. 6 


If we select values of y so that each value of x is assigned to a single 
value of y by the equation y = arc tan x, the resulting set of points will 
be a function. To do this, we must limit the range to the values of y 
T 
2 
will assume every real number as a value just once. This set of points 
(seen as a heavy line in Fig. 5 and reproduced in Fig. 6) is a function. 
The function y = Arc tan x is the inverse of a subset of the tangent 
function, y = tan x, formed by restricting the domain. 


from - — to 2. but not including those values, so that the values of x 


A Subset of the Tangent Function | Inverse Tangent Function 
y = tanx | y = Arctanx 


Restricted Domain = ls - 5 «x« z] Domain = {x|x € Real numbers} 
-E<y<3| 


2 2 





Range = {y|y € Real numbers} Range = {» 
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C ExaAMPLE: Find cos (Arc tan (- /3)). 
We are asked to find cos 0 when 0 = Arc tan (- 4/3), that is, when 
tan 0 = -4/3 and E <= g < i Since tan 37 V/3, the angle whose 


measure is = is the reference angle. Since tan @ is negative, tan (- 4 = 


- /3 and 0 = E Thus, cos (Arc tan (- 4/3)) = cos i 3) = = Ans. 

The functions y = Arc sec x, y = Arc csc x, and y = Arc cot x can be 
defined by a similar restriction of the range of the corresponding rela- 
tion. In turn, we must restrict the domain of the functions y = sec x, 
y = csc x, and y = cot x to define these inverse trigonometric functions. 
The restricted domains and ranges are listed here for students who wish 
to investigate these functions. 


A Subset of the Secant Function Inverse Secant Function 
y = secx y = Arc secx 
Domain = >1 
Restricted Domain = |x 0 € x € n, and in = {x| |x| } 


#5 


: T 
Range = {y| |y| 2 1} 2 


A Subset of the Cosecant Function Inverse Cosecant Function 


Range = folo <y € mr, and 


y7csex | y = Arc ese x 


| Domain = {x| |x| > 1) 


Restricted Domain = [s 0 «Ix| € d 
| Range = b 0o«ly s zl 


Range = {y| |y| 2 1} 


A Subset of the Cotangent Function Inverse Cotangent Function 
y =cotx y = Arc cot x 


Restricted Domain = l x Domain = {x|x E Real numbers} | 


Range = vlo « |y < E. and 
T 2 
Xy 





2 
iT 
Range = {y|y € Real numbers} rF il 
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Degree Measure of the Inverse Trigonometric 
Functions 


When the expression Arc sin a, Arc cos a, or Arc tan a is evaluated, 
the value may be expressed in degrees as well as in radians. 


0 = Arc sina <+> sin 0 =aand-> X 0 Ss in radians 


sin Ó = a and -90° < 0 z 90? in degrees 
0 = Arc cosa +> cos 0 =a and 0 < 0 < m in radians 
cos 0 = a and 0? < 0 < 180? in degrees 


0 = Arc tana +> tan 0 -aand-5 «0 < 5 in radians 
tan 0 = a and - 90? < 0 < 90? in degrees 
L] ExaMPLE: Evaluate Arc tan (- 1). 
Let Arc tan (- 1) = 0. Then tan 0 = -1 and E «0 5 A in radians or 
-90° < 0 < 90? in degrees. 


Since tan T^ l and tan 45? - 1, the reference angle is an angle of A 
radians or 45°. Therefore, tan (-4) =-1 and tan (-45?) =-1. The 
value of Arc tan (-1) can be given as T radians or as - 45°, 

Answer: Arc tan (-1) = Er or Arc tan (-1) = -45? 


MODELPROBLEMS| —. —. —.  .— .— — — 


1. If@ = Arc cos 0, what is the value of 0 in radians? 


Solution 
We are asked to find the value of 0 when cos 0 = 0 and 0 € 0 € s. 


Since cos 770,0 = F 


2 
Answer: F 
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2. If 0 = Arc sin (- 1), find the value of 0 in degrees. 


Solution * 
We are asked to find @ when sin 0 = -1 and -90° $0 S 90". 
Since sin 30? - i , the degree measure of the reference angle is 30^. 
Therefore, sin (-30°) = -4 and 0 = -30". 


Answer: -30? 


3. Find the value of Arc tan YS. 


Solution 


We are asked to find the measure of an angle whose tangent is 


3 
ve when that measure is between = and = Since tan ^ = x 


V3 m 
Arc tan s ee 
However, the measure of the angle could also have been given in 


degrees. Since tan 30° = vs and -90? < 30° < 90°, it is also true 


v3 30°. 


that Arc tan ^47 = 


Answer: 3 radians or 30°. 


In 1-12, find the value of 0 in degrees. 


1. @=Arccos$ 2. 0- ArcsinO 8. 0 = Arctan1 

4, 9 = Are sin 5 5. 0 = Arc cos (- 1) 6. 0 = Arc [E 
7. 0 = Arc tan (- 4/3) 8. 0 = Arc sin (- 1) 

9. 0 - Arc tan O 10. 9 = ave an (- V.) 


11. 0 = Arc cos 0 12. 0 = Arc cos 1 
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In 13-24, find the value of 0 in radians. 


V3 





13. 0 = Arc sin ~~ 14. 0 = Arc tan /3 
15. 0 = Arc cos (- X 16. 0 - Arcsin 1 
17. 6 = Arc sin (- 4) 18. 6 = Arc tan (-1) 
19. @= Arc cos y2 20. 0 = Arc tan P vit 
21. 0 = Arc cos (- 4) 22. 0 = Arc sec 2 
23. 0 = Arc cot (- //3) 24. 0 = Arc cse /2 

In 25-33, find the value of the given expression. 
25. sin (Arc cos (-1)) 26. tan (Arc sin 0) 
27. tan (Arc cos $) 28. cos (Arc tan (-;5)) 
29. sec (Arc cos 4) 30. sin (Arc csc (- /2)) 
31. cot (Arc tan 1) 32. cos (Arc sin 1) 
33. sec (Arc tan 4/3) 


In 34-41, select the numeral preceding the expression that best com- 
pletes the sentence. 


34. 


35. 


36. 


37. 


38. 


39. 


If 0 = Arc sec 4/2, then 0 equals: 


(1) 30° X (2) 45° (3) 60° (4) 90? 
The value of 5 cot (Arc tan $) is: 
(1) 4 (2) $ (3) $ (4) $ 


The value of Arc sin (- 3) is: 
(1) 30° (2) -60° (8) -30° (4) 210? 


If 0 = Arc cos (- x3) , then @ equals: 


T T oT OT 
(1) -5 (2) & (3) -5 (4) 5 


A value of y that is not in the range of the function y = Arc sin x 
is: 


(1) 0 (2) 5 (3) v (4) -5 


The value of 2 cos (Arc sin (-.6)) is: 
(1) 1.6 (2) -1.6 (3) .8 (4) -.8 
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40. If f(x) = Arc sin x, then f(-4) is: 


T m. T" "m 

iz OFF Ws (4) -5 
41. A number that is not an element of the range of y = Arc tan x is: 

T T T 


9-11 REVIEW EXERCISES 


In 1-8, for the given function, state: a. its amplitude, if possible 
b. its period 


1. y »sinx 2. y = 8 cos 2x 3. y = tan x 

4. y= sinx 5. y= 2 cos ix 6. y = 4 sin 3x 
- x om 

T. y * -2c08 5 8. y= 9 Sin 2x 


In 9-16, for the given function, state: a. the domain b. the range 


9, y=sin x 10. y=2cosx 11. y = tanx 
12. y= 3 sin 2x 18. y »* -2cos ix 14. y= Arcsin x 
15. y = Arc cos x 16. y = Arc tanx 


17. a. Sketch the graph of y = 2 sin x for values of x in the interval 
0% <r. 
b. On the same set of axes, sketch the graph of y = cos 2x. 
c. How many values of x in the interval 0 < x < 27 are solutions 
of the equation 2 sin x = cos 2x? 
18. a. Sketch the graph of y = cos $x for values of x in the interval 
-2r Sx < 2m. 
b. On the same set of axes, sketch the graph of y 7 tan x. 
c. For how many values of x in the interval -27 € x € 2m does 


cos ix = tan x? 


19. a. On the same set of axes, sketch the graphs of y = sin 2x and 
y = 2 cos x for values of x in the interval -r € x S m. 
b. How many values of x in the interval -7 € x < r are solutions 
of sin 2x = 2 cos x? 


In 20-28, find all values of 0 in the interval 0? < 0 < 360° that make 
the statement true. 


20. 0-arcsin.5 21. 0 -arc cos (- 1) 22. 0 -arctan1 
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23. 0 = arc cos 0 24. 0 — arc sin , v5) 25. 0 = arc tan (- / 3) 


26. 0 -arcsec(-2) 27. 0 -arccsc(-/2) 28. 0 -arccot 0 
In 29-34, write the value of the expression in radian measure. 
29. Arc cos4 30. Arc sin (-1) 31. Arc tan (-1) 


32. Arc cos (- id 33. Arc cot 0 34. Arc csc 1 


In 35-40, find the value of the given expression. 


35. sin (Arc cos (-1)) 36. cos (Arc sin .6) 
37. tan (Arc cos .8) 38. csc (Arc sin 1) 
39. sec (Arc cos (- 2)) 40. tan (Arc cot (- 4)) 


In 41-51, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


41. When x increases from x = 0 to x = m, the value of cos x: 


(1) decreases (2) decreases, then increases 
(3) increases (4) increases, then decreases 

42. When x increases from x = 0 to x = 7, the value of sin x: 
(1) decreases (2) decreases, then increases 
(3) increases (4) increases, then decreases 

43. When x increases from x = - T tox = e. the value of tan x: 
(1) decreases (2) decreases, then increases 


(3) increases (4) increases, then decreases 
44. Ifx = arc cos (- xx) then x can be equal to: 

(1) -45? (2) 45? (3) 135° (4) 315? 
45. If f(x) = 2 sin 2x, then the value of f (3) is: 


4j 
(1) 1 (2) 2 (3) 0 (4) 2/2 
46. Which is not an element of the domain of y = tan x? 
(1) 7 (2) 0 (3) -7 (4) -5 


47. The period of the curve whose equation is y = 1 cos 2x is: 
(1) 4 (2) 2 (3) v (4) 4v 
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48. Under which translation is the graph of y 7 sin x the image of the 
graph of y = cos x? 
(1) T, 5 (2 Tro (8) Tomo (4) T zo 
2. 


49. What is the maximum value of the function y = 3 sin 2x? 
(1) 1 (2) 2 (3) 3 (4) 6 





50. The diagram shows the graph of: 

(1) y= sinx (2 y=sin2x (3) y=cosx (4) y= cos 2x 
51. The diagram shows the graph of: 

(1) y * 2snx (2) y=cos2x (3) y=sin 2x (4) y= 2 cosx 


Chapter 1 O 


Exponential Functions 








10-1 LAWS OF EXPONENTS 
In Chapter 1, we reviewed some laws of exponents learned in earlier 


courses. The following rules summarize operations on powers with like 
bases: 


W if a, b, and c are positive integers: 


1. Multiplication Law. x? «x? = x?** 
2. Division Law. x° +x? = x*^ (x # 0 and a > b) 
3. Power Law. (x?) = x% 
For example: 
1. g? ag? 2x5 AND 4? . 4? = 45 
2. y? Ef my AND 37 + 84 = 33 


8. (sin? 0)? =sin° @ anv  (10?)?- 10° 


In each of these examples, we were working with powers of like 
bases. Let us consider some examples of powers that have unlike bases, 
such as xy? and (xy)?. Recall that: 

xy? =x-+y+y-y, while 
(xy) = (xy) (xy) (xy) "x-x-x-y-y-y 2 x3y? 
For example, if x = 2 and y = 3, then: 
1. xy? =2-383=2-3-3-3=54 
2. (xy)? = (2-3? = 63 =6-6-6 = 216, or 
(xy) = x3 y3 = 23 . 33 = 8 . 27 = 216 


Let us ane: the expressions -x* and (-x)*. Since -x =-1- 1, it 
follows that -x^ = -1 - x*. However, (-x)^ = (-x)(-x)(-x)(-x) = x4 
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For example, if x = 2, then: 


1. -x4 =-1-x4=-1-24=-1-2-2+2-2=-16 
2. Cx)! = (-1 + x)* = (-1 + 2)* = (-2)* = (-2)(-2)(-2)(-2) = 16, or 
(-x)* = (-1 - x)* = (-1)* + (x)^ = (-1)* - (2)* =1- 16 = 16 


When dividing powers with unlike bases, we observe a similar pattern. 
Recall that: 


3 


a a a 


oy (9 (3 (2) 8 


For example, if a = 6 and b = 4, then: 


, while 


From the examples we have just seen, we now formulate two more 
laws of exponents. 
ll In general, if a is a positive integer: 
4. Power-of-a-Product Law. (xy)* = x*y* 


a 
5. Power-of-a-Quotient Law. (=) = (y #0) 





MODEL PROBLEMS 
s ; 28. 2 
L; Simplify: (25 y 
How to Proceed Solution 


1. Use the rule for multiplying powers with like — 25 - 2^ 2” 
bases to simplify the numerator. Use the rule (25? 919 
for finding the power of a power to simplify 
the denominator. 
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2. Use the rule for dividing powers with like bases = 9? 
and simplify. =4 
Answer: 4 
4 
Find the value of = when x = 3 and y = 5, 
How to Proceed Solution 
4 4,,4 
1. Write the numerator without parentheses. e». = ~ 
Xy xy 
2. Divide powers with like bases. = xy 
3. Substitute. = 89.5 
4. Simplify. = 27°65 
= 135 
Answer: 135 





| EXERCISES 


In 1-40, simplify. The literal exponents represent positive integers; 
x Æ 0and y +0. 


l. 
D. 


9. 


13. 


17. 
21. 
25. 


29. 




















x7 ax? 2. x*x? 3. x? + x^ 4. a5 ^a 
(a?)? 6. (y^? 7. 25.2? 8. 34+ 33 
x? .x? 105 - 104 (x5)? ; Ur 
a 10. BE? C I1. 10 12. ETI 
yt . y3 5^ . 57 -x5 -910 
(y3j 14. B 15. Cay 16. Col 
(xy)*. (2x)* (3a)* -4y* 
=e 18. 24) 19. 33 20. (2 
52 . 5? 22. 3%. 32 23. x°-x 24, yrt2 . yntl 
6° | 10? y^* x*? 
ap 26. io 27. y 28. " 
(1x2)? 30. (4y?)? 31. (-x*)? 32. (x*5)* 
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(2 - 5)* 245 (8-7y 3. 79 
(OI i 35. ———— 
33 =A 34. à = 36. —; 
124 a 
37. 3*.2^* 38. 2^. 5^ 39. "g^ 40. 


In 41-48, evaluate the expression when a = 5 and b = 2. 


41. ab? 42. (ab)? 43. -ab? 44. (-ab)? 
45. -(ab)? 46. ab(ab)? 47. -a° 48. -a? * (-a)* 


49. Express each number as a power of 10. 


a. 100 b. 1000 c. 1,000,000 d. 105-100? e. 100? + 10* 
50. Express each number as a power of 4. 
a. 64 b. 256 c. 4°-16 d. 41° +16 e. 16? 


In 51-54, select the numeral preceding the expression that best com- 
pletes the sentence. 


51. The expression 2$ is equal to: 


(1) 4° (2) 4? (3) 4? (4) 4* 
52. The expression 3 - 37 is equal to: 

(1) 3? (2) 37 (3) 98 (4) 97 
53. If 3° = b, then 3%! equals: 

(1) b+1 (2) 3b (3) b+8 (4) b? 
54. If 10* = c, then 100c equals: 

(1) 10*** (2) 10** (3) 1000* (4) 100?* 


10-2 EXPONENTS THAT ARE NOT POSITIVE 


Zero Exponents 


We have defined a power as the product of equal factors. This defini- 
tion requires that the exponent be a positive integer. Now we will 
define powers having exponents that are not positive in a way that is 
consistent with the rules for powers already established. 

Recall the rule for dividing powers with like bases: 


x^ ee? = yO? (x # 0) 
If we do not require a > b, then a may be equal to b. When a = b: 


x? — x5 -x4*x9*-24*?-x* 
Butx* ^x" = 1 
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Therefore, in order for x° to be meaningful, we must make the follow- 
ing definition: 


x°=1 (x # 0) 


Since the definition x? = 1 is based upon division, and division by 0 
is not possible, we have stated that x + 0. Actually, the expression 0? 
(zero to the zero power) is one of several indeterminate expressions in 
mathematics. It is not possible to assign a value to an indeterminate 
expression. 

Before we accept x? as a power, we must show that it satisfies the 
rules for powers. For example: 


1, x9 «x9 = x0 n ya AND  xX^.x92x9.1-2* 
9. x" x mage uua AND x"T-x02xy97-1-25 
3. (x? + x*) = (x'FP =x ano (x°. xP = (1 + xP = x 


Since x can be any base except 0, any nonzero base to the zero power 
is 1. 


492] 12? 21 (2ab)? = 1 ifa # 0and b #0 


Care must be taken when using the zero exponent, as seen in the 
following examples: 


1. (-4)° - 1 2. -49 


-1-4%=-1.1=-1 
3. (3x)? - 1 4. 8x? 


8-x°=8-1=8 


u 


u d 


Negative Exponents 
Recall again the rule for dividing powers with like bases: 
ale wxet (x #0) 


If we do not require a > b, then a may be less than b. When a < b and 
X # 0, we may use the division law as follows: 


E Lg ud 
x 
14. 1 1 
e e? hhh 1 
it 1s also true that -z p cru v 
1 1 1 


I 
Therefore, x? = —. 
x 
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We can use the division law for powers with like bases and the defini- 
tion of the zero exponent to show that this relationship holds for any - 
exponent b and any base x # 0. 


| 0 

1 x 0-b = y-b 
b 

x* x 


We can therefore make the following definition: 
x? = E (x # 0) 


In order to accept this as a valid definition, we must show that powers 
with negative exponents satisfy the rules for exponents. For example: 








1. y5 - x^? - x5*C€3) e x? AND x5 . x73 um x5 : > = x? 
9. x* - x" 2x*CD7 2x46 ann x**x?2x^54 5 = x4. x? = x6 
-342 — »7~3(2) — 4-6 -3212 = 1 : 1 = ~~ 
3. (x ) =x = x AND (x ) = MEJ T an. 
x x 
| 1 
4. Since x^^ is the reciprocal of x? , the base x # 0. Just as x^^ = "E it 
can be shown that = = x" , Consider this example: 
Ls = 0-(C4) . på 
oe ^B 
OR 
1 2 cod 
active Pe ea nace ais 
2|" 2" ow, 1.1 1 aE. (2) 
5. (2) 37 2773 2 gg 3 791^ l9 


These last examples illustrate the truth of the following generalization: 


uH . (2) (a #0,b #0) 
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[MODEL PROBLEMS 


1. Find the value of 3a? + a^? if a = 4. 

















How to Proceed Solution 
"um zo 04 ES I 
1. Use the definitionsa? = 1 and a`? = EX 3a? + a? = 8(1) + EJ 
1 
2. Substitute the value of a. = 3(1) + 42 
3. Simplify =3+ 4 
| eee | 16 
= 216 Ans. 
| ; "UM . 
2. Write the expression Do without a denominator. 
How to Proceed Solution 
1. Rewrite the expression, grouping Jot —— d g 
powers with like bases. ae — a? c7? 
2. Use the definition of a negative expo- = 2a 3c27€2 
nent and the rule for dividing powers 
with like bases. 
3. Simplify. = 2a ?c^ Ans. 
3. Using only positive exponents, write an expression equivalent to 
5g 
yc 
How to Proceed Solution 
1. Rewrite the expression, using a sepa- — 5x^^ _ a wae. 
rate factor for each base. y? 2 y 
2. Rewrite each power that has a negative TR 1 j 
| Xem n x* 
exponent, using the rules x ^ = E and > 
1 =y Ans. 
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EXERCISES | 


In 1-16, find the value of the given expression if a # 0, y # 0. 


l. ag" 2. 2a* 3. (2a)? 
5. -4° 6. (-4)° 7. (5y)° 
9. -5y? 10. (-5y)? 11. 10? 
13. (-10)? 14. (1)? 15. .2° 


4, 
8. 
12. 
16. 


($)° 


In 17-44, write an equivalent expression, using only positive expo- 


nents. The bases are not equal to 0. 























20. 
24. 
28. 


92. 


36. 


40. 


Ab? 
(25)! 
(.15) 5 
1 
ae 


44, ——r 


48. 


52. 


56. 


12x? 


17. x^ 18. q^ 19. ¢ 
21. Sk ^ 22. y" 28, 8x'^ 
25. (3a)? 26. (9r)? 24. (fx! 
| 1 l ji 
29. "I 30. —; 31. E 
3 o | xX 
33. x 34. y 35. y* 
-= ja | a? -— 
| 37. a| 38. — 89. 3 
‘ye 2» c? 3d^5 
41. y^ 42. 3c 43. 6d 
In 45-56, simplify and write the result without a denominator. The 
bases are not equal to 0. 
ab? x? (x3 y)? 
45. 1 47. ———— 
45 S p 46 y! 7 - 
4b? 9x 5 4d ? 
49. 15-3 50. 9x78 51. edi 
C 12(5?)" an aD 
k m Om =e 
53. yo 9^. (12y)! (12y)! 


In 57-84, find the value of the given expression. 


p7. 7^ 58. 273 59. 37 

61. (1)? 62. (1)? 63. (à)? 
65. 59(2) 66. 129(4)? 67. 8(7) 
69. (-8)? 70. -8^ 71. (-9)! 


73. (-5)? 14, -573 75. (-10)* 


60. 
64. 
68. 


16. 


673 
(^3)? 
10 ?(5)? 
-971 
-1074 


TAS 


81. 


85. 
86. 
87. 
88. 


89. 
90. 
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8? 39 5° 
8 78. 34 79. B3 
(2 + 3)? (5 - 2)° TER 
2487 Sa 5:27 Ses ES 


Find the value of 7a? + (5a)? ifa #0. 
Find the value of 3b? + 35? when b = 6. 
Find the value of (2) ? - (4) ?. 

If f(x) = 2x7', find f(2). 

If f(x) = 2x7! + (2x) !, find f(8). 

If f(x) = 3x^*, find f(6). 





4-4 


475 
3-87? 
(3.8)? 


2 b? 
(4) —> 
a 


(4) 4x7} 
(4) 27a 


(4) 1 


91. Iff(x) - x^! + (2x)^!, find f(3). 
92. Ifthe function g(x) = 2x ? + x7! + 3x°, find g(2). 
In 93-97, select the numeral preceding the expression that best com- 
pletes the sentence. 
93. The expression 2a ? b? is equivalent to: 
B i (8 —3i1—; 
2a? | 2b? * Bab? 
Em x , 
94. The expression (3x) T is equivalent to: 
(1) 4x73 (2) 36x73 (3) 36x7! 
95. The expression (9a! )(3a) ? is equivalent to: 
(1) a? (2) 81a? (3) 27a? 
96. The expression 4a? + 47! is equal to: 
(1) 1 (2) 14 (3) 44 
_ (2a)? | ; 
97. The expression 9g" when a = 3, is equal to: 
(1) 9 (2) 3 (3) 


10-3 SCIENTIFIC NOTATION 


(4) 18 


In order to write and compute with very large or very small numbers, 


we find it convenient to use scientific (or standard) notation. 


@ A number is in scientific notation if it is written in the form a X 10” 
where 1 < a « 10 and n is an integer. 
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The number 93,000,000 = 9.3 X 10,000,000 and is written in scien- 
tific notation as 9.3 X 107. The number 0.000562 = 5.62 X .0001 and 
is written in scientific notation as 5.62 X 107%. 







Some Integral Powers of Ten 


1095 = 100,000,000 | 10? = 1000 | 


107 = 10,000,000 | 10? = 100 


| 10° = 1,000,000 10! = 10 


To understand how a number is changed from one notation to the 
other, recall that each time a number is multiplied by 10, the decimal 
point in the number is moved one place to the right. Each time a num- 
ber is divided by 10 (that is, multiplied by 10^! or by .1), the decimal 
point in the number is moved one place to the left. Therefore: 

















= 000001 | 


3.46 X 104 = 3,4600. = 34,600 
E... 
4 places 
AND 


1.89 
107? = —7- = 01,89 = .018 
1.89 X 10 102 01,8 89 
2 places 


To change a number from ordinary decimal notation to scientific 
notation, we must first divide it by a power of 10 to obtain a, the 
factor that is greater than or equal to 1, but less than 10. To do this, we 
use the place value of the first nonzero digit. 


O ExAMPLE 1: Write 8790 in scientific notation. 
1. To change 8790 to scientific notation, notice that the first digit, 8, 
is in the 1000 or 10° place. 
8790 
10? 





= 8.790 


8790 


iD? xX 10? = 8.790 X 10? Ans 





2. Therefore: 8790 = 
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L] ExaMPLE 2: Write 0.0546 in scientific notation. 
1. The first nonzero digit, 5, is in the .01 or 107? place. 


0.0546 
107? 


2. Therefore: 0.0546 - E X 107? = 5.46 X107 Ans. 


= 0.0546 X 10? = 5.46 








Notice that the number of decimal places that the decimal point is 
moved is the absolute value of the exponent of 10 in the scientific 
notation. 

á 3 
8,790, 8.79 X 10 
3 places 


0.05 46 = 5.46 X 107? 
Quod 
2 places 
We will use this concept to change numbers from ordinary decimal 


notation to scientific notation, and vice versa, as seen in the examples 
that follow. 


L]ExAMPLE 3: Change 0.0000092 to scientific notation. 


How to Proceed Solution 


1. Place a caret (^) after the first 0 000009 2 


nonzero digit. Count the number tome 
of places from the caret to the the left 
decimal point. This number (6) 

is the absolute value of the ex- 

ponent of 10 when the number 

is written in scientific notation. 


2. Since we counted to the left, the 0.0000092 = 9.2 X 1075 Ans. 
exponent is negative. 


Ll ExaMPLE 4: Change 5.41 X 105 to ordinary decimal notation. 


How to Proceed Solution 
In 10°, the exponent, 5, is positive. Thus, to 5.41 X 105 
multiply by 10°, move the decimal point in the = 5,41000, 
factor 5.41 exactly 5 places to the right, annexing 5 places to 
as many zeros to the right of the number as are the right 


needed. = 541,000 Ans. 
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Many calculators can compute by using scientific notation, or they 
will display the result of a computation in scientific notation when the 
number of digits exceeds the display capacity of the calculator. For 
example, the product 120,000 X 3,000,000 might be displayed on 
some calculators in either of the following ways: 


ib || 7» iub E [1 


This means that the product is 3.6 X 10!!. 
When performing a computation using scientific notation, we use the 
rules for multiplying and dividing powers with like bases. 


(7.5 X 105) X (2.8 X 1075) 


O ExAMPLE 5: Express as a single number 


1.5 X 1075 
in scientific notation. 
How to Proceed Solution 
1. Use the commutative and associative (7.5 X 2.8) X (10° X 1075) 
properties of multiplication. 1.5 X 1075 
2. Use the rules for powers with like _ 21.00 X 10? 
bases to multiply and divide powers 7 1.5 X 1075 


f 10. 
B 14.0 X 10? 


1.4 X 10! X 10? 
= 1.4 X10? Ans. 


3. Change 14.0 to scientific notation 
and multiply the powers of 10. 


Je BID m ia 


1. Write 42,700 in scientific notation. 


How to Proceed Solution 

1. Place a caret after the first nonzero digit. Count 4 2700. 

the number of places from the caret to the 4 sewn 
decimal point. the right 


2. Replace the caret with a decimal point so that = 4.27 X 10* 
4.27 is the first factor. Since we counted 4 
places to the right, the exponent of 10 is posi- 
tive 4, that is, the second factor is 10^. 


Answer: 4.27 X 10% 
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2. Write 8.63 X 10^? in ordinary decimal notation. 


How to Proceed Solution 
In 1077, the exponent, -2, is negative. To 8.63 X 107? 
multiply by 10?, move the decimal point inthe = .0863 
factor 8.63 two places to the left, annexing as 2 places to 
many zeros to the left of the number as necessary. the left 
= .0863 Ans. 





In 1-6, the number can be written in scientific notation as 6.93 X 10". 
Find the value of n. 


1. 693 2. 69.3 3. 0.0693 
4. 0.000693 9. 693000 6. 6.93 


In 7-12, write the number in scientific notation. 


7. 40.7 8. 0.0053 9. 0.81 
10. 3920 11. 9.05 12. 0.00000007 


In 13-21, write the number in ordinary decimal notation. 


13. 1.87 X 10* 14. 5.2 X 10! 15. 2.91 X 107° 
16. 3.55 X 107! 17. 7.6 X 10? 18. 6.82 X 10^? 
19. 8.76 X 10? 20. 1.25 X 1078 21. 3.6 X 10’ 


In 22-29, calculate and express the results (a) in scientific notation 
(b) in ordinary decimal notation. 


22. (1.5 X 10?)(3 X 10?) 23. (1.2 X 105)(1.5 X 1073) 
7.2 X 104 1.25 X 1073 
24. "6 X 10? 29. "2.5 X 107 
T (5.4 X 10?)(3 X 10?) jn (24 X1075(1.5 X 10?) 
i 1.8 X 10^ ` 2 X 10? 
(9 X 107) j (L2 X107) 
25. "3 X 108 29. 4 X 103 


In 30-34, write the number in ordinary decimal notation. 


30. Light travels 3 X 10° meters per second. 
31. The rest mass of a proton is 1.67 X 107?^ gram. 
32. There are 6.02 X 10?? molecules in a mole. 
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33. The mass of the earth is 6 X 10?" grams. 
34. There are 3.6 X 10? seconds in an hour. 


In 35-41, write the number in scientific notation. 


35. In a year, light travels approximately 9,500,000,000,000,000 
meters. 

36. The approximate distance from the earth to the sun is 93,000,000 
miles. 

37. One gram is about .035 ounce. 

38. The wave length of violet light is .000016 inch. 

39. The Pacific Ocean covers 70,000,000 sq. mi. of the earth's surface. 

40. One micron equals 0.00003937 inch. 

41. A googol is a large number defined in mathematics as one followed 
by one hundred zeros. 


In 42-45, the given number shows a display from a calculator. Write 
the number (a) in scientific notation (b) in ordinary decimal notation. 


«EUTEEEIZ 


10-4 FRACTIONAL EXPONENTS 


In Chapter 4, we defined the nth root of a number as one of the n 


equal factors of the number so that if x > 0 and x" =k, then JR = x. 
Since this definition implies a connection between roots and powers, 
we will look for a way to express a root as a power. 


42. | 





44, 





Case I. 
1. For x 2 0, we have learned that: vx > Vx =x 
2. If there exists a number, p, such that x? = yx 

then it must be true that: xP «x? 2x 


3. In order for this statement to be consistent with 
the multiplication law for powers with like 


bases: xPtP = y! 
x?P x a4 
2p = 1 
p=? 
4. Therefore, we conclude for x > 0: x? =/x 


Exponential Functions 469 





For example, 3? = 4/3 because: 
32 . 32 = 3272 = 33 = 3 
AND 


V8. v3 =3 


Case II. 
1. For any real number x: Yx- Yx Vx = Ya =x 
2. If there exists a number, q, such 


that x^ = Sx, then: E E 2x 
3. In order for this statement to be 
consistent with the multiplication 


law for powers with like bases: grae = x! 
x39 = x! 
oq-]1 
qi 
4. Therefore, we conclude: x - Vx 


For example, (-2)3 = 4-3 because: 
C2} - c2! - o2! = o2)9$ = (2j = -2 
AND 


J2.4c72. 472 = 478 = -2 


1 
These two cases lead to a definition of a power with the exponent m 


@ In general, if n is a counting number, then: 
1 
xn = x 

Note: There is no real number that is an even root of a negative num- 
ber, as in 4/-9 = 2-9 and in se Therefore, if n is even, the base, x, 
must be non-negative, that is, x > 0. If n is an odd number, however, 
the base, x, can be negative. Just as v -8 = -2, we can now state that 
(-8)3 = - 

Study the following examples and compare the use of radicals with 
the use of fractional exponents, sometimes called rational exponents. 
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O ExaMPLE 1: Simplify 3 





Radicals Fractional Exponents 
8 9. V9, 8V3. S S3 _ 31-4. 3l 
V3 V3 V3 3 g2 


[]ExaMPLE 2: Simplify V2 - /3. 


Radicals Fractional Exponents 


VZ. V3 = VZ -3 - V6 22 . 3? = (2.3) = 6? 


2 
O ExAMPLE 3: Simpli =; 
XAMPLE implify Va 








Radicals | Fractional Exponents 
à _ 2 Vi 2/4 —— | 33.3 
J2 42 44 48 | 93 
- 2⁄4 
$2 


In example 3, the expressions 4/4 and 28 represent the same real 


number. We can show that this is true by rewriting 2°, using the rule 
for the power of a power. 


of = 27t = (22%)) = Yat = YT 


This example suggests the following general definition, where n is a 
counting number: 


xn = xe AND x^ = (Yx) 


Remember, if n is even, then x 2. 0. 
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[]ExAMPLE 4: Evaluate 1253. 


Method 1: Method 2: 
1253 = 1/125? 1255 - (x/125 )? 
= 4/15625 = (5)? 
= 95 = 95 


In most cases, it is easier to perform a computation involving roots 
and powers by finding the root before raising to a power, since the 
resulting numbers are smaller. 


MODEL PROBLEMS | 


1 
1. Evaluate a? + a? + a^? when a = 8. 





How to Proceed Solution 


1. Use the definitions of zero, negative, and a? + a? a7 
fractional exponents. 


| 1 
=1+ Va +a 
2. Substitute the value of a. 2124 8 + E 
3. Simplify 2454 
; plify. 3*5. 
1 
ubi 


1 
A s e 
nswer: 3 64 


Note: It is possible to interchange steps 1 and 2 in this process. Thus, 
1 1 


Ped ta? = 8+ 8+ 82-14 Eepcle24 c -8l. 
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2. f(x) = x72, find f(16). 


Solution 


1 1 1 1 
f(16) » 16 dL lo uus 
(16) 16? (162)? (/16)? 4? 64 





3. If m = 8, find the value of (8m?)*. 


Solution 


(8m9y$ - (8- 82) = (8. 1)3 = 8! = (3/8)? = 22 =4 Ans. 


4, Write x1, using radicals and positive integral exponents. (x > 0) 


How to Proceed Solution 
æ 1 
1. Use the definition of a negative exponent. x à - d 
x 
1 





2. Use the definition of a fractional exponent. - 





In 1-8, write the given expression, using a radical sign. Let the vari- 
ables represent positive numbers. 


1. x? 2. a 3. bi 4. y! 
5. 3a? 6. (3a)? 7. ab? 8. (ab)? 


In 9-16, use exponents to write the radical expression. Let the vari- 
ables represent positive numbers. 


9. 2 10. 3a 11. W/5x 12. 2(4/b) 
183. 75 14. xy? 15. -y8 16. -92 


In 17-48, evaluate the given expression. 

17. 25! 18. 273 19. i6! 20. 1672 
= ED! = 

21. 125 22. (-125y 23. 100? 24. 8174 


25. 
29. 
33. 
31. 
41. 
45. 


49. 
50. 
51. 
52. 
53. 
54. 
55. 
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9? 26. 1000! 27. 32! 28. (-8y 
648 30. 64? 31. 4? 32. 27? 
4 34. 81? 35. (36) 36. (s?) 
(4)? 38. (£)7 39. (-2) 40. (4)! 
230.95 = 49, 42.4 43. 9.93 44, 8.973 


59457 46. -49«4 47, (8*8) 48 (393)? 


Find the value of 2a? when a = 22, 

Evalüste a? +07 when a = 9. 

If k = 4, find the value of (9k)? | 

Find the value of (m^! y when m - 16. 

If f(x) = x3, find the value of f(-216). 

If f(x) = x ^2, find the value of f(100). 

If the function g(x) = 4x ?, find the value of g(25). 


In 56-60, select the numeral preceding the expression that best com- 
pletes the sentence. 


56. 


91. 


58. 


59. 


60. 





-4 
The expression ae is equivalent to: 


x^! 
(1) 2x (2) V2x (3) 2/x3 (4) V2x3 


The expression 34/3 can be written as: 


(1) s! (2) 33 (3) 3 (4) 38 

If b  -64, then b * is equal to: 

(1) 4 (2) -4 (3) 4 (4) -4 

If a = -9, then a! ds: 

(1) 3 (2) 4 (3) -4 (4) not a real number 
If x = 8, then x1 is equal to: 

a) = (2) > (3) X? (4 3s 


— — e - — —- + + —— — - aA 4 E 1. ii l ll 


t e E +e BS E OI RAINGLARALDRL d 2-21 d 
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10-5 EXPONENTIAL FUNCTIONS 
Linear Growth 


A piece of paper is one layer thick. Place another paper on top of it, 
and the total is two layers thick. Place another paper on top again, and 
the total is now three layers thick. 


7 Q Z gf 


As this process continues, we can describe the number of layers (y) 
in terms of the number of sheets added (x) by the linear equation 
y = 1 +x. For example, by adding 5 sheets, we have a total of 6 sheets 
of paper. This is an example of linear growth because the growth is 
described by means of a linear function. 


Exponential Growth 


Let us consider another experiment. A piece of paper is one layer 
thick. If the paper is folded in half, it is now two layers thick. If it is 
folded in half again, the paper is now four layers thick. If it is folded in 
half again, the paper is now eight layers thick. 


7 oz ü g 


0 folds 1 fold 2 folds 3 folds 
1 layer 2 layers 4 layers 8 layers 


Although we will reach a point where it is impos- 
sible to fold the paper, imagine that this process can 
continue. We can describe the number of layers of 
paper (y) in terms of the number of folds (x) by 
means of an exponential function, namely, y = 2*. 
The table at the right shows some values for the 
exponential function y = 2*. 

For example, after 5 folds, the paper is 25 or 32 
layers thick. After 9 folds, the paper is 2? or 512 
layers thick; in other words, it would be thicker than this book! This 
is an example of exponential growth because the growth is described by 
means of an exponential function. 

There are many examples of exponential growth in the world around 
us. Over an interval of time, certain populations grow exponentially, 
whether they are a population of bacteria or rabbits or the people of a 
nation. Compound interest is based on exponential growth. In all these 
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cases, growth is defined by an 
equation that involves a power b* 
where b is a positive number and 
the exponent x is a variable. 

In the paper-folding experiment 
described by the exponential func- 
tion y = 2*, we let the domain of 
x values be whole numbers. To 
study the function y = 2* ona 
wider scale, we can expand the 
domain to include all rational 
values of x, as defined earlier in 
this chapter. Here, we expand the 
table of values for y = 2* by con- 
sidering some convenient negative 
and fractional values of x. 


Die eje œj. |% 
bo 


a 
Q 
bo 
oo 





In Fig. 1, the pairs of numbers 
(x, 2") or (x, y) are represented as points in the coordinate plane. They 
lie in a pattern that suggests a smooth curve. 
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If we assume that the curve drawn through these points in Fig. 2 is 
the graph of y = 2* , then 2* is defined for all real values of x. 





The length of the diagonal of a square each of 


whose sides measures 1 is used to locate 4/2 on 
the x-axis, as shown at the right. 





In Fig. 2, we locate a point on the curve whose x-coordinate is VZ 
and whose y-coordinate is 2V2. Notice that the exponent V2 is an 


irrational number. The value of 2/2 as seen on the graph, is approx- 
imately 2.66. 

Notice that the curve intersects the y-axis at (0, 1). As the value of x 
decreases, the value of 2* becomes closer and closer to 0. The curve 
approaches but does not intersect the x-axis. The x-axis is an asymptote 
of the curve whose equation is y = 2*. 
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Let us consider a different exponential func- 
tion, y = 5*. The table below shows some pairs 
that were used to draw the graph of y = 5*, 





Notice, in Fig. 3, how the graph of y = 5* has 
the same basic shape as the graph of y = 2*. 


Let us consider an expo- 
nential function in which 
the value of base b is posi- 
tive but less than 1. The 
graph of y = (4)* can be 
drawn, using the pairs of 
values shown in the table 
below. 
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In Fig. 4, we see both the graph of y = (4)* and the reflection of this 
graph over the y-axis. Since r,-44, (x, y) = (-x, y), the equation of the 
l * 


section oty «(3 ove the yanin'ey - (1 sme (1)" -1z- 
reflection of y 2 over the y-axis is y TI: cels g~ 





= = 2* , the reflection over the y-axis of y = (3 isy = 2. 
E Summary. 


1. The equation y = b* , where b > 0 and b = 1, defines an exponen- 
tial function. 


Domain = (x|x € Real numbers} 
Range = (yly € positive Real numbers) 
2. The reflection in the y-axis of the graph of y = b* is the graph of 
-G 
y i * 
Note: Although b* is defined for b = 1, the function y = 1* is the 
constant function y = 1, which is not an exponential function. 





MODEL PROBLEM |  —  à— — å OoOo | 


a. Sketch the graph of y = (2)* in the interval -3 € x < 3. 

b. Sketch the graph of y = (2)* in the interval -3 < x € 3. 

c. Use the graph to find an approximate rational value of (2)"* to the 
nearest tenth. 


How to Proceed Solution 


a. 1. Make a table of values for integral 
values of x from x = -3 to x = 3. 

2. Plot the points corresponding to 3 ay = ($) = 

the pairs of values in the table. 


E 
tokko 
~% | 
e 


3. Draw a smooth curve through 
these points. 
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b. 1. The graph of y = (£)* is the reflection in the y-axis of the graph 
of y = ($)*. For each point (x, y) on the graph of y = (3)* 
locate a point (-x, y) on the graph of y = (2)*, 


2. Draw a smooth curve through these points. 


> 


c. 1. Draw a vertical line at x = 1.4 to locate the point (1.4, (2)'^) 
on the graph (point A ). 


2. Draw a horizontal line from point A to the y-axis. Approximate 
the value to the nearest tenth. 


Answer: a and b on graph c. 1.8 





1. a. Sketch the graph of y = 3* in the interval -3 € x < 3. 
b. From the graph, approximate the value of 3?:? to the nearest 
tenth. 
2. a. Sketch the graph of y = 4* in the interval -2 € x < 2. 
b. From the graph, approximate the value of 4"? to the nearest 
tenth. 


3. a. Sketch the graph of y = (4)* in the interval -2 € x < 2. 
b. For the domain of real numbers, what is the range of the func- 
tion y = (4)*? 
c. In what quadrants does the graph of y = (1)* lie? 
4. a. Sketch the graph of y = (2)* in the interval -3 € x < 3. 
b. Sketch the reflection in the y-axis of the graph of y = ($)*. 
c. What is an equation of the graph drawn in answer to part b? 
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In 5-8, find the function value when f(x) = 6*. 


9. 


9. 
10. 


In 


f(-1) 6. f(0) 7. £(4) 8. f(3) 
For what values of b does y = b* define an exponential function? 
Name the coordinates of the point at which the graphs of y = 5* 


and y = 8* intersect. 


11-13, select the numeral preceding the expression that best com- 


pletes the sentence. 


1i. 


12. 


13. 


14. 


15. 


16. 


LT. 


18. 


The equation y = a* defines an exponential function when a 
equals: 

(1) 1 (2) 2 (3) 0 (4) -1 
The graph of y = b* , where b > 0 and b # 1, lies in quadrants: 
(1) Land II (2) I and IV (3) II and III (4) IL and IV 
If b > 0, then the graph of y = b* must contain the point: 

(1) (-1, 9) (2) (1, 0) (3) (0,1) (4) (0, 0) 


If f(x) = -2*,finda. f(0) b. f(2) c. f(-2). 
a. Sketch the graph of y = 2* in the interval -3 S x < 3. 
b. On the same set of axes, sketch the graph of y = -Z*. 
c. What is the equation of the line of reflection such that the 
graph of y = -2* is the image of the graph of y = 2^? 
In 1950, the population of a city was 10,000 people. If the popu- 
lation has doubled every 10 years since that time, find the popula- 
tion of this city a. in 1960 b. in 1970 c. in 1980. 
d. If this exponential growth continues, what will be the popula- 
tion of the city in the year 2000? 
If a bank compounds interest annually (once each year), then the 
amount of money A in a bank account is determined by the 
formula A = P(1 + r)*. Here, P = the principal, or the amount 
invested, r = the rate of interest, and x = the number of years 
involved. If $100 is invested at 6% interest compounded annually, 
then the amount A in the account is found by A = $100(1.06)*. 
Find the amount of money in this account at the end of a. 1 year 
b. 2 years c. 3years d. 4 years. 
The thickness of a sheet of paper is 0.004 inch. If x represents the 
number of times that this sheet of paper is folded in half over 
itself, then y = 2* determines the number of layers of paper, and 
y = .004(2)* determines the thickness of all the layers of paper. 
What is the thickness of all the layers if such a sheet of paper is 
folded in half over itself exactly 15 times? 
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10-6 EQUATIONS WITH FRACTIONAL OR 
NEGATIVE EXPONENTS 


In raising a power to a power, we multiply exponents. 
(x? y = yac 


If a and c are reciprocals, their product is 1 and the resulting power is 


x! or x. 


(x^ y =x =x 


This observation will simplify the solution of equations containing 
powers with fractional or negative exponents. 





Solve for x and check: a. 2x73 =6 b. xi +1=9 
How to Proceed Solution 
1. Change the equation a. 2x 3 =6 b. xi +1= 
into an equivalent "x "T "p. 8 


equation that has only 
the variable term with 
coefficient 1 in the left 
member. 


2. Raise both members gaye =3° (3i m 94 
of the equation to a 
power, using the re- 
ciprocal of the given 


exponent. 
3. Simplify both mem- xc ae x! = 48? 
bers of the equation. : 
X D7 X (2) 
x74 
4. Check the solution in 24 3 -6 zl +1=9 
the original equation. 2 a yi £8 | 43 +129 
24/27 £6 (/4)? +129 
2(3) 26 841249 
67-6 929 
(True) | (True) 


Answer: a. 3; b. 4 


482 Integrated Mathematics: Course lll 





In 1-4, find the value of a for which the expression is equal to x. 


1. (y 2. (xf) 3. (x $y 4. (x8)? 
In 5-16, solve and check. All variables represent positive numbers. 
5. A= 6. x? = 6 Ts x5 24 
8. y? =9 9. a3-2 10. b? =i 
11. x3)- 1-15 12. y 1 « 2- 10 13. 2x3 = 162 
14. 2x à - 3 15. 2x * 4 8-4 16. 4x3 - 5 = 20 


17. Find the root of the equation x - x? = 8. (Simplify the left mem- 
ber by using the rule for multiplying powers with like bases.) 


18. Solve for y and check: 2y - js = .0002 


In 19 and 20, select the numeral preceding the expression that best 
completes the sentence. 


19. A root of (x + 2) = 4 is: 
(1) 6 (2) 2 (3) 8 (4) 4 
20. A root of By? = 6 is: 


(1) V8 (2) 72 (3412 (4) 74 


In 21-26, solve the equation in which the variable represents a posi- 
tive number. (Hint: Before solving, change the radical expression to a 
power having a fractional exponent.) 


21. x? =16 22. Vx? = 64 23. Jyt = 625 
24. V y5 = 32 25. Vm 7 15 26. Vb =9 


10-7 EXPONENTIAL EQUATIONS 


An equation in which the variable appears in an exponent is called an 
exponential equation. Simple exponential equations involving powers 
of like bases can be solved by using the following observation: 


For b Æ 0 and b #1, b* = b? <> x =y. 
In the model problems that follow, we will solve the equations by 
equating exponents of like bases. If the bases in the given equation are 


not equal (see model problems 2, 3, and 4), we will change one or both 
bases as a first step. 
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MODEL PROBLEMS] = ^ ^  — ^ 


1. Solve and check: 5**! = 5^ 


How to Proceed Solution Check 
1. Write the equation. 5**) = 5^ | ptl = p^ 
2. Since the bases are alike, x+1=4 | §3t12 54 
equate the exponents. 5* = p^ 
3. Solve the resulting equation. x=8 (True) 


Answer: x ^8 


2. Solve and check: 2*7! = 8? 


How to Proceed Solution Check 
1. Write the equation. n < 2*7* = 8? 
2. Change the right member to 2*-1 = (23)? | 27-1 2 8? 
base 2, using 8 = 2?. 
3. Simplify the right member. 9r7? mw ge 262g? 
4, Equate the exponents of like 4-1€8 64 = 64 
bases. (True) 
5. Solve the resulting equation. x=7 


Answer: x ^ 7 


3. Solve and check: 9**! = 27* 


How to Proceed Solution Check 

1. Write the equation. g**l = 277 p» a Oy 
2. Change each member to base (32)**! = (33)* | g2*! 2 972 

3, using 9 = 3? and 27 = 33. 93 £ 27 
3. Simplify each member. 92512 = 99x 729 = 729 

(True) 

4, Equate exponents of like 2x +2 = 3x 

bases, 
5. Solve the resulting equation. 2-x 


Answer: x = 2 


484 


Integrated Mathematics: Course lll 


4. Solve and check: (4)* = 8'~* 


How to Proceed Solution Check 
1. Write the equation. (iy = 8!'^* (iy = 8!7* 
2. Change each member to base (2?)* = (22)'^* (4)? 2 gi-3 
2, using l- D = 97? and 
8 = 2°. 
3. Simplify each member. 27?* = 93-3x | (4)3 £87 
4. Equate exponents of like -2x =3- 3x dw 
bases. 
5. Solve the resulting equation. x=3 (True) 


Answer: x = 8 


Note: It is not always possible to express each member as an integral 
power of the same base. We will learn how to solve equations such as 
2* = 3 in Chapter 11. 


In 1-15, express the number as a power with an integral exponent 
and the smallest possible positive integral base. 


1. 36 2.. 26 3. 16 4, 27 5. 64 
6. 81 7. 125 8. 32 9. 1000 10; .1 
11. $ 12. 4 13. i 14. X 15. + 
In 16-36, solve and check. 
16. 4**? = 4? Ip gi =o" 1B. T7*-7* 7 
19, 125479 2]2*"* 20. 4*7? = 4? 21. 2*=4 
22. 5*7! = 125 283. 49* = 7**! 24. 36*-6*^! 
25. 64* = 4*"? 26, 9^» gun Qj, 829 m gee" 
28, 5%” = 25**! 20. 16°"? = 4°? 30. 9**! = 3% 
31. 8* = 4*7! 32. 27 = get 33. (1928? 
34. (4)'-* = 9 35. 125* = 25 36. 32* =4 
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In 37 and 38, select the numeral preceding the expression that best 
completes the sentence. 


37. The solution set of 2* +? = 23* is: 


(1) (1) (2) (2) (3) (1,2) (4) (8,64) 
38. The solution set of 3* ~3 = 32* is: 
(1) 1-L (2) (3,- 1) (3) {3} (4) (729, $} 


10-8 REVIEW EXERCISES 


In 1-6, simplify and write the expression without a denominator. All 
variables represent positive numbers. 





2s 2. ar 3. (2c2d)(c2d-) 
4. (Ax 15i 5. Ge) 6. [xd 
In 7-18, find the value of the expression. 
7. 25° 8. 157! 9. 100? 10. -87? 
11. (-8)? 12. 643 13. .008) 14. -642 
15. (3)? 16. 12573 17. 473 18. (125)? 


19. Find the value of 3a? + a? whena = 9. 

20. Find the value of (5b)° + (2b)? when b = 8. 

21. Find the value of 2c ^3 + c? when c = 27. 

22. Find the value of (x * 13 dh + (x+ 2) + (e+ 3)° when x = 14. 
23. It f(x) =x 3, find f(27). 

24. Iff(x) = 9x ?, find f(2). 


25. a. Sketch the graph of y = 3* in the interval -2 € x < 2. 
b. Use the graph of y = 3* to determine the value of 3'5 to the 
nearest tenth. 
26. For what value of b is the graph of y = b* the reflection in the 
y-axis of the graph of y = 6*? 


In 27 and 28, select the numeral preceding the expression that best 
completes the sentence. 


271. The equation that defines the same function as y = 5* is: 
Q)y=5* (2y--5* (3y-(y* (4) 9 = (4% 


- — mu äi dm e m d —_ 1 ea . o2 £À ILI LR ae o 2. — 0. — 
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28. The graphs of y = 3* and y = 3 * intersect at: 

(1) (0, 1) only (2) (1, 0) only 

(3) (0, 1) and (1, 3) (4) no point 

In 29-34, solve and check. All variables represent positive numbers. 
| 3 
29. x) = 32 30. a? 42-27 31. y* = .008 
2d 

32. 4x3 - 12 33. 3b? = 10 34. 2c «4 1- 55 


In 35-40, solve and check. All variables represent positive numbers. 


a5, Gt ager $6, 5*1 = 25* 37. 32* =8 
38. 8*2 4*'! 39. 1000* = 100*^! 40. (3) ^!-*9 


In 41-45, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 





2 
41. The expression Vx is equivalent to: 

(1) 2x? (2) (2x)? (3) 2x73 (4) (2x)? 
42. The expression (4 - x represents a real number: 

(1) for all x (2) forx > 4only 

(3) for x € 4 only (4) for x < 4 only 
43. Which of the following is not a real number? | 

(1) -642 (2) 64» (3) -64° (4) -643 
44. The product 8 - 8? is not equal to: 

(1) 25 (2) 4? (3) 8° (4) 645 
45. The product g . gi is not equal to: 

3 
(1) 16 (2) 8 (3) 2 (4) 2/2 


46. If x^ = 3x"^^! for all n, what is the value of x? 


47. If n* = (n + 1Y for all n 0, what is the value of x? 
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11-1 EXPONENTIAL FUNCTIONS AND 
THEIR INVERSES 


In Chapter 10, we studied the graphs of exponential functions of the 
form y = b*. In this section, we will study the inverses of these expo- 
nential functions. 

The figure below shows the graph of y = 2* and its reflection in the 
line y = x. Since r,..(x, y) = (y, x), the equation of the reflection of 
y = 2* is x = 2”. This equation defines a function that is the inverse of 
y = 2* under composition of functions. 





AE- 


Á/| | 
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I 
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We prefer to write the equation that defines a function by expressing 
y in terms of x. Therefore, we want to rewrite x = 2” so that it is solved 
for y. We begin by describing y in the equation x = 2” in words: 


y 1s the exponent to the base 2 needed to obtain x. 


Since the word “logarithm” means exponent, we can write this sen- 
tence as: 
y is the logarithm to the base 2 of x. 
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To abbreviate this sentence and write it in symbolic form, we will pick 
out essential parts, using *'log" for logarithm. 
y is the logarithm to the base 2 of x. 
y = log, x 

Notice that the base, 2, is written a half-line below the word “‘log.” 

Therefore: 

x = 2° — y = log, x 
Thus, the equation x = 2” is equivalent to the equation y = log, x; 


these equations name the same set of points, some of which are included 
in the chart that follows. 


Exponential Logarithmic | Logarithmic 
Form Form Form 
Is Read As 


3 is the log to the 
base 2 of 8. 


2 is the log to the 


base 2 of 4. 


1 | -1 is the log to the | 
base 2 of 4. 


-2 is the log to the 
base 2 of i 





Recall that the exponential equation y = 2* is a function whose graph 
lies entirely in quadrants I and II. Under a reflection in the line y = x, 
we see that the graph of its inverse (that is, the graph of x = 2” or 
y = log, x) lies entirely in quadrants I and IV. 

We can see from the graph of y = log, x that, since no vertical line 
can intersect the curve in more than one point, no two pairs have the 
same first element. The set of ordered pairs defined by y 7 log; x is a 
function whose domain is the set of positive real numbers and whose 
range is the set of all real numbers. 

What we have observed using the base 2 can be applied to any base, b, 
for which the exponential function y = b* is defined. 


Forb > 0andb #1: x =b” — y = log, x. 


The equation y = log, x defines a logarithmic function that is the in- 
verse under composition of the exponential function y = b*. 
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| A function f(x) is an exponential | Its inverse f ^! (x) is a logarithmic 
function: | function: 


y wp y = log, x 


| Domain = {x|x € Real numbers) | Domain = {x|x > 0} 


Range = {yly > 0} Range = {y|y € Real numbers} | 


. Sketch the graph of y = 5* to 


. Plot the points whose ordered 


. Under a reflection in the line 





include the points whose or- 
dered pairs are found in the 
table at the right. 


Name the ordered pairs that are the images of those pairs in the 
table of part a, under a reflection in the line y = x. 





. Sketch the graph of the inverse of y = 5*, using the pairs from part b. 
d. State the equation of the curve graphed in part c, using some form 


of the word “logarithm.” 


Solution 


pairs are given in the table, 
and draw a smooth curve 
through them. 


y = x, (x,y) > (y,x). +. 
The equation formed is x = 5". f- — 


tre SH 
A: ll: ll. 


etu 





: NC Ij 





Ans. 


. Plot the points whose ordered pairs are given in the table in part b. 


Draw a smooth curve through these points, as shown on the graph 
above. 


. Since x = b” <> y = log, x and here b = 5, then x = 5? <> y = log; x. 


Answer: The equation of the graph in part c is y = log; x. 
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1. a. Copy and complete the table 
at the right by finding, for 
each of the given values of 
x, the corresponding value 
of y = 3*. 

b. Sketch the graph of y = 3* to include the points whose ordered 
pairs were found in part a. 

c. Name the ordered pairs that are the images of those pairs in the 
table of part a, under a reflection in the line y 7 x. 

d. Sketch the graph of the inverse of y = 3* by using the pairs 
from part c. 

e. State the equation of the curve graphed in part d, using some 
form of the word ''logarithm." 





2. a. Copy and com- 
plete the table at 
the right by find- 
ing, for each of 
the given values of 
x, the corresponding value of y = 4*. 

b. Sketch the graph of y = 4* to include the points whose ordered 
pairs were found in part a. 

c. Name seven ordered pairs found in the graph of the inverse of 
y = 4*, 

d. Sketch the graph of y = log, x to include the points named in 
part c. 


3. The table at the right lists 
three selected pairs of the 
function y = 5*. Note 
that values of y are stated 
as rational approxima- 
tions to the nearest tenth. 
a. Sketch the graph of 

y = 5* in the interval 
-1 € x € $, including 





points where x - -1, 
-1,0,1,1,and 4$ 


b. Sketch the raph of y = log; x (that is, the reflection of 
y = 5* in the line whose equation is y = x). 
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. a. Name five ordered pairs of the function y = 6*. 


b. Name five pairs in the function y = log, x. (Hint: The func- 
tions named in parts a and b are inverse functions.) 

c. Sketch the graph of y = log, x. 

a. Sketch the graph of y = 8*, including points for which x = - 1, 
-2 -l (y dh 21 

a3’ g3*'"7*:235831 

b. Sketch the graph of y = log; x, including the images of the 
ordered pairs in part a under a reflection in the line y = x. 

a. Sketch the graph of y = (2)* in the interval -1 < x < 2. 

b. Sketch the graph of y = log, x in the interval < x < 25, 

c. What is the y-intercept of y = (2)? 

d. What is the x-intercept of y = log; x? 


a. Sketch the graph of y = log;o x in the interval 4, <x < 10. 
(It will be helpful to choose 4/10 = 3.2 as a value of x.) 

b. On the same set of axes, draw the graph of y = 1. 

c. What are the coordinates of the point of intersection of the 
graphs of y = log;9 x and y = 1? 

d. In what quadrants does the graph of y = logy x lie? 

The graph of y = 7* is reflected in the line y = x. What is the 

equation of the set of image points? 

When drawn on the same set of axes, at what point, if any, do the 

graphs of y = log; x and y = log; x intersect? 


In 10-15, write the equation of f ^! (x), the inverse of f(x). 


10. 
13. 


f(x) = 2* 11. f(x) = 6* 12. f(x) = 12* 
f(x) = log; x 14. f(x) = log; x 15. f(x) = log, x 


In 16-28, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


16. 
Li. 


18. 


19. 


The graph of y = log, x lies entirely in quadrants: 

(1) I and II (2) Iland III. (3) IandIII (4) Iand IV 
The function that is the inverse of y = 5* under composition is: 
u)y-b" (2) ysb* (3) y=logsx (4) x = log; y 
At what point does the graph of y = log; x intersect the x-axis? 
(1) (1,0) (2) (0, 1) (3) (5,0) (4) There is no point 
of intersection. 

A number that is not in the domain of the function y = log; x is: 


(1) 1 (2 0 (32$ (4) 10 
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If y = log;o x and x > 1, then y is: 

(1) positive (2) zero (3) negative 
If y = logy) x and x = 1, then y is: 

(1) positive (2) zero (3) negative 
If y = log;, x and 0 € x < 1, then y is: 
(1) positive (2) zero (8) negative 
If y = log;o x and x € 0, then y is: 

(1) positive (2) zero (3) negative 


(4) not a real number 
(4) not a real number 
(4) not a real number 


(4) not a real number 


11-2 LOGARITHMIC FORM OF AN EQUATION 


In the last section, we saw that an exponential equation and a loga- 
rithmic equation are two ways of expressing a statement about a power. 
The basic statement made by the equation log, 125 = 3 is that the log 
(that is, the exponent) is 3. 


log, 125 = 3 


|. 44 


exponent is 3 


The base is the number 5, written to the right of and a half-line below 
the word “‘log.” 


E In general: 


log; 125 = 3 e 5? = 125 


Logarithmic Form 











log; 49 = 2 


l 4d 


exponent is 2 


log;o .17-1 
loga 2-7 p 





T? = 49 


log,c=a << b*=c(b>Oandb #1) 


Exponential Form 








MODEL PROBLEMS | 


1. Write 8* = 64 in logarithmic form. 
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Solution 
1. The basic statement is that the loga- log = 2 
rithm (or exponent) is 2. 
2. The base, 8, is written to the right of logs = 2 
and a half-line below the word ‘‘log.” 
3. The power, 64, follows the word “log.” loga 64 = 2 Ans. 


. Write log; 81 = 4 in exponential form. 


Solution 


Since log, c = a is equivalent to b? = c, we know that log; 81 = 4 
is equivalent to 3^ = 81. 


Answer: 3* = 81 


Solve for x: log, 8 = 3 


Solution 
1. Rewrite the logarithmic equation in expo- log, 8 = 3 
nential form. The base is x and the exponent x? = 8 
is 3. 
2. Use the reciprocal of the exponent to solve (xy = 83 
for x. 
3. Simplify. x= 48 
x=2 
Answer: x = 2 
Find the value of log;; 125. 
Solution 
Here we are being asked to find a when log,; 125 = a. 
1. Write the equation in exponential form. log;; 125 =a 
The base is 25 and the exponent is a. 25° = 125 
2. Change each power to base 5: 25 = 5? (57)? = 5? 
and 125 = 5?, 
3. Equate exponents of like bases. 2a=3 
4. Solve for a. a= E 


Answer: log;; 125 = i 
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1. 295-16 2. 8-9 3. 102-01 4. 12-1 
5. 85-9 6. 6 -J5 37.621 8 9i-i 
9. 47=b — 10 x-y 11. 56 - d 12. b^-8 


In 13-24, write the logarithmic equation in exponential form. 


13. log, 64-6 14. log, 49 22 15. logio 1000 = 3 
16. log;; 9 = 2 17. log, 32 = Ê 18. log 1- 0 
19. log, 3-2-i 20. log, 2=-4 21. log, .001 =-3 
22. log, w/a = i 23. log, i. = 24. log, c= = 


In 25-33, solve for x. 


25. log, x =4 26. logs x = 2 27. log; x = -2 
28. log, x =0 29. logs; x = i 30. log x = -4 
31. log, x=-2 32. log io x=' 33. logaa dp m $ 


In 34-42, solve for n. 


34. log 27=n 35. log; 16 =n 36. logio 10,000 = n 
37. logs dc =n 38. logs 32^ n 39. logg .17 n 
40. logag 216=n 41. logas i = i 42. log5; $ = fi 


In 43-51, solve for b. 


43. log, 27 = 3 44. log, 49 =2 45. log, 12-1 
46. log, 125 = 3 47. log, 4=4 48. log, 6 =4 
49. log, 1=-4 50. log, 8= -3 51. log, /5 = 4 


52. If f(x) = log, x, find f(64). 
53. If f(x) = log; x, find f(1). 
54. If f(x) = log, x, find f(4/2). 
55. Iflogi x = - 8, find x. 
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In 56-58, select the numeral preceding the expression that best com- 
pletes the sentence. 


56. The value of logy; 5is: (1) i (2) 2 (3) $ (4) 5 
57. Iflogs x = 2, then x equals: 
(1) 7 (2) (8) 16/2 (4) 4 


58. Iflog, a = log; a, then a equals: 
(1) 1 (2) 2 (3) 3 (4) 0 


11-3 COMPUTATIONS WITH LOGARITHMS 


Over the years, we have learned | j | 
procedures that allow us to perform | Logarithms to 
operations in arithmetic, such as Powers of 2 the Base 2 


multiplication and division. In the 
last chapter on exponents, we 
learned rules for working with 
powers of like bases, such as the 
powers of 2 in the accompanying 
table. 

To the right of each power of 2 
in the table is an equivalent form 
that involves a logarithm to the 
base 2. 


| log, 1 
log, 2 
log, 4 
log, 8 
log, 16 
log, 32 
| log, 64 
log; 128 
log, 256 
In this section, we will see that ^u 912 | log, 512 E 
problems can be solved by various _ d - 1024 log; 1024 ^ 10 | 
methods. These methods will in- | 2,, = 2048 | log; 2048 = 11 | 
clude the use of exponents, loga- 2" = 4096 | log; 4096 - 12 
rithms, and standard arithmetic. | 
In order to use logarithms in calculations, we will derive rules for loga- 
rithms based on the rules for working with powers of like bases. 


— 
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Product Rule 
If b > Oand b <1: 


b* =A <+ log, A =x 
b =B < log, B =y 
b*** = AB <> log, AB =x+y 
By substitution: log, AB = log, A + log, B 
For example, log, (4 - 8) = log, 32 = 5. 
By the product rule, log, (4 - 8) = log, 4 + log, 8=2+3=5. 
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If N = 8 + 32, find N. 


Solution 

Method 1: Exponential Form 

1. Write the expression to be evaluated. N = 8+ 32 

2. Express each number as a power N=2°?-2° 
of 2. 

3. Add exponents when multiplying N = 2?*5 
powers with like bases. N = 2° 

4. Evaluate, or find the value from the N = 256 Ans. 
table. 

Method 2: Logarithmic Form 

1. Write the expression to be evalu- N = 8 - 32 


ated. 


2. Write the logarithm to the base 2 log; N = log, (8 - 32) 
of each side of the equation. 


3. Use the product rule. log; N = log; 8 + log; 32 
4. Evaluate the right-hand member (see log, N =3+5 

the table), and simplify. log, N=8 
5. Find N by referring to the table. N = 256 Ans. 


(Since log, 256 = 8, N = 256.) 


Method 3: Arithmetic 


This method should serve only as a check for the procedures just fol- 
lowed. By multiplication, N = 8 - 32 = 256. Ans. 

Notice that since exponential form and logarithmic form are simply 
two different ways of writing the same numerical relationship, methods 
1 and 2 are different only in the way in which the computation is 
written. 


— ——— | 
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Quotient Rule 
Ifb >Oandb #1: 


b* = A + log, A =x 
b” = B — log, B=y 
- A A 
ye +> logy mec y 
By substitution: log, E = log, A - log, B 


For example, log; (128 + 8) = log; 16 = 4. 
By the quotient rule, log; (128 + 8) = log, 128 - log, 82 7- 3-4. 


MODEL PROBLEMS | 





l. Evaluate 428- 28 


Solution 
Method 2: Logarithmic Form 
128°? 128-128 


Method 1: Exponential Form 
128? _ 128 - 128 





Leta ORE 256 A356 — 258 
.97 á 
A= T log; A= log, (228128) 
914 
A= "98 log; A = log; (128 - 128) 
"nme - log; 256 
h^ log; A = log, 128 + log, 128 
A d 2 - log, 256 
A=64 Ans log, A=7+7- 8 
log, A=14- 8 
log, A =6 
A=64 Ans. 





Method 3: Arithmetic 


1 
128? _ 128-128 128 
256 256 ^ 2 OF Ans. 


2 
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2. Express log, 2» in terms of log; a, log; b, and log; c. 
Solution 


1. Use the quotient rule. log, s = log, ab - log, c 


2. Use the product rule. log, se = ]og, a + log, b - logc Ans. 


E SE er a EEUU QUIETE eee 


Power Rule 
If b > 0and b #1: 
b*-A <> log, A =x 
b** = A* —» log, Af = xc = cx 
By substitution: log, A* = c log, A 
We can find the values of some logarithmic expressions by two 
methods. For example, the product rule tells us that: 
log, (4°) = log, (4- 4-4) = log, 4 + log, 4 + log, 4-2* 2* 2-6 
By the power rule, we know that: 
log, (4) = 3 log, 4=3-2=6 


Notice that log, 4 + log, 4 + log, 4 = 3 log, 4. 
Not all logarithmic expressions involving powers can be evaluated by 
the product rule. For example, log, 4/2 can be simplified only by using 


the power rule. Here, log, 4/2 = log; (23) = + log, 2 = i 1-7 3. 
MODEL PROBLEM 


Find 4/512. 
Solution 


Method 1: Exponential Form Method 2: Logarithmic Form 


Let x = 4/512 Let x = 4/512 
x = (512)! log, x = log; W512 
x = (2?) log, x = log, (512)! 
gu gs | log, x = 4 log; 512 
=o? — 
x78 Ans. log, x =3 


x=8 Ans. 
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Method 3: Arithmetic 


We have not learned an algorithm to find the cube root of a number. 
Since 8- 8 - 8 = 512, however, we can state that 1/512 = 8. Ans. 


The problems that have been used to illustrate the rules derived in 
this section have been limited to values in the table given at the begin- 
ning of this section. The rules, however, apply to logarithms having any 
base. 

Later in this chapter, we will see that operations involving logarithms 
can be extended to all numbers. When this happens, we will see how 
very difficult problems in arithmetic can be handled easily by the use 
of logarithms to the base 10. Logarithms to the base 10 are called 
common logarithms. When no base is written in the logarithmic form of 
a number, the base is understood to be 10. 

Thus, log 100 = 2 means log,, 100 = 2. 


MODEL PROBLEMS | 





1. Find the value of log, 12 + log, 3. 


How to Proceed Solution 
1. Write the given expression. logs 12 + log, 3 
2. Use the product rule. = log, (12 + 3) 
3. Simplify. = log, 36 
4. Evaluate the result. =2 Ans. 


2. H2 log; 9 + log, x = log, 27, find x. 


How to Proceed Solution 
1. Write the given equation. 2 log; 9 + log; x = log; 27 
2. Simplify the left-hand logs 9? + log, x = log, 27 


member: Use the power logs (9? - x) = log; 27 
rule, and use the product log; (81x) = log, 27 
rule. 
3. Equate the powers and 8alx = 27 
solve for x. x=2t=1 Ans 
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Alternate Solution 
1. Write the given equation. 2 log; 9 + log; x = log; 27 
2. Evaluate each term if pos- 2°2+ logs x =g 
sible. 4 + log} x =3 
3. Subtract 4 from both loga x = -1 
members of the equation. 
4. Rewrite in exponential 3°! =x 
form and simplify. l=% Ans. 


3 


3. Ifx = L express log x in terms of log a and log b. 


vb 
Solution 
1. Express yb as a power. EU 
x= 
pi 
2. Write the common logarithm log x = log Cs) 
of each member of the equa- b 
tion. 
3. Use the quotient rule. log x = loga - log p! 
4. Use the power rule. logx = loga - jlogb Ans. 


4. The expression log, a°b is equivalent to: 
(1) 5 log; ab (2) 5 log, a+ log; b (3) log; 5ab 
(4) logs; 5a + log; b 
Solution 
1. Use the product rule. log; a°b = log; a? + log; b 


2. Use the power rule. log a°b = 5 log; a + log; b 


Answer: (2) 5 log; a + log; b 
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EXERCISES]  — O 


In 1-18, evaluate the given expression by using: a. powers of 2 in ex- 
ponential form b. logarithms to the base 2 c. standard arithmetic. 
(Note: The table on page 495 may be used for these exercises.) 











1. 64-16 2. 1024 + 256 3. 16° 
4. 4/32 5. 1024 6. 4/256 
7. 4?.8 8. 8-2 9. 164/64 
/4096 4096 8* 
10. 16 11. "i6 12. 16? 
128 - 4? 644/64 34096 
18. 7 512 14. "256 B. "3B 
,/ 2048 324/ 512 — sa 9/512 
16. 32 HT. 64 18. 32) 64 
In 19-24, write the given expression in terms of log a and log b. 
19. log ab 20. log (a + b) 21. log (a?b) 
22. log = 23. logaV/b 24. log (ab)? 


In 25-30, solve for n. 


25. log; 9 + log; 3 = log} n 26. log, 64 - log, 16 = log, n 
27. 3log, 4 = log, n 28. log, 216 - j log, 36 = log, n 
29. log1000- 2log100=logn 30. log; n- log; + = log; 9 


In 31-34, select the numeral preceding the expression that best com- 
pletes the sentence. 


31. The expression log; = is equivalent to: 


1 log. a 
(1) logs a - glogsc — (2) Zjos; — (3) 2(logs a - logs c) 
(4) logs a - 2 log; c 
32. Ifx = (ab), then log x equals: 
(1) 2loga + log b (2) 21oga + 2 log b (3) loga + 2 log b 
(4) log 2a + log 2b 
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33. The expression log y= is equivalent to: 


(1) = = log x - log y (2) + Aer? (3) log 1x - log =y 


(4) > (log x - log y) 


34. The value of log, 8 + log, 2 is: 
(1) 1 (2) 2 (3) 16 (4) 4 


11-4 COMMON LOGARITHMS 


Aids in Computation 


From the beginnings of the use of numbers, people have devised aids 
in computation. One of the earliest such tools is the abacus, still in use 
today in some parts of the world. In the 17th century, the development 
of logarithms greatly aided the calculations necessary in the study of 
astronomy and helped advance that science. The slide rule, a mechan- 
ical device that uses a scale based on logarithms, was for many years 
the familiar tool of scientists and engineers. Although calculators and 
computers today have replaced many older calculating devices, the 
logarithmic functions remain important in mathematics, science, engi- 
neering, and business. Knowing how to compute using logarithms will 
help you to understand and work with functions and equations involv- 
ing logarithms and arising from physical situations. 


Common Logarithms and Scientific Notation 


In section 3, we saw how a table of powers of 2 and a table of loga- 
rithms to the base 2 allowed us to perform operations by different 
methods. We were limited, however, to just those numbers in the table. 
Is it possible to make a table that can be used to express every number 
as a power of some base and use that table to simplify all computation? 

Since there are infinitely many positive real numbers, we obviously 
cannot make a table that lists all of them. Every positive number, how- 
ever, can be written in scientific notation as a X 10" where 1 <a < 10 
and n is an integer. We can easily express integral powers of 10 by using 
common logarithms, that is, logarithms to the base 10. We must there- 
fore learn how to use a table of common logarithms for numbers whose 
values are 1 <a < 10. This table and the integral powers of 10 will 
enable us to find the common logarithm of any number. 
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integral Powers of Ten 


To obtain the common logarithm of an integral power of 10, we need 
only note the exponent. Recall that when the base is omitted in writing 
the logarithmic form, the base is understood to be 10. 


Exponential Form Logarithmic Form 
(Powers of 10) (Common Logarithms) 


log 10 000 
log 1000 
log 100 
log 10 
log 1 
log 0.1 
log 0.01 
log 





Numbers Between 1 and 10 


In the preceding table, we observe that as the numbers increase from 
0.001 to 10 000, the logarithms of those numbers increase from - 3 to 
4. Between every two consecutive integral powers of 10, there exists an 
infinite number of powers of 10. Between 10? and 10!, some powers 


include 107, 10:5, 10:7" and so forth. 

Let 10M = a where 0 € M <1. Erona Fon | 1 i EE] 

Then: 109 € 10^ < 10!, xponential Form ogarithmic Form 
or l< a< 10. | 

Thus: log1<loga < log 10, 
or 0 € loga < 1. 

In other words, if a is a number 

greater than or equal to 1 but 

less than 10, then log a is greater than or equal to 0 but less than 1. 

The common logarithm of a number between 1 and 10 can be approx- 
imated to any required degree of accuracy by methods of advanced 
mathematics. The values of these logarithms, written as four-place deci- 
mals, are given in the table of Common Logarithms of Numbers on 
pages 748 and 749 of this book. The table lists an approximate value of 
the logarithm of any number having three significant digits from 1.00 
to 9.99. A section of the table of common logarithms is shown on the 
next page. 
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Common Logarithms of Numbers 





1 2 3 4 9 6 T 8 9 


2175 2201 2227 2253 2279 | 
2455 2480 2504 2529 
2672 2695 2718 2742 2765 
2900 2923 2945 2967 2989 





To find the common logarithm of 1.75, look for the first two digits, 
17, in the first column under N and look for the third digit, 5, in the 
row next to N at the top of the table. Read the entry in the correspond- 
ing row and column, as shown in the figure. The entry 2430 represents 
.2430, a number between 0 and 1. 


log 1.75 ^ .2430 or 10799? = 1,75 
log 1.75 = .2430 to the nearest ten-thousandth 


We can also read from the portion of the table shown above that: 


log 1.08 =~ .0334 or 10:9?9^ =~ 1.08 
log 1.40 ^ .1461 or 10:149! = 1.40 


Using the complete table on pages 748 and 749, we see that: 


log 5.38 ~ .7308 or 10:7% ~ 5.38 
log 9.27 ~ .9671 or 10:997! ~ 9.27 


The approximate value of the common logarithm of every number 
between 1 and 10 can be expressed as a four-place decimal between 0 
and 1. The table of Common Logarithms of Numbers given in this book 
lists, as four-place decimals, the logarithms of numbers having three or 
fewer significant digits. We will write log 6.92 = .8401 to mean that 
log 6.92 = .8401 to the nearest ten-thousandth. 


Ful 
Peur 


The Logarithm of Any Number 


The common logarithm of any integral power of 10 can be found 
by inspection. For example, log 100 = log 10? = 2 and log 0.001 = 
log 10^? = -3. The table of common logarithms shows the logarithm of 
any number between 1 and 10 containing three significant digits. Now 
scientific notation enables us to find the logarithm of any number 
having three significant digits by using two parts of the logarithm. 
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We know that 5720 = 5.72 X 10°. 
From the table: log 5.72 = .7574 or 10°75" = 5.72 
By inspection: log 10° = 3 


Therefore: 
1. 5720 = 5.72 X 10° <> log 5720 = log (5.72 X 10?) 
= 10757 x 10? = log 5.72 + log 10? 
= fg = 7574 + 3 
= 1027574 | = 3.7574 


Notice that 10? < 5720 < 10^ and 3 < log 5720 < 4. 


Let us repeat these steps with some other numbers. 
2. 57.2 = 5.72 X 10! <> log 57.2 = log (5.72 X 10!) 


= 10:7574 x 10! = log 5.72 + log 10! 
= 10754 = 7574 +1 
= 1017574 = 1.7574 


Notice that 10! < 57.2 < 10? and 1 < log 57.2 < 2. 


3. 0.0572 = 5.72 X 10? <> log 0.0572 = log (5.72 X 10?) 
= 10:75% x 107? | = log 5.72 + log 10? 
= 10792 = .7574 - 2 
The log of 0.0572 is the sum of a positive decimal value and a nega- 
tive integer. We will not combine these two parts into a single negative 
number since it is more convenient to work with them in the form 
1574 - 2. 
Notice that 10? < .0572 < 107! and -2 < log .0572 < -1. 
We see that in each case the logarithm can be thought of as the sum 
of two parts. 
1. The integral part of a common logarithm is called the ‘‘character- 


istic." The characteristic of log a is the greatest integer less than or 
equal to log a. 


2. The positive decimal part of a common logarithm is called the **man- 
tissa." The mantissa of log a is the difference between log a and the 
characteristic of log a. 


The common logarithm of a number is the sum of the characteristic 
and the mantissa. 
For example, consider the three problems we have just studied. 


log 5720 = log (5.72 X 10) = 3,7574 


log 57.2 = log (5.72 X 10') - 1.7574 
log 0.0572 = log (5.72 X 107) = .7574 - 2 





506 Integrated Mathematics: Course IIl 


We saw above that log 0.0572 = .7574 - 2, that is, the sum of the 
mantissa .7574 and the characteristic - 2. It is often convenient to write 
a negative characteristic as the sum of a positive part and a negative 
part. For example, we can write -2 as 8 - 10. 

Thus, log 0.0572 = .7574 - 2 = .7574 + 8- 10 = 8.7574 - 10. 

It is also possible to write the characteristic - 2 as other sums. 


log 0.0572 = .7574- 2 log 0.0572 = 4.7574 - 6 
log 0.0572 = 8.7574 - 10 log 0.0572 = 28.7574 - 30 


In all of these cases, notice that the characteristic is - 2. 
To determine the characteristic of a common logarithm, we can use 
one of the following methods: 


(846 | 846 - 8.46 X 10? 


100 = 10? 
characteristic is 2 | characteristic is 2 





E To find the common logarithm of a number: 
1. Find the characteristic, using place value or scientific notation. 


2. Locate the mantissa in the table of Common Logarithms of Numbers. 


MODEL PROBLEMS 





1. Find log 27.9. 


Solution 
1. Find the characteristic. 
Method 1: Place Value Method 2: Scientific Notation 
(2)7.9 27.9 = 2.79 X 10! 


10 =10! 
The characteristic is 1. 


2. Find the mantissa. In the table of Common Logarithms of Num- 
bers, locate the entry in row 27 under the column headed 9. The 
mantissa is .4456. 

3. Add the characteristic and mantissa. 

log 27.9 = 1.4456 Ans. 
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2. Find log 0.0096. 


Solution 
1. Find the characteristic. log 0.0096 = - 8 
= 7, - 10 
2. Find the mantissa. Locate the log 0.0096 = .9823 - 3 
entry in row 96 under the column 7.9823 - 10 


headed 0. 
Answer: Any logarithm whose characteristic is -3 and whose man- 
tissa is .9823. Two possible ways of writing the solution 
are .9823 - 3, and 7.9823 - 10. 


3. Find the integral value of n such that n < log 0.582 <n + 1. 


Solution 
Method 1: 
l. Locate 0.582 between two Al < 0.582 < 1 
consecutive powers of 10. 10°? < 0.582 < 10° 
2. Write the logarithm of each log 107! < log 0.582 < log 10° 
member of the inequality. -1 < log 0.582 < 0 


3. Therefore, by comparing this result with the given statement, we 
see that n =-1 Ans. 


Method 2: 


Since the characteristic of log a is the greatest integer less than or 
equal to log a, then n is the characteristic of log 0.582. Therefore, 
=-l, Ans. 





EXERCISES 


In 1-12, find the characteristic of the common logarithm of the given 
number. 
1. 279 2. 56.8 3. 9280 4. 7.65 


5. 0.824 6. 0.00039 7. 0.021 8. 42,800 
9. 7.8 10. 12.7 11. 0.005 12. 97 
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In 13-24, find the mantissa of the common logarithm of the given 
number. 


13. 6.82 14. 43.9 15. 1780 16. 9.86 
17. 0.597 18. 0.00203 19. 0.076 20. 15 
21. 3000 22. 7 23. 10.8 24. 0.03 


In 25-36, find the common logarithm of the given number. 


25. 58.6 26. 767 21, 0.178 28. 3.59 
29. 9540 30. 0.083 31. 0.009 32. 68.9 
33. 4.71 34. 0.000018 35. 0.105 36. 5 


37. Iflog 4.81 = .6821, find the value of each given logarithm without 
using the table of common logarithms. 
a. log 481 b. log 48100 c. log 0.000481 
38. If log 85.3 = 1.9309, find the value of each given logarithm with- 
out using a table. 
a. log 853 b. log 0.853 c. log 8.53 
39. If 109902! = 4 find the value of each given power of 10. 
a. 101.6021 b. 102.6021 c. 109602172 d. 10?.6021-10 
40. If 10* = 47.5, find x to the nearest ten-thousandth. 
41. Ifn isan integer and n < log 346 < n + 1, find n. 
42. Find the integral value of a such that a < log 0.02 <a + 1. 
A3. If 10" = 148, find y to four decimal places. 


In 44-46, select the numeral preceding the expression that best 
completes the sentence or answers the question. 


44. If 3 < loga < 4, then the characteristic of log a is: 


(1 (2) 0 (3) 3 (4) 4 
45. If -2 < log x € -1, then the characteristic of log x is: 

(1) -1 (2) -2 (3) .1 (4) .01 
46. If 0 < log b < 1, which of the following is true? 

(1) 0:5 <1 (2) 1« b « 10 

(3) 10? < log b < 10! (4) 10! < log b < 10!? 


11-5 ANTILOGARITHMS 


If log x = y, then x is the number whose common logarithm is y. 
The number x is called the antilogarithm of y. 

For example, if log N = 1.4048, then the antilogarithm of 1.4048 is 
the number N. Since log 25.4 = 1.4048, the antilogarithm of 1.4048 
is 25.4. 
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A logarithm is the sum of a mantissa and a characteristic. The anti- 
logarithm is the product a X 10" where 1 € a < 10. The value of a 
is found by using the table of Common Logarithms of Numbers. 
The value of n is the characteristic of the log. 


MODEL PROBLEMS | 





1. Find N if log N = 2.8537. 


Solution 
1. Write the form for N in scientific nota- log N = 2.8537 
tion. N =a X 10" 
2. Find a by looking for .8537 among the N = 7.14 X 10" 


mantissas in the table of Common Log- 
arithms of Numbers. Since .8537 is in 
row 71 under 4, a = 7.14. 


3. Since the characteristic of log N is 2, N = 7.14 X 10? 
n= 2. 
4. Write N in ordinary notation. N = 714 


Answer: N = 714 


2. Find the antilogarithm of 9.6860 - 10 to three significant digits. 


Solution 


1. Write the general form of a number in scientific a X 10" 
notation to represent the antilogarithm. 


2. Find a by looking for .6860 among the man- 4.85 X 10" 
tissas in the table of common logarithms. 
log 4.86 = .6866 


6860 MN closer 
log 4.85 = .6857 
Since the mantissa .6860 lies between .6857 


and .6866 and it is closer to .6857, let a = 4.85 
(the number whose logarithm is .6857). 


3. Since the characteristic is 9 - 10 or -1,n = - 1. 4.85 X 10^! 


4. Write the antilogarithm in ordinary decimal 0.485 Ans. 
notation. 
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In 1-12, find N to three significant digits. 


1. log N = 0.6884 2. log N = 3.9294 
3. log N = 1.7612 4. log N = .2201 - 2 
5. log N = .6365 - 1 6. log N = 2.0170 

7. log N = 9.9643 - 10 8. log N = 1.4942 
9. log N = 7.3784 - 10 10. log N = 2.7372 
11. log N = 8.9886 - 10 12. log N = 4.3856 


In 13-18, find the antilogarithm of the given logarithm to three sig- 
nificant digits. 
13. 2.1367 
16. .6263 - 3 


14. 9.4014 - 10 
17. 0.0086 


15. 0.9042 
18. .9881 - 1 


19. Iflogx = 1.8650, find x to the nearest tenth. 

20. Find, to the nearest thousandth, the antilogarithm of 9.3183 - 10. 
21. If 107-7924 = a, find a to the nearest hundred. 

29. If 10:338^? = b, find b to the nearest ten-thousandth. 

23. Find the antilogarithm of 2.7891 to the nearest integer. 

24. Find the antilogarithm of .5567 - 1 to three decimal places. 

25. Find the antilogarithm of 8.0343 - 10 to three significant digits. 


11-6 APPLYING THE PRODUCT RULE 


In section 3 of this chapter, we used the rule for multiplying powers 
with like bases to derive the product rule for logarithms. 


log AB = log A + log B 
This rule can be applied to any number of factors. 
log (AB)C = log (AB) + log C = log A + log B + log C 


MODEL PROBLEMS 





1. Use logarithms to find, to the nearest tenth, the value of N when 
N = 467 X 0.109. 


Solution 
1. Use the product rule to N = 467 X 0.109 


write an equation involving log N = log 467 + log 0.109 
logarithms. 


How to Proceed 
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2. Find the logarithm of each log 467 = 2.6693 
number, and add to find + log 0.109 = .0374- 1 
log N in simplest form. log N = 2.7067 - 1 

log N = 1.7067 

3. Find the antilogarithm N, N = 5.09 X 10! 
expressed in scientific nota- 
tion. 

4. Write N in ordinary deci- N = 50.9 
mal notation. 

Answer: 50.9 


Note: As a check, 467 X 0.109 = 50.903 = 50.9, to the nearest 
tenth. 


2. If log x =a, then log .01x equals (1) 2 +a (2) -2 +a (3) Ola 
(4) Ol +a 


Solution 


1. Use the product rule to express log .01x = log .01 + log x 
log .01x in terms of log .01 and 
log x. 

2. Since .01 = 10 ?, log .01 = -2. log .01x =-2 +a 
Substitute this value and the 
given value, log x = a. 


Answer: (2) -2+a 


3. If log 2 = a and log 7 = b, write an expression for log 28 in terms of 


a and b. 
Solution 
l. Write 28 in terms of its factors, 28=4X 7 
2 and 7. -2X2X' 
2. Write an equation using loga- log 28 = log (2 X 2 X 7) 
rithms. 


3. Use the product rule to simplify log 28 = log 2 + log 2 + log 7 
the right-hand member. 

4. Substitute the given values for log 28=a+a+tb 
iog 2 and log 7, and combine log 28 = 2a + b Ans. 
like terms. 
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In 1-10, find the product to three significant digits. 


8.49 X 72.1 2. 51.7 X 8.30 3. 278 X .453 
3.14 X .065 5. 1.06 X 3500 6. 411 X 1.56 
587 X 0.00639 X 22.1 8. 8.24 X 0.281 X 0.0467 
0.419(55.2)(0.00153) 10. 2(3.14)(0.00878) 


Sed pu pe 


11. Iflogx = loga + log b, express x in terms of a and b. 


In 12-15, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


12. Ifloga = c, then log 100a equals: 


(1) 100c (2) 2c (3) 2+e (4) 2+ loge 
13. If log 7.11 = b, then log 7110 equals: 
(1) 10005 (2) 3b (3) 3+ 5 (4) 1000 + b 
14. If log 2.38 = k, then log .0238 equals: 
| E Qu Bud 
(1) k * 2 (2) k- 2 (3) 100 (4) k - 100 


15. If log 6.38 = x, which expression must equal x + 1? 
(1) log 7.38 (2) log 5.38 (3) log 63.8 (4) log .638 


In 16-23, if log 2 = a, log 3 = b, and log 10 = 1, write the given ex- 
pression in terms of a and b. 


16. log6 17. log9 18. log4 19. log 12 
20. log 20 21. log 30 22. log 60 23. log 90 


In 24-27, solve each problem by using logarithms. 


24. Find, to the nearest integer, the number of square kilometers in a 
rectangular field 1.6 km by 8.71 km. 

25. Find, to the nearest hundredth, the circumference of a circular 
disk whose diameter measures .744 ft. (Let 7 = 3.14.) 

26. If the radius of a circle measures 17.8 cm, find, to the nearest 
centimeter, the circumference of the circle. (Let 7 = 3.14.) 

27. Find, to the nearest integer, the volume of a rectangular solid if 
l= 3.7,w = 1.6,and h = 5.4. (V = lwh) 
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11-7 APPLYING THE QUOTIENT RULE 


In section 3 of this chapter, we used the rule for dividing powers with 
like bases to derive the quotient rule for logarithms. 


log $ =logA - logB 


When a smaller number is to be divided by a larger one, the result of 
subtracting a larger logarithm from a smaller one is a negative logarithm. 
A negative logarithm is written as the sum of a positive mantissa and a 
negative characteristic. How this is done is shown in the following 
example: 


L]ExAMPLE: Using logarithms, find N = 4 + 5. 
Solution: Using arithmetic, we know that 4+ 5 = 4 = & = 0.8. 
Let us see how the same answer is obtained using logarithms. 


1. Use the quotient rule to write N-475 
an equation involving loga- log N = log 4 - log 5 
rithms. 


2. Find the logarithm of each log 4 = 0.6021 = 10.6021 - 10 


number. To obtain a positive -log 5 = -0.6990 = -.6990 
mantissa in log N, add 10 and log N - 9.9031 - 10 


subtract 10 from log 4 before 
performing the subtraction. 


3. Find the value of the antilog- N = 8.00 X 107! 
arithm N. N = 0.800 


Answer: N = 0.8 





1. Use logarithms to find 5680 + 272 to the nearest tenth. 


Solution 
1. Use the quotient rule to write an N = 5680 = 272 
equation involving logarithms. log N = log 5680 - log 272 


2. Find the logarithm of each num- log 5680 = 3.7543 
ber. Then subtract to find log N. -log 272 = -2.4346 


log N= 1.3197 
3. The mantissa .3197 is closest to N = 2.09 X 10! 
.9201 in the table. Using this N = 20.9 Ans. 


value, find the antilogarithm N. 
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2. Find the value of ao using logarithms. 
Solution 
1. Use the quotient rule _ 175 
to write an equation .025 
involving logarithms. log N = log 175 - log .025 
2. Find the logarithm of log 175 = 2.2430 = 2.2430 
each number, and sub- -log .025 = -(.3979 - 2) = -.3979 + 2 
tract to find log N. log N = 1.8451 +2 
Thus, log N = 3.8451 
3. Find the value of the N = 7.00 X 10? 
antilogarithm N. N=7000 Ans. 
| -— | af 57.1 
3. Use logarithms to find x to the nearest thousandth: x = 456 X 0.839 
Solution 
` 57.1 
* = 456 X 0.839 


log x = log 57.1 - log (456 X 0.839) 
log x = log 57.1 - (log 456 + log 0.839) 


log 57.17 1.7566 = 11.7566 - 10 log 456 7» 2.6590 
-log denominator = - 2.5828 = - 2.5828 | *log 0.839 = 9.9238 - 10 
0 





log x = 9.1738- 1 log denominator = 12.5828 - 10 
x=1.49X 10° log denominator = 2.5828 
x= 0.149 Ans, 


Note: The problem can also be solved using an equation without 
parentheses, namely, log x = log 57.1 - log 456 - log 0.839. 





8 X 16 





1. Evaluate 1 78 using arithmetic b. using logarithms. 
2. Evaluate p a. using arithmetic b. using logarithms. 


In 3-15, using logarithms, find the value of each expression to three 
significant digits. 

3. 384 ~ 156 4. 79.3 > 2.89 5. 4.52 + 0.107 

6. 72.9 = 261 7. 1.97 + 35.8 8. 0.192 ~ 0.00852 
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0.427 149 0.0628 
9. 0.897 10. 0.00731 ll. 0.0989 
47.6(0.0172) 5980(0.626) 
12. — 356 13. "183 
j4 — 859 x. $m 
(19.7) (2.48) ' (4.81)(97.6) 


16. Iflogx = loga - log b, express x in terms of a and b. 


In 17-19, select the numeral preceding the expression that best com- 
pletes the sentence. 


17. Iflog N = loga + log b - logc, then N equals: 








(1)a*b-c (2) £ (3) ab- c (4) £2 
18. Iflog 3.59 - x, then log .0359 equals: 
X -*. 
(1) x -2 (2) 2 +2 (3) 100 (4) 01 
19. Iflog N = loga - (log b + log c), then N equals: 
a a 
(1) a-b+e (2) a- (b+ c) (3) ^ (4) us 


In 20-27, if log 2 = a, log 3 = b, and log 10 = 1, write the given ex- 
pression in terms of a and b. 


20. log 2 21. log 2 22. log 23. log 29 
24. log 39 25. log 9 26. log 3. 27. log 42 


11-8 APPLYING THE POWER RULE 


In section 3 of this chapter, we used the rule for raising a power to a 
power to derive the power rule for logarithms. 


log A^ = celog A 


The power rule applies to both integral and fractional values of c, as 
seen in the following examples: 


i log 1.96^ = 4 log 1.96 = 4(0.2923) = 1.1692 
2. log V/7.32 = log 7.32% = 1 log 7.32 

= 1 (0.8645) 

= 0.43225 


= 0.4323 (The mantissa is rounded to four 
decimal places.) 
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3. log 0.732 = log 0.732? = 1 log 0.732 
= l (0.8645 - 1) 


Here, some other form of the negative characteristic must be used be- 
cause the characteristic must be an integer after multiplication by 3. 


The characteristic of log 0.732 is - 1, which may be written as 9 - 10 
or as 1 - 2 or as any other combination that equals -1 and has an 
even negative part. 


log /0.732 = 1 (9.8645 - 10) = 4.9328 - 5 
OR 
log 4/0.732 = 4 (1.8645 - 2) = 0.9323 - 1 


The characteristic of log \/0.732 is also - 1, written here as 4 - 5 and 
aso- 1. 





1. Use logarithms to find 4j 0.932 to the nearest thousandth. 


Solution 
1. Write an equa- N = 40.932 
tion involving log N = log «/0.932 = log 0.932! 


logarithms, and 
use the power 
rule to rewrite 
it in terms of 
log 0.932. 


2. Find the value log N = $(.9694 - 1) 
of log 0.982, [~ log N = 1(2.9694 - 3) = 0.9898 - 1 


and write the f" log N = 4(29.9694 - 30) = 9.9898 - 10 
characteristic, 

-1, so that it has 

a multiple of 3 

as its negative 


log N = $ log 0.932 


part. 
3. Find the value N = 9.77 X 107} 
of the antiloga- N = 0.977 Ans. 


rithm, N. 
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2. If A = ar^, find A to the nearest tenth when r = 2.50 and 7 = 3.14. 


Solution 
1. Write an equation involv- A = qr? 
ing logarithms. log A = log m + 2logr 
2. Substitute the given val- log A = log 3.14 + 2 log 2.50 
ues. 
3. Find the logarithms of log 2.50 = 0.3979 
the numbers, and per- X2 
form the computations. 2 log 2.50 = 0.7958 
+log 3.14 = +0.4969 
log A = 1.2927 
4. Find the value of the A = 1.96 X10! 
antilogarithm, A. A =19.6 Ans. 


3. Find log V/.331 to four decimal places. 
Solution 
1. Use the power rule to write ^ log 4/.331 = log 331 
an expression for log V/.331. ^ log 4/.331 = i log .331 
2. Find the value of log .331. log 4/.331 = 4 (.5198 - 1) 
Write the characteristic, -1, log /.331 = 1 (9.5198 - 10) 


so that it has an even number T. w 
as its negative part. log v.33 4.7599 - 5 


(Note: We do not find the antilogarithm because the problem 
asks for the value of a logarithm.) 


Answer: Any logarithm whose characteristic is -1 and whose 
mantissa is .7599. One possible solution is 4.7599 - 5. Two other 
common forms are .7599 - 1 or 9.7599 - 10. 
4. Solvefor x: x^? =12 
Solution 
1. Write the given equation. x" - 12 


2. Write an equation involving loga- log x? = log 12 
rithms. 


3. Use the power rule to simplify the .T log x = log 12 
equation. 
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log 12 
4. Solve for log x. log x = 7 
5. Find log 12, and simplify the right- log x = Lore 
hand member. i 
_ 10.792 
box = 
7 
log x = 1.5417 
6. Find the antilogarithm, x. x = 8.48 X 10! 
x = 34.8 Ans. 





EXEnCIONS | 


In 1-14, using logarithms, find the value of each expression to three 
significant digits. 








i, 45.7" 2. 1.38 3. 0.07 4. 1.08? 
5. y 346 6. 4/1.09 7. 0.850 8. 4/ 0.553 
(6.92)^ 3.14(4.81)? 
3 x 
9. 93.0\/.761 10. 18.04/.301 11. 155 —08H 
| 2X167 ,, 27673 
13. 59.8 14. 9 
In 15-18, express x in terms of a, b, and c. 
15. logx = i (loga + log b - log c) 
16. logx = 21oga - 3 (log b + log c) 
17. logx = i (loga - (log b + log c)) 
18. logx = lloga- (logb + > log c) 
In 19-24, express log N in terms of log x, log y, and log z. 
19. N = x?yz 20. N=xvV/yz 21. N 2 x;2y/2 
22. N= 7 23. oy 24. ga EST 


25. Find 4/272 to the nearest tenth: a. using logarithms b. using 
any other acceptable method in mathematics. 


26. Find 4/0.852 to the nearest hundredth. 


21. 


28. 


29. 
30. 
31. 
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If V = oh find V to the nearest integer when 7 = 3.14, r = 5.21, 
and h = 7.96. 

Hye US find V to the nearest tenth when r = 3.14 and 
r= 2.15. 


Find log 4/17 to four decimal places. 
Find log 8.6? to four decimal places. 
Find log yv 0.0072 to four decimal places. 


In 32-40, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


32. The expression log Ve is equivalent to: 


33. 


34, 


35. 


36. 


37. 


(1) 2 loga - log b (2) + (loga - log b) 

(3) log $a - log b (4) log $a - logib 

The expression 2 log a + i log b is equivalent to: 

(1) log 22 (2) log x: (3) logd/a?b (4) loga? (x/b) 
If x = ab, then log x is equivalent to: 


(1) loga + log 4b (2) > (loga + log b) 
(3) loga + 4 log b (4) log (a + 4b) 





If x = 37 then log x is equivalent to: 


(1) loga - 2 log b (2) loga - log 2 * log b 
(3) 4 (log a - log b) (4) loga - (log 2 * log b) 


X6 .. inge. A 
If K = gio which of the following is equivalent to log K? 





(1) 31og 6 - 21og 5 (2) $ log 6 - 21og 5 
+ log 6 3 log 6 

ai udine. d 

(3) 2 1log 5 (4) 210g 5 


If N = y $, then log N is equivalent to: 
(1) $ (log 5 - log 12) (2) 4 log 5 - log 12 


1 log5 log 5- 
(3) 9 * tog 12 (4) V 1og12 
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38. The expression log 4/7? is equivalent to: 
(1) $ log 7 (2) $ log 7 (3) 31og Z (4) -log3-7 


39. The expression log 5"*! is equivalent to: 


(1) nlog5 * 5 (2) 51og 5" 
(3) nlogb * 1 (4) n log 5 + log 5 
40. The expression log a"^? is equivalent to: 
| , Blog a 
(1) nloga- 2 (2) log 2 
(3) nloga - 2loga (4) nicks 


In 41-44, find x to the nearest integer. 
41. x}? =69 42. x° =265 43. x° =14.7 44. x^? = 237 


11-9 INTERPOLATION 


Logarithms of Numbers Having 
Four Significant Digits 


In Chapter 8, we learned to use interpolation to find a trigonometric 
function value between two values that are given in the table. We can 
apply that same method of approximation to find the logarithm of a 
number having four significant digits. 


[]ExaAMPLE 1: Find log 6786. 


1. Since the mantissas of numbers having three significant digits can be 
found in the table of Common Logarithms of Numbers (pages 748- 
749), determine the numbers with three significant digits that are 
closest to 6786, namely, 6780 and 6790. Find the mantissas for 
these numbers, and arrange them as shown in the chart in step 3 on 
the next page. Notice that each mantissa in the chart is written with- 
out its appropriate decimal point. 


2 Find the differences between the smallest number and each of the 
other two numbers, as indicated in the chart. Form a ratio of these 
differences. Find the differences between the corresponding man- 
tissas, and form a ratio. 
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6790 
6786 
6780 


3. Since these ratios are ap- 
proximately equal within a 
small interval, write and 
solve a proportion using 10 
these ratios. 





4. Round the value of k to 6 Hk 
the nearest integer. Since k 10 7 
is the difference between 10k = 42 
the mantissa we are finding k=42 
and the smaller mantissa in ka 
the chart, add 8312 + 4 to 8312 + 4 = 8316 
find the required mantissa. 

9. The value of log 6786 is log 6786 = 3.8316 


written by combining its 
characteristic with the man- 
tissa just found. 


Note: 
l. As the number increases, the logarithm of the number increases. By 
putting the smallest number at the bottom and the largest number 
at the top, we make subtraction easier. 


2. Since the position of the decimal point in a number affects the 
characteristic but not the mantissa, we may omit the decimal point 
from the number when interpolating. For example, finding the man- 
tissa for 678.6, 67.86, 6.786, or 0.6786 can be done as in the above 
example. 


Using Interpolation to Find an Antilogarithm 


To find a number to four significant digits when the mantissa of its 
logarithm is not given in the table, we use the same process of inter- 
polation. 


O ExaMPLE 2: If log N = 2.3547, find N to the nearest tenth. 


1. To find the sequence of digits in the antilogarithm of 2.3547, find 
the two mantissas closest to .3547 in the table of Common Loga- 
rithms of Numbers (pages 748-749). Arrange these mantissas, 3541 
and 3560, with their corresponding three-digit numbers, 226 and 
227, in a chart as shown in step 3 on the next page. Place a 0 as the 
fourth digit after each number. 
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2. Find the differences between the smallest mantissa and the other 
two mantissas, as indicated in the chart. Form a ratio of these dif- 
ferences. Find the differences between the corresponding numbers 


and form a ratio. 


3. Since these ratios are ap- 
proximately equal within 










| Number | m Mantissa 


a small interval, write and 22'10 3560 
solve a proportion using 3547 19 
these ratios. 2260 3541 





4. Round the value of k to QE 9. 
the nearest integer. Since 10 19 
k is the difference be- 19k = 60 
tween the number we are k = 32 
finding and the smaller x5 a 


number in the chart, add 
2260 + 3 to find the re- 
quired number. 

5. Use the characteristic of 
the logarithm to deter- 


2260 + 3 = 2263 


N = 2.263 X 10? 
N = 226.3 


mine the place value of 
the number. 


When to Use Interpolation 


The result of a computation can be no more accurate than the least 
accurate number on which it is based. 


(37.2)? 


If N = 3.80 X .709° each number has three significant digits. Do not 


interpolate to find N. 


(37.23)? 
3.800 X .7090’ 
finding the antilogarithm, interpolate to find N to four significant digits. 


If N = each number has four significant digits. When 


Numbers that are not obtained by measurement or approximation 
are usually exact and do not change the accuracy of a computation. 
For example, when we are using C = 2mr to find the circumference 
(C) of a circle, the number 2 is exact. The accuracy of C depends on 
the accuracy of r. The approximate value of 7 that is used in the com- 
putation should have at least as many significant digits as the value 
ofr. 
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| MODEL PROBLEM 


Interpolate to find the value of N to four significant digits if log N = 





9.7261 - 10. 


Solution 








log N = 9.7261 - 10 
N = 5.323 X 107! 
N = 0.5323 10 | 


20 
k = 24 
k = 8 


5320 + 3 = 5323 
Answer: 0.5323 


[EXERCISES|—— 1  — . —— 


In 1-16, find the logarithm of the given number to four decimal 
places. 


1. 3.875 2. 97.66 3. 0.4208 4. 1.077 

9. 8254 6. 631.7 7. 0.05872 8. 574.3 

9. 21.27 10. 60.05 11. 789.3 12. 0.8229 
13. 0.05394 14, 110.6 15. 0.004671 16. 3.924 


In 17-28, find, to four significant digits, the number whose logarithm 
is given. 


17. 1.6083 18, 3.9273 19. 2.5830 20. 3.2441 
21. 1.1799 22. 0.7848 23. 8.6623 - 10 24. 7.9928 - 10 
25. 9.8027-10 26. .8778-1 27. 4718-3 28. .6993- 2 


29. Find 4/0.7923 to the nearest ten-thousandth. 
30. If 10?.??!! = x, find x to the nearest tenth. 
31. If A = 2500(1.035)'*, find A to the nearest integer. 
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32. The surface area of a sphere is given by the formula A = 47r?. Find 
A to the nearest integer when r = 12.25. (Use 7 = 3.142.) 


33. The formula r = V af gives the radius r of a right circular cone in 


terms of the volume V and the height h. Find r to the nearest 
hundredth if V = 2528, h = 12.70, and v = 3.142. 


In 34-36, the amount of money, A, in a bank account is determined 
nt 
by the formula A = P(t * z) where P is the principal (or the amount 


invested), r is the yearly rate of interest, n is the number of times each 
year that interest is compounded, and t is the number of years involved. 


34. Find to the nearest dollar the amount of money in an account 

after 5 years if $500 was deposited at 8% interest compounded 

4*5 
quarterly (4 times a year). Hint: The equation A = 500 ( * P3 
can be simplified to A = 500(1.02)?? before solving by using 
logarithms. 

35. When Lynn was born, her grandmother invested $5000 for her at 
7% compounded semiannually (twice a year). Find the value of 
the investment to the nearest hundred dollars when Lynn is 20 
years old. 

36. One hundred years ago, your great grandfather deposited the 
first $25 he earned at 4% interest compounded annually. If own- 
ership of the account was passed from generation to generation of 
your family, how much is it worth to you now? (Assume that no 
changes in rate of interest have taken place.) Find the value to the 
nearest dollar. 


37. Depreciation (or decline in cash value) on a car can be determined 
by a formula V = C(1 - r)", where V is the value of a car after n 
years, C is the original cost, and r is the rate of depreciation. If a 
car originally costs $8000 and the rate of depreciation is 30%, find 
the value of the car to the nearest dollar after 3 years. 


11-10 LOGARITHMS OF TRIGONOMETRIC 
FUNCTION VALUES 


If a = 37.5 sin 35?10', we could use logarithms to multiply. To do 
so, we need to find log sin 35°10’. It is not necessary first to find 
sin 35?10' = .5760 and then to find log .5760 = .7604 - 1. The table 
of Logarithms of Trigonometric Functions on pages 755-759 will 
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give the log sin 35°10’ directly. The table is read in the same way as 
the table of Values of Trigonometric Functions, as shown below. 


Logarithms of Trigonometric Functions 


4 
meae | 
| | 10.1710 | 


10.1683 
| 10.1629 
10.1602 | 

10.1575 






























10.1548 
10.1521 
| 10.1494 
10.1467 . 
10.1441 | 20 
9.8586 | 10.1414 10 


50 | | | 
| 36° 00' | 9.7692 | 9.9080 | 9.8613 | 10.1387 | 54° 00' 


When reading angle measures between 0? and 45? at the left, we use 
the headings at the top of the column. When reading angle measures be- 
tween 45? and 90? at the right, we use the labels at the bottom of the 
column. The characteristic of each logarithm has been increased by 10 
for each entry in the table. Therefore: 










50 
40 
30 








40 













E When using the table of Logarithms of Trigonometric Functions, we 
must subtract 10 from each stated logarithmic value to give the correct 
characteristic of the logarithm. 

Thus, we read from the table: 


log sin 35?10' = 9.7604 - 10 
log tan 55°40' = 10.1656 - 10 


The problem stated above is completed in the following example. 


[0 ExaMPLE: If a = 37.5 sin 35°10’, find the value of a to the nearest 
tenth. 


526 integrated Mathematics: Course lll 


log a = log 37.5 + log sin 35^10' 


log 37.5 = 1.5740 
log sin 35?10' = 9.7604 - 10 
loga = 11.8344 - 10 = 1.3344 
a= 2.16 X 10! 
a= 21.6 Ans. 


The following correspondence exists between the accuracy of degree 
measure and linear measure. 
nearest 10’ — 3 significant digits 
nearest 1' > 4 significant digits 
In the above example, since both 37.5 and 35°10’ are measures with 
the accuracy of 3 significant digits, the value of the product, a, is writ- 
ten with 3 significant digits. 


Finding Angle Measures 
When the logarithm of a trigonometric function value is given, the de- 
gree measure of the angle can be found by using the table of Logarithms 
of Trigonometric Functions. 
If log cos A = 9.8394 - 10, we look in the table for the entries ina 
“L Cos" column closest to 9.8394, the log value increased by 10. We 
find that 9.8394 lies between 9.8391 and 9.8405, as shown below. 


Logarithms of Trigonometric Functions 


9.8338 | 9.8641 10.0303 


































9.8351 10.0278 
9.8365 | 10.0253 
9.8378 10.0228 

10.0202 





9.8391)| 
(9.8405 )| 10.0177 





10.0152 
| 10.0126 
10.0101 
10.0076 | 
10.0051 
10.0025 | 10 . 


9.8495 | 10.0000 | 10.0000 
















50 | 
[pue 
t 
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If the measure of A is to be given to the nearest 10 minutes or to the 
nearest degree, we choose the closer entry and read the corresponding 
degree measure. Therefore, if log cos A = 9.8394 - 10: 


mZA = 46°20’ to the nearest 10 minutes 
mZA = 46° to the nearest degree 


If the measure of LA is to be given to the nearest minute, we must 
interpolate. Recall that, as the measure of an angle increases from 0? to 
90^, the value of the cosine and, therefore, of the log of the cosine, de- 
creases, In arranging our chart for interpolation, we will place the 
smallest logarithm at the bottom to make subtraction easier. 





46^20' - 2' = 46?18' (Since the angle measures are decreasing, 
subtract 2' from the larger angle measure.) 
mZA = 46?18' to the nearest minute 


MODEL PROBLEM 





If sin A = 32.50 sin 48'128" find the measure of acute angle A to the 


nearest minute. 


Solution 
Express the equation in logarithmic form. 


52.50 sin 48°12' 
74.60 


log sin A = log 52.50 + log sin 48?12' - log 74.60 


sin A = 
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log sin A = log 52.50 + log sin 48°12' - log 74.60 


log 52.50 = 1.7202 


*log sin 48?12' = +9.8724 - 10 (See interpolation below.) 


log numerator = 11.5926 - 10 


_ -log 74.60 = -1.8727 


logsin A = 9.7199 - 10 


A = 31°39’ 






10 1 
P 
10 11 
10k - 22 
k 239 
k~2 


8722 + 2 = 8724 


Answer: 31°39' 


(See interpolation below.) 






k _ 18 
10 20 
20k = 180 
k=9 


31°30' + 9’ = 31°39" 


EXERCISES 


In 1-15, find the logarithm of the given function value. 


1. sin 27° 2. cos 32° 3. tan 15? 

4. cos 44?20' 5. sin 68?40' 6. tan 71°50’ 

7. sin 82°10’ 8. tan 51°30’ 9. cos 48°50’ 
10. cos 21°26’ 11. tan 38°42’ 12. sin 8°37’ 
13. tan 66°52’ 14. sin 56°06' 15. cos 77°15’ 


In 16-23, find @ to the nearest 10 minutes. 


16. log sin 0 = 9.8004 - 10 
18. log cos @ = 9.9901 - 10 
20. log cos 8 = 9.8850 - 10 
22. log sin @ = 9.9815 - 10 


17. log tan 0 = 9.0453 - 10 
19. logsin 0 = 9.9404 - 10 
21. log tan = 10.2100 - 10 
23. log cos @ = 9.6650 - 10 


In 24-31, find 0 to the nearest minute. 


24. logsin 0 - 9.4002 - 10 
26. log tan @ = 9.5175 - 10 


25. log cos = 9.9605 - 10 
27. logsin 0 = 9.8918 - 10 
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28. log cos @ = 9.7537 - 10 29. log sin = 9.6892 - 10 
30. log tan 0 = 10.0415 - 10 31. log cos @ = 9.5498 - 10 


32. Ifx = 14.3 sin 12°30’, find x to the nearest hundredth. 
33. Ifa = 1.78 cos 57°20’, find a to the nearest thousandth. 


- 06.9 
34, Ifr tan 32°10" find r to the nearest tenth. 


35. Ifk = 1.75 sin 78°40’, find k to the nearest hundredth. 
12.4 sin 56°40’ 


36. If sin A = 15.6 , find the measure of LA to the nearest 
10 minutes. 
=: ARD us 
37. If cos C= 21.60 find the measure of acute LC to the nearest 
minute. 


38. When the length of the slant height of a cone is equal to the mea- 
sure of the diameter of the base of the cone, the volume, V, is 
given by the equation V = tgr? tan 60°. Find the volume of such 
a cone when the length of the radius (r) is 1.25 and 7 = 3.14. Ex- 
press your answer to the nearest hundredth. 

39. Ifs = ab sin C, find s to the nearest integer when a = 12.7, b = 18.6, 
and mZC = 27°10’. 


11-11 EXPONENTIAL EQUATIONS 


In Chapter 10, we solved equations in which the exponent was a 
variable, such as 4* — 8, by writing each number as an integral power of 
the same base. At that time we were not able to solve 3* = 5 because 3 
and 5 are not integral powers of the same base. Common logarithms 
make it possible to write any number as an approximate power to the 
base 10, however, thus enabling us to solve any exponential equation. 


If log 3 = x, then 10* = 3 or 10%? = 3, 
If log 5 = y, then 10” = 5 or 10% ° = 5, 
Compare the solutions of 4* = 8 and 3* = 5. 
3* =5 
(10%: s € 10!e£ 5 
10* log3 — 10!°2 5 
x log 3 = log 5 
x log 5 z 0.6990 _ 
*' ]log3 04771 








1.46 
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The solution of 3* = 5 can be more briefly written as follows: 








39*-25 
log 3* = log 5 
x log 3 = log 5 
_log5 0.6990 .. 
ee Qai 4 





If 9* = 14, find x to the nearest tenth. 





Solution 

1. Write the equation. 9* = 14 
2. Write the log of each member of the log 9* = log 14 

equation. 
3. Use the power rule to simplify the left- x log 9 = log 14 

hand member. 

_ log 14 

4. Solve the equation for x. x= “log 9. 9 
5. Simplify, rounding to the nearest tenth. x= EE - 1.2 


Answer: 1.2 





EXERCISES 

In 1-12, find x to the nearest tenth. 

1. 2*-2'j 2. 3* = 15.6 9. 1* 615 

4. 5* = 47.6 5. 15* = 295 6. 4.7* = 10.2 

7. 1.06” = 1.14 8. 4.5” = 1.57 9. 3.8 = 2.9 
10. 2.5* = 9.88 11. 4.08* - 2.02 12. 2.75" = 3.12 


nt. 
In 13-15, use the compound-interest formula A = Pt * z) . See 


page 524 for an explanation of the formula. 


13. How long must $500 be left in an account that pays 7% interest 
compounded annually in order that the value of the account be 


14. 


15. 


16. 


17. 


18. 


Logarithmic Functions 531 


lt 
$750? Hint: The equation 750 = 500 (1 + a may be simpli- 


fied to 750 = 500 (1.07)' before solving by using logarithms. 


How long must a sum of money be left in an account at 6% inter- 
est compounded semiannually (twice a year) in order to double? 
(Hint: Let P = landA = 2.) 

How long must $100 be left at 8% interest compounded quarterly 
(four times a year) in order to acquire the value $1000? 


The thickness of a sheet of paper is 0.004 inch. If x represents the 
number of times that this sheet of paper is folded in half over it- 
self, then y = 2* determines the number of layers of paper, and 
y = .004(2)* determines the thickness of all the layers of paper. 
Calculate the number of folds that would produce a stack of paper 
closest to a mile high. (Hint: 1 mile = 63,360 inches.) 

When Patty was in first grade, her mother gave her 10 cents a week 
to spend. In the second grade, Patty received 20 cents a week, 
double her first-grade allowance. In the third grade, Patty sug- 
gested to her mother that her allowance be doubled every year, 
but her mother was wise enough to refuse. If Patty’s suggestion 
had been followed, what would her weekly allowance be in grade 
11? (Hint: Use the formula y = .10(2)*.) 

If log; 3-7 x: a. Rewrite the equation in exponential form. 
b. Solve the equation written in part a, using common logarithms. 
State the value of x to the nearest tenth. 


In 19-21, solve for x. Use the method of exercise 18. 


19. 


logs 12 =x 20. log, 4=x 21. log, 2 =x 


11-12 REVIEW EXERCISES 


a. Sketch the graph of y = log; x in the interval 0 < x < 9. 

b. On the same set of axes, sketch the graph that is the reflection 
in the line y = x of y = log; x. 

c. What is the equation of the graph drawn in part b? 

a. State the domain of the function y = log; x. 

b. State the range of the function y = log; x. 


In 3-8, write the expression in exponential form. 


3. 
6. 


3 = log; 8 4. 0 7 log; 1 5. log .01 = -2 
log, .2 = -1 7. 1.5 = log4 8 8. log; V3 - 1 
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In 9-14, write the expression in logarithmic form. 


9. T? = 49 10. 5-125 11. 27 =3 
12. 0.001 = 10? 18. (/5)* = 25 14. 6! = 1 

In 15-20, solve for x. 
15. x = log 0.0001 16. log, 37 x 17. log, 4 = -1 
18. log, x =6 19. log, 9- 2 20. log, x =2 


21. Iff(x) = log x, find f(100). 
22. If g(x) = log, x, find g(8). 


In 23-26, express x in terms of a and b. 


23. log, x = 2 log, a + log, b 24. log; x = 3log; a - + log, b 
25. logx = $ (loga - log b) 26. logx =logb + + loga 

In 27-38, find the logarithm to four decimal places. 
27. log 5.34 28. log 106 29. log .382 
30. log cos 72^10' 31. log tan 12°40’ 32. log sin 36^20' 
33. log 46.78 34. log 0.01682 35. log 8.786 
36. log sin 62°43’ 37. log tan 48°12’ 38. log cos 28?37' 


In 39-41, find N to three significant digits. 
39. log N =2.5539 40. logN=.9096-1 41. log N = 7.7824 - 10 


In 42-43, find 0 to the nearest 10 minutes. 
42. log cos @ = 9.8653 - 10 43. logtan @ = 9.7100 - 10 


In 44-46, find x to four significant digits. 
44. logx=1.8276 45. logx -8.4582- 10 46. logx =.2702-1 


In 47-48, find @ to the nearest minute. 


47. log tan 0 = 0.5255 48. logcos@ = 9.8320 - 10 
49. Using logarithms, find y 42 to the nearest hundredth. 
50. Using logarithms, find ~/0.873 to the nearest thousandth. 

12.6 


91. Using logarithms, find N to the nearest thousandth if N = 543 
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92. Using logarithms, find m LC to the nearest minute when: 
2(18.64) 
(6.120)(7.250) 


53. If log a = 1.7866, find: a. log v'a b. log 100a c. log a? 
54. If 10'-9?!5* = x, find x to the nearest hundredth. 


sin C = 


In 55-60, find x to the nearest tenth. 


900. 3* =4 56. 5* = 3.6 57. x'^ = 15 
58. 2* =1.5 59. 4* = 21 60. x* =1.6 


61. Find, to the nearest tenth, log, 7. 

62. The First National Bank pays 85% interest compounded annually. 
City Bank pays 8% interest compounded quarterly (four times a 
year). In 5 years, what is the difference in the amounts of interest 


y Ant 
paid on $500 by the two banks? Use A = 2 + z . (See page 


524 for an explanation of the formula.) 


In 63-67, select the numeral preceding the expression that best com- 
pletes the sentence. 


63. If A = mr’, then log A equals: 
(1) 27 logr (2) log T + 2logr (3) 2 (log T * log r) 
(4) log 2 + log T + logr 

64. If C = 27r, then log C equals: 
(1) 2T logr (2) log T + 2logr (3) 2logm + logr 
(4) log 2 + log 1 + logr 

65. Iflog 3.87 = a, then log 387 equals: 


(1) 100a (2) a+2 (3) a + 100 (4) 2a 
66. Iflog3 = a, then log 90 equals: 
(1) 10 * 2a (2) 10a? (3) 1 * 2a (4) 1 * a* 


67. 1£10?-55?? = 357, then 109-55?" equals: 
(1) 355 (2) 35,700 (3) 334 (4) 3.57 


, 
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Chapter 1 2 


Trigonometric Applications 








In the study of geometry, we learned that the congruence of certain 
pairs of sides and angles of two given triangles can be used to prove that 
the triangles are congruent. This means that there is exactly one size 
and shape that those triangles can have. 

The size and shape of a triangle are determined by any one of the 
following: 


. two sides and the included angle (s.a.s.). 

. three sides (s.s.s.). 

. two angles and the included side (a.s.a.). 

. two angles and a side opposite one of them (a.a.s.). 


E CO Ne 


For example, if every student in a mathematics 
class were to construct a triangle with sides that 
measure 2 cm, 2.5 cm, and 3 cm, all of the tri- 
angles would have the same size and shape as 
the triangle at the right because the measures of , 
three sides determine the size and shape of a 25cm 
triangle. 

In this chapter, we will derive and use laws or formulas that enable us 
to find the measures of the other sides and angles of a triangle when 
any of the combinations listed above are known. 


2 cm 





12-1 RECTANGULAR COORDINATES IN 
TRIGONOMETRIC FORM 


Before we derive the formulas that enable us to determine the mea- 
sures of the sides and angles of a triangle, we should recall the relation- 
ship between the trigonometric function values of the measure of an 
angle in standard position and the coordinates of a point on the termi- 
nal ray of that angle. 

In Chapter 8, we learned that if P is a point of the unit circle on the 
terminal ray of an angle in standard position whose measure is 0, then 
the coordinates of P are (cos 0, sin 0). 


534 
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y 





In the above diagrams, point P is mapped to point S by a dilation 
Dy, (x, y) = (bx, by). Therefore, (b cos 0, b sin 0) are the coordinates of 
point S, That is, point S is at a distance b from the origin and on a ray 
that makes an angle of measure 0 with the positive x-axis. 


We can also derive this relation- y 
ship by using similar triangles. Let 
P be a point of the unit circle with 
center at the origin, O. Let S bea 
point at a distance r from O on 
OP. Draw PQ perpendicular to the 
x-axis at Q and SR perpendicular 
to the x-axis at R. In AQOP, 
OP = 1, PQ = sin 0, OQ = cos 06, 
m/ QOP = 6, and m/PQO = 90°. 
In AROS, OS =r, m ROS = 0, 
and mZ SRO = 90°. Therefore: 






S 





(cos 0, sing) 


AQOP ~ AROS by a.a. = a.a. 


Since the lengths of corresponding sides of similar triangles are in pro- 
portion, we can say: 





OQ OR PQ _ SR 
OP OS OP OS 
cosü0 OR sin ð SR 
1 r 1 r 


OR = r cos SR = r sin 0 


—h. à : LL. 21 1.2 1 31.413 01.32) 15:41 2: ZU À 2 IZ ISI NI Ig 


536 Integrated Mathematics: Course III 


Therefore, if S is a point r units from the origin, O, and OS makes an 
angle with the positive x-axis whose measure is 0, then S is the point 
whose coordinates are: 


(r cos 0,r sin 0) 





MODEL PROBLEM 


Find the coordinates of a point that is 4 units from the origin on the 
terminal ray of an angle in standard position whose measure is 150^. 


Solution 
1. The coordinates of point A = (x, y) = (r cos 0, r sin 0). Here,r = 4 
and 0 = 150°. 





3 


2. Recall: cos 150° = -cos (180° - 150°) = -cos 30° = — 


AND 
sin 150° = sin (180° - 150°) = sin 30° = > 
3. Thus, x = r cos 0 y =rsin@ 
x = 4cos 150° y = 4sin 150° 
- =v) - 5) 
«4| 2 y= 4\5 
x=-2/3 y=2 


Answer: The coordinates of point A are (- 24/3, 2). 
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1-9, find the rectangular coordinates (x, y) of a point that is r units 
from the origin and on the terminal ray of an angle in standard position 
whose measure is 0. 


1. r-6,0- 30? 2. r- 3,0 = 90? 8. r2 8,0 - 135? 
4. r- 9,0 - 180? 5. r-2,0 = 240" 
6. r-i,0-270* 7. r- 1,0 = 300° 

- " "i «i " 7 
8. r- 10,0 Arc sin x 9. r- 5,0 = Arc cos (=2) 


In 10-15: a. Write the coordinates of the point in simplest form. 
b. Locate the point on a coordinate graph. 


10. A(6 cos 60°, 6 sin 60°) 11. B(2cos90°, 2 sin 90°) 
12. C(4/2 cos 135°, 4/2 sin 135?) 13. D(A4cosT,4 sin 7) 

Tm "lm 3T 3T 
14. E (8 cos 22, 8 sin 22) 15. F (8 cos Sr, 3 sin $7) 


In 16-19, triangle ABC is drawn in the coordinate plane with point A 
at the origin and point B on the positive ray of the x-axis. State the 
coordinates of point C, 


16. mZA = 45?, AC » 14 17. mZA = 120^, AC = 10 
18. A = Arc sin =, AC = 39 19. A = Arc " 3), AC = 15 


20. The locus of points at a distance r from the origin is a circle whose 
center is the origin and whose radius is r. Demonstrate that the 
coordinates of all such points where (x, y) = (r cos 0,r sin 0) sat- 
isfy the equation of the circle, x? + y? = r?. 


12-2 THE LAW OF COSINES 


When the measures of two sides and the included angle of triangle 
ABC are known, the size and shape of the triangle are determined. We 
should be able to determine the measure of the third side. To do this, 
draw AABC so that A is at the origin of the coordinate plane and B is 
on the positive ray of the x-axis, as shown on the next page. In Fig. 1, 
where LA is acute, point C lies in the first quadrant. In Fig. 2, where 
/ A is obtuse, point C lies in the second quadrant. 
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C(b cos A, 
b sin A) 


y! 
(b cos A, b sin A) 


a 





Fig. 1 Fig. 2 


In each AABC, AB = c, AC = b, and BC = a. Therefore, the coordi- 
nates of point B on the positive ray of the x-axis are (c, 0). The coordi- 
nates of point C at a distance b from the origin and on the terminal ray 
of LA in standard position are (b cos A, b sin A). 

Thus, the coordinates of points B and C are given in terms of the mea- 
sures of two sides and the included angle of the triangle. The distance 
formula can be used to express a, the distance from B to C in the co- 
ordinate plane, in terms of b, c, and m/ A. 


Proof: In AABC, B (xi, y,) = (c, 0) and C (x5, y;) = (b cos A, b sin A). 
1. Write the distance d? = (x, - x1)? *(y5- y1)? 


formula. 
2 


2. Substitute the given | a? = (b cos A - c)? + (b sin A - 0)? 
coordinates of a? = (b cos A - c)? + (b sin A)? 
points B and C to 
find the distance a. 

3. Square each term in | a? = b? cos? A - 2bc cos A + c? + b? sin? A 
the right-hand 
member. 

4. Group the terms a? = b? cos? A + b? sin? A * c? - 2bc cos A 


containing b? and 2 = b?(cos? A + sin? A) + c? - 2bc cos A 


factor. 

5. Apply the identity 2 = b?(1) + c? - 2bc cos A 
cos? A * sin? A - 1 | a? =b? * c? - 2bc cosA 
to simplify the 
equation. 


Q 


=) 
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This result is called the Law of Cosines. It states that the square of 
the measure of one side of a triangle is equal to the sum of the squares 
of the measures of the other two sides minus twice the product of the 
measures of these two sides and the cosine of the angle between them. 


This formula can be rewritten in terms of any two sides and their 


included angle. 


a? = b? + c? - 2bc cos A 
b? = a? + c? - 2ac cos B 
c? = a? + b? - 2ab cos C 







Note: If AABC is a right triangle with mC = 90°, then: 


c? = a? + b? - 2ab cos 90° 
c? = a? + b? - 2ab(0) 

c* =a* + b* - 0 

c? = g? + þ? 


Thus, if AABC is a right triangle, the Law of Cosines gives us the 
familiar relationship of the Pythagorean Theorem. This is not an unex- 
pected result since the Pythagorean Theorem was used to prove both 
the distance formula and the basic identity cos? A + sin? A = 1, which 
were used to prove the Law of Cosines. 





1. In AABC, if a = 4,c = 6,and cos B = +, find b. 


How to Proceed Solution 
1. Write the Law of Cosines, ex- b? = a? + c? - 2ac cos B 
pressing b? in terms of a, c, and 
cos B. 
2. Substitute the given values. b? = 4? + 6? - 2(4)(6)(+) 
3. Simplify. b*=16 + 86 - 8 
b? = 49 


4. Express b as a positive length. b= Ans. 
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2. In ARST, r= 11, s = 12, and mZT = 120°. Find t to the nearest 
integer. 


How to Proceed Solution 


1. Write the Law of Co- t? = r? + s? - 2rs cos T 
sines, expressing t? 
in terms of r, s, and 


cos T. 
2. Substitute the given t? = 11? + 12? - 2(11)(12) (cos 120°) 
values. 
3. Since LT is obtuse, t? = 11? + 12? - 2(11)(12)(-4) 
cos 120° = -cos 60° 
--d 
4. Simplify. t? = 121 + 144 + 132 
t? = 397 
5. Express t as a posi- t = 397 
tive length. 
6. Find the square root t=20 Ans. 
to the nearest integer. 





1. In APAT, express p? in terms of a, t, and cos P. 

2. In ACAR, express r? in terms of c, a, and cos R. 

3. In ASAD, express a? in terms of s, d, and cos A. 

4. In AABC, if a = 2, b = 3, and cos C = 1, find c. 

5. In AABC, if b = 8,c = b, and cos A = +, find a. 

6. In AABC, if a = 10,c = 7, and cos B = 4, find b. 

7. In APQR, if p = 12, q = 8, and cos R = 1, find r. 

8. In ACAP, if c = 7,a = 6,and cos P = (- 2), find p. 

9. In AQRS, if s = 5,r = 7, and cos Q = (- +), find q. 
10. In AABC, if a = 5, b = 6, and cos C = (- 1), find c. 
11. In ABAD, if b = 3/3,a = 6, and mZD = 30^, find d. 
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In 12, 18, and 15, select the numeral preceding the expression that 
best completes the sentence. 


12. 


13. 


14. 


15. 


16. 


I7. 
18. 


19. 


20. 


21. 


22. 


23. 


24, 


In ABCD, if b = 5,c = 4, and mZD = 60°, then d is: 


(1) $ (2) 21 (3) 3 (4) VAI 
In ABAR, if b = 1,a = /3, and mZR = 30°, then r is: 
(1) 1 (2) V2 (3) V3 (4) $8 


In ACDE,if c = 2,d = 4/2,and mZE = 45°, find e. 


In AABC, if b = 3,c = 6,and mZA = 120°, then a is: 


(1) V63 (2) v53 (3) 37 (4) /27 


In APQR,if p = 3,q = 5,and mZR = 120°, find r. 

In ARST, ifr = 3/2,s = 1, and mZT = 185°, find t. 

Using the Law of Cosines, find the length of a diagonal of a rect- 
angle if the lengths of two adjacent sides are 5 and 12. 

Find the length of the longer diagonal of a parallelogram if the 
lengths of two adjacent sides are 6 and 10 and the measure of an 
angle is 120°. 

Find to the nearest integer the measure of the base of an isosceles 
triangle if the measure of the vertex angle is 84° and the measure 
of each leg is 12. 

The measures of two sides of a triangle are 20.0 and 12.0 and the 
measure of the included angle is 58°40’. Find to the nearest tenth 
the measure of the third side of the triangle. 


Find the length of one side of an equilateral 
triangle inscribed in a circle if the measure of 


a radius of the circle is 10./3. 





EX. 22 


The vertices of a triangle inscribed in a circle separate the circle 
into arcs whose measures are in the ratio 2: 3:4. If the measure of 
a radius of the circle is 10, find to the nearest integer the mea- 
sure of the longest side of the triangle. 

A kite is in the shape of a quadrilateral with two pairs of con- 
gruent adjacent sides. If the measures of two sides of the kite are 
25 inches and 40 inches and the measure of the angle between the 
sides that are not congruent is 140°, find to the nearest inch the 
length of the kite (i.e., the length of the longer diagonal). 
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12-3 USING THE LAW OF COSINES 
TO FIND ANGLE MEASURE 


If the measures of the three sides of a triangle are given, the size and 
shape of the triangle are determined. The Law of Cosines can be used 
to express the cosine of any angle of a triangle in terms of the mea- 
sures of the sides of the triangle. Compare the steps that are used below 
to express cos C in terms of a, b, and c with those used to find the value 
of cos C when a = 3, b = 4, andc = 2. 


The General Case 


c? = a? + b? - 2ab cos C 


+ 2ab cos C - c? = + 2ab cos C - c? 
2ab cos C = a? + b? - c? 
2abcosC a? + b? - c’ 

2ab 2ab 
2 2 2 
Lu ED -e 
cos C — a 


A Specific Example 
c? = q? + b? - 2ab cos C 


2? = 8? + 4? - 2(3)(4) cos C 
2? = 3? + 4? - 24 cos C 


+ 24 cos C - 2? = + 24 cos C - 2? 
24 cos C = 3? + 4? - 2? 
24cosC 37 + 4? - 2? 

24. 24 
woot i6-4_ 21, T 
24 24 8 


The formula in the last line of the General Case expresses the value of 
cos C in terms of the measures of the sides of a triangle ABC. The 
equation in the last line of the Specific Example gives the cosine of the 
smallest angle of a triangle whose sides measure 2, 3, and 4. Since LC is 
an angle of a triangle, 0° <m/C < 180°. In this example, since the 
cosine of LC is positive, LC must be an acute angle. To find the mea- 
sure of LC, we write cos C as a decimal and use the table of trigono- 
metric function values. 


cos C = i = .8750 
m4.C = 29° (to the nearest degree) 


Trigonometric Applications 


543 


This relationship can be stated for the cosine of any angle in AABC, 
as illustrated in the following rules: 





In the following examples, notice that LC may be acute, right, or 
obtuse, depending on the measures of the sides of AABC. In each case, 
find m/ C to the nearest degree. (Example 1 was studied earlier.) 


[] EXAMPLE 1: 
In AABC, let a = 3, 
b = 4,andc = 2. 
a? b « 2 
2ab 
_ 87 +4? - 2? 
2(3) (4) 
9416-4 
7 24 
21. fT 


— Le —-—À 
= — — 


24 8 
Here, a? + b? > c?, 
cos C is positive, and 
L.C is acute. 
Since cos C = .8750, 
mZC « 29*. 


cos C = 


| b-4,andc - B. 


| Since cos C = 0, 
mZC = 90°. 





L] EXAMPLE 2: 
In AABC, let a = 3, 


a? $ b? A c? 
Zab 

B g2 + 4? = 52 | 
2(3)(4) | 

9+ 16 = 25 

g 24 


cos C = 


0 
"34 0 
Here, a? + b? =¢?, 
cos C is zero, and LC 


is right. 





O ExAMPLE 3: 
In AABC, let a = 3, 
b= 4,andc = 6. 
a? + b? E c? 
2ab 
. 85 +4? ~ 6" 
2(3)(4) 
.. 9 * 16 - 36 
24 


cos C = 


| Here, a? + b? < c?, 


cos C is negative, and 
L.C is obtuse. 
Since cos C © -,4583 
and cos 63° 7 .4583, 
mZC = (180° - 63°) 
mA C = 117° 


If LC is a right angle, then AABC is a right triangle B 


where: 


l. c is the measure of the hypotenuse. 
2. ais the measure of the leg adjacent to LB. 
3. b is the measure of the leg adjacent to LA. 
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In the right AABC, c? = a? + b?. Observe what happens when a? + b? 
is substituted for c? in the following situations: 


b? + ¢* - q? a?^*4c?^- b? 

cos om o——— nf 
2bc 2ac 

b? + (a? 4 b?) m a? a^ + (a? + b?) i: b? 

CA = BUR To ———— 
2bc 2ac 

2b? 2a? 
cos A = —— cos B = — 

2bc 2ac 

b ü 
cos A =- cos B = — 

c c 

measure of leg adjacent to LA measure of leg adjacent to LB 
cos A = ee cos B = ——— 

measure of hypotenuse measure of hypotenuse 


MODEL PROBLEMS 


1. In AABC,a = 5, b = T, andc = 10. Find cos B. 





Solution 
1. Write the Law of Cosines solved for aq tc^- b? 
cul p e 
cos B. 2ac 
2. Substitute the gi alues p= 5 +10°- 7 
. Substitu e given values. cos B : 2(5) (10) 
3. Express the value of cos B as a frac- EH = 25 +100 - 49 
tion in simplest form, or as a decimal. 100 
cos B = wA 
100 25 


19 E 
95: OF cos B = .76 


Answer: cos B = 


2. In isosceles triangle RED, RE = ED = 5 and RD = 8. Find the mea- 
sure of the vertex angle, LE, to the nearest degree. 


Solution 


1. Sketch the triangle. Let RE = d = 5, 
ED-^r-7^5,andRED-e-8. 





H e-8 D 


2. Write the formula for cos E in "— d? +r? - e? 
terms of d, r, and e. 2dr 
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3. Substitute the given values, and 5? + 52 - 8? 


simplify the value of cosE.Ex- °°” ^ — 2(5y(5) 
press cos E as a decimal value. _ 25 + 25 - 64 
cos E = — 
50 
c c 
cos E = 50 .28 


4. Since cos E is negative, LE is cos 74? = .28 
an obtuse angle. Find the refer- | m/ E ^ (180° - 74°) = 106? 
ence angle, the acute angle 
whose cosine is .28. 


Answer: mZ E = 106" to the nearest degree 


[EXERCISES 





1. In APQR, express cos P in terms of p, q, andr. 
2. In ASAD, express cos D in terms of s, a, and d. 
3. In AABC,a = 5,b = 7,andc = 8. Find cos C. 
4. In AABC,a = 5,b = 9, andc = 12. Find cos A. 
9. In AABC,a = 5,b = 12,andc = 13. Find cos B. 
6. Find the cosine of the largest angle of a triangle if the measures of 
the sides of the triangle are 5, 6, and 7. 
7. Find the cosine of the largest angle of a triangle if the measures of 
the sides of the triangle are 2, 3, and 4. 
8. In ARST,r=5,s = 7,andt = 8. Find mZS. 
9. In ACDE,c = 1,d = 2,ande = \/3. Find mZE. 
10. In AABC, the measures of the sides are 3, 5, and 7. Find the mea- 
sure of the largest angle in the triangle. 


In 11-13, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 
11. In ABDE, b = 3,e = b, and d = 1/7. What is the value of cos D? 
(1) -3 (2) % (3) $ (4) 4 
12. In ARPM, r - 9, p = 12, and m = 15. The cosine of the largest 
angle in the triangle is: 


(1) 1 (2) 0 (3) 4 (4) 90 
13. In AABC, a = 6, b = 6,andc = 64/2. The measure of LB is: 
(1) 45? (2) 60? (3) 120? (4) 135? 


14. In AFTG, t = 10, g = 14, and f = 20. Find to the nearest degree 
the measure of / T. 
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15. 


16. 


17. 
18. 


19. 


20. 


21. 
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Find to the nearest degree the measure of the vertex angle of a 
triangle whose sides measure 3, 3, and 5. 
Find to the nearest degree the measure of a base angle of an isos- 
celes triangle whose equal sides each measure 3 and whose base 
measures 4. 
Find to the nearest degree the measure of the largest angle of a 
triangle whose sides measure 7, 9, and 12. 
The lengths of the sides of a triangle are 9, 40, and 41. Find the 
measure of the largest angle. 
A cross-country ski trail is laid out in the shape of a triangle. The 
lengths of the three paths that make up the trail are 2000 m, 
1200 m, and 1800 m. Find to the nearest degree the measure of 
the smallest angle of the trail. 
The lengths of the sides of a triangle inscribed in a circle are 9, 5, 
and 10. Find to the nearest degree the measure of: a. the smallest 
angle in the triangle. b. the smallest arc of the circle whose end- 
points are vertices of the triangle. 

2 2 
ptr c to show that the measure 

2 bc 

of an angle of an equilateral triangle is 60". (Hint: Let the measure 
of each side of the triangle - s.) 


Use the formula cos A = 


12-4 AREA OF A TRIANGLE 


Since the measures of two sides and the C 
included angle of a triangle determine the 
size and shape of the triangle, we are able to 


use these measures to find the area of a tri- D 

angle. a 
Draw triangle ABC in three positions in 

the coordinate plane. In each case, place one a C B 


vertex at the origin and another vertex on 
the positive x-axis. 


In 


from the origin on the terminal ray 
of LA. Therefore, the coordinates 
of C are (b cos A, b sin A). The 
measure of the base, AB, of the tri- 
angle is c. The measure of the alti- 
tude, h, is the y-coordinate of point 
C, namely, b sin A. Therefore: 


Area of AABC = 4 (base)(height) 


Fig. 1, point C is a distance b y 





K -$c-bsinA Fig. 1 
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In Fig. 2 and Fig. 3, AABC is repositioned so that the sides whose 
measures are a and b, respectively, act as the base. In each case, we 
again find the area of the triangle. 


y1 y 
A(c cos B, c sin B) 






B(a cos C, a sin C) 





Fig. 2 p 3 
Area of AABC = = ( base)(height) . Area of AABC = > (base)(height) 
"da 5 ali K = gb. asinC 


The area of a triangle, K, is equal to one-half the product of the mea- 
sures of two sides and the sine of the angle between them. 
Area of AABC = gab sin C = žbe sin A = ica sin B 
C 


30° | 
B 8 A 
L]ExaMrPLE 2: Find the area of 


AABD if AB = 8, AD = 6, and 
m/ DAB = 150°. 


[] ExaMPLE 1: Find the area of 
AABCifc-78,a76,2ndm/ B= 
30°. 





K = iac sin B = $ (AB)(AD) sin DAB 
K = $(6)(8) sin 30° = 3 (8)(6) sin 150° 
= $(6(8)G) = 3 (8)(6)(3) 
K=12 K=12 
The diagonals of a parallelogram divide C D 

the parallelogram into two congruent tri- 6 
angles. For example, in parallelogram 30° 1500 9 
ABCD, adjacent sides measure 6 and 8 p 8 A 


and consecutive angles measure 30° and 
150°. Note on the next page how the triangles formed by diagonals AC 
and BD, respectively, relate to the triangles in examples 1 and 2 above. 
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C D 
Qu. m 
,"' 30? T d 
B 8 A 
From example 1: From example 2: 
Area of AABC Area of A ABD 
= +(AB)(BC) sin B = 12 = 4(AB)(AD) sin A = 12 
Thus, Thus, 
area of / JABCD area of / JABCD 
— 2 - area of AABC = 2 - area of AABD 
= (AB)(BC) sin B = 24 = (AB)(AD) sin A = 24 


These examples illustrate that the area of a parallelogram is equal to 
the product of the measures of two adjacent sides and the sine of the 
angle between them. 





MODEL PROBLEMS 


1. Find the area of an equilateral triangle if the measure of one side 
is 4. 


Solution 


The measure of each side of the equilateral triangle is 4 and the 
measure of each angle is 60". 


= Zab sin C 
K = $ (4)(4) sin 60° 
clea EL 


K=4./3 Ans. 


2. Find to the nearest hundred the number of square feet in the area 
of a triangular lot at the intersection of two streets if the angle of 
intersection is 76°10’ and the frontage along the streets is 220 ft. 
and 156 ft. 
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Solution 
1. Draw and label a diagram. 
A 220' — B 
2. Write the formula in terms of K -lbcsinA 
the diagram. 
3. Substitute the given values. = + (156)(220) sin 76?10' 


4. Use logarithms, a calculator, or K = 16,700 
ordinary arithmetic for the cal- 
culations, rounding the answer 
to the nearest hundred. 


Answer: 16,700 square feet 
The area of a parallelogram is 20. Find the measures of the angles 


of the parallelogram if the measures of two adjacent sides are 8 
and 5. 


Solution 


Let ABCD be the parallelogram with 5 
AB=8 and BC = AD = 5, Here, ZA is 5 
acute and / B is obtuse. 


A 8 B 
K = (AB)(AD)(sin A) K = (AB)(BC)(sin B) 
20 = (8)(5)(sin A) 20 = (8)(5)(sin B) 
20 = 40 sin A 20 = 40 sin B 
20 _ 40 sin A 20 _ 40 sin B 
40 40 40 40 
5 = sin A .5 = sin B 
Since L A is acute, Since LB is obtuse, | 
m/ A = 30°, | mZB = 180° - 30? = 150°. 


Answer: 30° and 150° 
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EXERCIEEB| O LLL ere 


In 1-10, find the area of triangle ABC. 
1. 2 =6,b=7,sinC =4 
3. a=9,b - 10,sinC =$ 


b=12,c=14,sinA =4 
a=15,c = 12, sin B = $ 
b = 13, c = 21,sin A =F b = 8, c = 20,mZA = 30° 
a=7,b =5,mZC = 90° a =+/3, b = 8, mZC = 60° 
a-22V3,c-3,mLB-120 10. a= 12,c - 9, mL B = 150 


9 9 M 


di is 


11. In AABC, a= 34/2, b = 5, and m/C = 45°. Find the area of 
AABC. 

12. In ADEF, d = 8, f = 4/2, and mZE = 135^. Find the area of 
ADEF. 

13. In isosceles triangle RST, RS = ST = 6. If the measure of the ver- 
tex angle is 150^, what is the area of ARST? 

14. Find the area of an isosceles triangle if the measure of a base angle 
is 75? and the measure of each of the congruent sides is 10. 

15. Find to the nearest integer the area of an isosceles triangle if the 
measure of the vertex angle is 42° and the measure of each of the 
congruent sides is 12. 

16. Find to the nearest tenth the area of a triangle if the measures of 
two sides and the included angle are 2.6, 5.2, and 67°. 

17. Find to the nearest integer the number of square meters in the 
area of a triangle if the lengths of two adjacent sides are 71.9 and 
14.3 and the measure of the angle between them is 38^ 40". 

18. Inright triangle ABC, mZC = 90°,a = 5, and b = 12. Find the area 


of the triangle, using: a. K = l base- height b. K = 5ab sin C 


In 19, select the numeral preceding the ex- B C 
pression that best completes the sentence. m 


19. In parallelogram ABCD, AB = 4, AD = 


54/3, and mZA = 60°. The area of ' 
LJABCD is: A 5V3 D 


(1) 15 (2) 30 (3) 53 (4) 20/3 Ex. 19 


20. In rhombus PQRS, the length of each side is 8 and mL PQR = 30". 
Find the area of rhombus PQRS. 

21. Find to the nearest integer the area of a parallelogram if the mea- 
sures of a pair of adjacent sides are 20.0 and 24.0 and the measure 
of an angle is 32°20’. 

29. If the area of A ABC is 12, find sin C when a = 5 and b = 6. 

23. Ifthe area of ACAP is 75, find sin A when c = 30 and p = 20. 
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24, Find to the nearest degree the measure of the acute angle of a 
triangle between two sides of measures 10 and 15 if the area of the 
triangle is 50. 

25. In triangle ROC, LO is an obtuse angle, OR = 32, OC = 36, and 
the area of the triangle is 240. Find the measure of LO to the near- 
est degree. 

26. If the measure of the side of an equilateral triangle is represented 


2 
by s, show that the area of the triangle is T V3. 


In 27-30, the lengths of the sides of a triangle are given. a. Find the 
measure of the largest angle of the triangle to the nearest degree. b. Us- 
ing the answer from part a, find the area of the triangle to the nearest 
square centimeter. 


27. 5 cm, 6 cm, 7 cm 28. 5cm, 6 em, 4 cm 
29. 5cm,6 cm, 2 cm 30. 5cm,6cm,8 cm 


31. Ina parallelogram, two consecutive sides measure 2 cm and 10 cm, 
and the length of the longer diagonal is 11 cm. a. Find the measure 
of the largest angle of the parallelogram to the nearest degree. 
b. Using the answer from part a, find the area of the parallelogram 
to the nearest square centimeter. 


12-5 THE LAW OF SINES 


In section 4, we derived three forms of the formula for the area of a 
triangle. 


Area of AABC = $ bc sin A = lac sin B = sab sin C 


If we divide each of the last three terms of the equality by 4abc, the 
result is a triple equality. 





ibcsinA  ZacsinB  labsinC 
t abc Zabe Zabe 
sinA _  sinB _ sinC 
a b c 


This equality, also written in terms of the reciprocals of these ratios, 
is called the Law of Sines. 


a b c 


sin A sn sinC 











The Law of Sines can be used to find the measure of a side of a tri- 
angle when the measures of two angles and a side are known (a.a.s or 
a.s.a.). 
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O Exampte: In AABC, a = 10, mZA = 80°, and mZ B = 50°. Find b 
to the nearest integer. 








1. Choose the ratios that use a ü __ 0 
and b. sinA sinB 
2. Substitute and solve for b. 10 _ __ b 
sin 30° sin 50° 
10 . b 
5 .766 
5b = 10(.766) 
Db = 7.66 
b = 186 . 769 _ 15,32 
3. Round the value of b to the b=15 


nearest integer. 
Answer: b =15 
If LC is a right angle, then AABC is a right tri- B 
angle where: | 


1. cis the measure of the hypotenuse. 
2. ais the measure of the leg opposite LA. 
3. b is the measure of the leg opposite LB. 





Observe what happens when sin C = sin 90° = 1. 











G b A 
NN. C o b 
sinC sinA sinC sinB 
csinA =asinC csinB = bsinC 
csinA  asinC csinB _ bsinC 
c C c C 
: o an? 
in A = 2510 90 sin p = 5.sin 90 
C c 
1 
sin A = a sin B = au) 
c c 
sin A = = sin B = b 
c c 
mi fl ite of | 
in dim easure of leg opposite LA iss measure of leg opposite LB 


measure of hypotenuse measure of hypotenuse 
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In section 3 of this chapter, we showed that in right triangle ABC 
with mZC = 90°: 





| b _ measure of leg adjacent to LA 
cos A =—= 
C measure of hypotenuse 
Therefore: 
a a 
tan A = SiBA -C—C ,c_ a _ measure of leg opposite LA 
id cosA b b c b measure of leg adjacent to LA 
c € 


If we let “opp” represent ‘‘measure of the leg opposite the angle," 
"adj" represent “measure of the leg adjacent to the angle," and “hyp” 
represent **measure of the hypotenuse,” then: 

In right triangle ABC with mZC = 90°: 





l. In triangle ABC, a = 12, sin A = 4, and sin C = +. Find c. 





Solution 
1. Choose the two ratios of the Law of Ecc 
Sines that use a, the side whose measure sinC  sinA 


we know, and c, the side whose measure 
we want to know. 


2. Substitute the given values. g 12 
2° 4 
3. Solve for c. $c = 4(12) 
4c=8 
c=9 Ans. 


2. In triangle DAT, mZ D = 27°, mZA = 105°, and t = 21. Find d to 
the nearest integer. 


Solution 


1. Since we must use the ratios mZT = 180? - (mA + mZD) 
involving t and d, we must mZT = 180? - (105? + 27°) 
find mZT. mT = 48° 
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. Write a proportion, using the D 
two ratios of the Law of sinD  sinT 
Sines in terms of t and d. 
. Substitute the given values. d g al 
sin 27? sin 48? 
_ 21 sin 27° 
. Solve for d. d= ane 
. Use logarithms, a calculator, d 21(.4540) 
or ordinary arithmetic for 1431 
the calculations. Round the 9.5340 
result to the nearest integer. dm 2-7 
(Arithmetic is shown here.) 1481, 
d = 12.8 
d=13 Ans. 


3. In AABC.mZA = 30° and mZB = 45°. Find the ratio a:b. 




















Solution 
. Write the two ratios of the ü ._ 8 
Law of Sines that use a sinA sinB 
and b. 
. Substitute the given values. NR NE 
sin 30? sin 45° 
3. Write the values for sin 30° a__b 
and sin 45°. E /2 
2 2 
. Solve for = and simplify the V2 1 
2 a= 9° 
result. 
V2 a i, 
> E 
v2, V2, 
2 2 
» d 
Wu 2 -2 v. 
b 2 à 
z ge 
/2 
= na = w Ans. 
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4. In right AABC, m/C = 90°, mZA = 56°, and BC = 8.7. Find AB 
to the nearest tenth. 








Solution 
Method 1: Law of Sines 
l. Since BC =a and AB = c, write the C . @ 
Law of Sines in terms of a and c. sinC  sinA 
2. Substitute the given values. E ui 64 
sin 90? sin 56° 
3. Substitute the values of the sines of ee... B 
the angles, and perform the com- 1  .8290 
putation. Round the value of c to 8.700 00 
the nearest tenth. TK pies c 
,829 
c = 10.49 
c710.5 Ans 


Method 2: Sine ratio of a right triangle 


1. Write the sine ratio for a right sin A = £ 
triangle. e 
2. Substitute the given values. sin 56? = B 
8290 = 97 
C 
3. Solve for c. 8290c = 8.7 
4. Perform the computation, and c= doun 
round the value of c to the nearest l 
tenth. c = 10.5 Ans. 


In AABC,a = 6,sin A = .2, and sin B = .3. Find b. 

In A ABC, b = 12, sin B = .6, and sin C = 9. Find c. 

In AABC, c = 8, sin C = 1, and sin B = $. Find b. 

In AABC, b = 30, sin B = .6, and sin A = .8. Find a. 

In ADEN, d = 12, sin D = .4, and sin N = .3. Find n. 

In ACAP, c = 4/6, mZC = 45°, and mZP = 60°. Find p. 

In AREM,r = 3/2, mL R = 135°, and m4. M = 30°. Find m. 


Terr Po 
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8. 
9. 


10. 


In 
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In AABC, a = 6/2, mLA = 45°, and m4 B = 105°. Find c. 

In ACAR, a = 24, mLA = 27°, and mLC = 83°. Find c to the 
nearest integer. 

In APAR, p = 8.5, mL P = 72°, and mZA = 68°. Find r to the 
nearest tenth. 


11, 12, and 19, select the numeral preceding the expression that 


best completes the sentence. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
21. 


In an isosceles triangle, the length of each of the congruent sides is 
12 and the measure of a base angle is 30°. The length of the base 
of the triangle is: 

(1) 12/3 (2) 12/2 (3) 12 (4) 6/3 

In an isosceles triangle, the vertex angle measures 90° and the 
length of each congruent leg is 54/2. The length of the base of the 
triangle is: 


(1) 5 (2) 10 (3) 10/2 (4) 10/8 


Use the Law of Sines to find to the nearest integer the measure of 
the base of an isosceles triangle if the measure of the vertex angle 
is 70° and the measure of each of the congruent sides is 15. 

Find to the nearest tenth the length of one of the congruent sides 
of an isosceles triangle if the measure of the base is 24.6 and the 
measure of each base angle is 72°10’. 

Find to the nearest tenth the length of one of the congruent sides 
of an isosceles triangle if the measure of the base is 48.9 and the 
measure of the vertex angle is 57°40’. 

A ladder that is 10 ft. long leans against a wall so that the top of 
the ladder just reaches the top of the wall. Find to the nearest 
tenth of a foot the height of the wall if the foot of the ladder 
makes an angle of 72° with the ground. 

A wire that is 8.5 meters long runs in a straight line from the top 
of a telephone pole to a stake in the ground. If the wire makes 
an angle of 68° with the ground, find the height of the pole to the 
nearest tenth of a meter. 

A straight road slopes upward at an angle of 15° from the hori- 
zontal. How long is the section of the road that rises a vertical 
distance of 250 feet? (Express the answer to the nearest hundred 
feet.) 


In AABC, mL A = 45? and mZB = 80°. The ratio of a:b is: 
(Ll) 4/2:1 (2) 2:1 (3) /2:2 (4) 1:2 


In ARST, sin R = 0.4 and mZS = 80°. Find the ratio r : s. 
In APQR , sin P = 0.15 and sin Q = 0.5. Find the ratio q: p. 
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22. In AABC, mZA = 2450, m/ B = 65" 30', and BC = 25.6. Find 
AC to the nearest tenth. 

23. In ADEF, mA E = 31°20’, m/ F = 18°40’, and DF = 72.3. Find 
DE to the nearest tenth. 


12-6 THE AMBIGUOUS CASE 


It would seem that if we know the measures of two sides of a triangle 
and the angle opposite one of them, we could use the Law of Sines 
to solve for the measure of another angle. But we know that the mea- 
sures of two sides and the angle opposite one of them do not suffice to 
determine the size and shape of a triangle (see the figures below). 

In AABC and AA B'C', mZA = mZA' = 30°, AB = A'B' = 12, and 
BC = B'C' = 7. But AABC is not congruent to AA'B'C'. 


B' 


12 





A C A' C' 

We will use the Law of Sines to study the number of possible tri- 
angles that can be constructed when the measures of two sides and the 
angle opposite one of them are known. 

First, we will consider the cases, like the one given above, when the 
given angle is acute. 


Case I. c>a>csinA 























If a = 7, mLA = 30°, and c = 12, find mZC. " 
a _ Cœ 
sinA  sinC À 
rm 
sin 30°  sinC 
As di 4 
1 sinc - 
sin F a 


J 6 In AABC, there are two possible 
sin C = + ~ 8571 angles whose sine is .8571, namely, a 
m/C = 59? first-quadrant angle and a second- 


and m/C' ~ (180° - 59?) = 121? quadrant angle. 


Conclusion: In AABC, if LA is acute and c > a > c sin A, then two 
possible triangles can be drawn. 
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Case II. a=csinA 
Ifa = 6,mZA = 30°, and c = 12, find mZC. 














ü 2 

sin A sin C 
. 12 

sin 30?  sinC 
‘Bi aa 

5 sin C 

6 sin C = 1(12) A C 

sin C = $ = 
m4 C = 90? 


Conclusion: In AABC, if LA is acute and a = c sin A, then one right 
triangle can be drawn. 


Case II. a>c>csinA 


If a = 15,mZA = 30^, and c = 12, find mZC. 











ü € 
sinA  sinC 
iB .. 12 
sin 30? sin C 
Ab AZ 
E sin C 





15 sin C = 4 (12) 
sin C = = 4 
mA C 2 24? 
and m4 C' ~ (180° - 24°) = 156° 
But mL A + mC’ = 30? + 156? = 186°. Therefore, /C' is not a 


possible solution. If a = c, it can be shown in a similar way that only 
one triangle can be drawn, namely, an isosceles triangle. 


Conclusion: In AABC, if LA is acute and a = c > c sin A, then only 
one triangle can be drawn. 
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Case IV. a «c sin Á 
Ifa = 4,mZA = 30°, and c = 12, find mZC. 

















© 
sinA  sinC 
4. da 
sin 30?  sinC 
4_ 12 
i sin C (There is no angle whose sine is 


greater than 1.) 


2 
sinC =$=1.5 


Conclusion: In AABC, if LA is acute and a < c sin A, then no tri- 
angle can be drawn. 


If the given angle is obtuse, the measure of the side opposite the ob- 


tuse angle must be greater than the measure of any other side. In the 
next two cases, / A is obtuse. 


Case V. a >c 
If a = 15,mZ A = 150^, and c = 12, find m/ C. 








a __¢ 
sinA  sinC 
15  Á  À312 
sin 150? sin C 
15. 12 
i sin C 
— E. (There can be no more than 
15 sin C = 5(12) one obtuse angle in a triangle. 
aas dn x — ^ Therefore, LC must be acute.) 
mZC = 24° 


Conclusion: In AABC, if LA is obtuse and a > c, then only one tri- 
angle can be drawn. 
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Case VI. a «c 
Ifa = 8,mZLA = 150^, and c = 12, find m/C. 
€ «¢ 
snA  sinC 
B oc 
sin 150?  sinC 
8 12 
i sin C we A 
8 sin C = (12) : 
sin C = E = [5 
m4 C = 49? 


or mC’ = (180° - 49°) = 131" 
But mZA + mZC = 150? + 49° = 199° andmZA + m/C' = 150° + 
131° = 281°. Therefore, neither value is a solution. If a = c, it can also 
be shown that no triangle can be drawn. 


Conclusion: In AABC, if LA is obtuse and a € c, then no triangle 
can be drawn. 


c>a>csinA | 2 triangles 
a=csinA 1 triangle 
a>c>csinA | 1 triangle 
a<csinA 0 triangles 


BEN lac 1 triangle 
In any situation, after applying the Law of Sines to the given data, we 
can discover the number of possible triangles by: 














LA is acute 












1. A check to see that the sum of the measures of two angles of the tri- 
angle(s) is less than 180". 
OR 
2. An accurate drawing, using the given data. 


MODELPROBLEMS| .—. .—  .— . M»  .  »üa oO 


1. State the number of possible triangles that can be constructed if 
a = 10, b = 12, and m/ B = 20°. 
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Solution 
1. Write the Law of Sines G ud 
in terms of a and b. sinA sinB 
2. Substitute the given 10 Ae 
values. sinA sin 20? 
10 — 12 
sinA  .3420 
3. Solve for sin A. 12 sin A = 10(.3420) 
i _ 9.420 
sin A = EUN 
sin A = .285 
4. Find to the nearest de- mZA - 17? 
gree the measures of an mZA = (180? - 17°) = 163? 
acute angle and an ob- 
tuse angle whose sine is 
approximately equal to 
285. 
5. Combine the measures mZA=17° | mZA = 163° 
of LA and / to deter- mZB=20° m4Z B = 20° 
à z ; : — 1429? 
mine if a third angle is mZC = 143 No ‘triangle is possi- 
possible. 


A triangle is | ble using this value 
possible using | formZ A. 

this value for 

mZA. 


Answer: one triangle 


In APRQ, p = 12,sin P = .6, andr = 8. Find sin R. 


Solution 
1. Write the Law of Sines in terms of p P anl 
and r. snP sink 
2. Substitute the given values. 12 38S 
6 sink 
3. Solve the equation for sin R. 12 sin R = .6(8) 
a inn. 48 
Note: Since we are asked to find sin R, BIM ERU "qe 
it is not necessary to determine m/ R or i 
to decide whether the angle is acute or sin R = .4 Ans. 


obtuse. 
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EXERCISES 


In 1-8, how many non-congruent triangles can be constructed with 
the given measures? 


l. a-4,b =6,andmZA = 30° 

2. a- 4/2, b = 3,andmZA = 45° 

3. a = 4,b =6,andmZA = 150° 

4. a=4,b =6,andmZB = 150° 

5. a=15,b = 12,andmZB = 45° 

6. a =15,b =12,andmZA = 135° 

7. a=5,b =8,andmZA = 40° 

8. a=9,b =12,andmZA = 35° 

9. How many distinct triangles can be constructed if the measures of 


two sides are to be 35 and 70 and the measure of the angle oppo- 
site the smaller of these sides is to be 30°? 


In 10-12, select the numeral preceding the expression that best com- 
pletes the sentence. 


10. If a = 6, b = 8, and mZA = 30^, the number of distinct triangles 
that can be constructed is: 
(1) 1 (2) 2 (3) 3 (4) 0 
11. InAABC,ifmZA = 30°, a = 5,and b = 10, then AABC: 
(1) must be an acute triangle 
(2) must be a right triangle 
(3) must be an obtuse triangle 
(4) may be an acute or an obtuse triangle 
12. In APQR, if mZP = 30°, p = 5, andr = 8, then APQR: 
(1) must be an acute triangle 
(2) must be a right triangle 
(3) must be an obtuse triangle 
(4) may be an acute or an obtuse triangle 


13. In AABC,a =18,b = 12, and sin A = .6. Find sin B. 

14. InAABC,a = 10,c = 15, and sin C = .3. Find sin A. 

15. In AABC, b = 8,c = 18, and sin C = i. Find sin B. 

16. In AABC, b = 24,c = 30, and m4 C = 30°. Find sin B. 

17. The measures of two sides of a triangle are 34 and 22 and the mea- 
sure of the angle opposite the smaller of these sides is 30°. Find to 
the nearest degree two possible measures of the angle opposite the 
larger of these sides. 
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18. a. Use the Law of Cosines to find two possible measures of c in 
AABC when a= 7, b = 8, and mZA = 60°. b. Use the Law of 
Cosines and the results obtained in part a to find to the nearest 
degree two possible measures of / B in AABC. 


12-7 FORCES 


If two forces act to push or pull 10 
an object in the same direction, LI = Ce 
such as two children pulling a sled 6 


together, the effect is that of a 
single force equal to the sum of the applied forces and in the direction 
of the two forces. 


If two forces act to push or pull [ ] 10 E 4 
an object in opposite directions, 6 Lor 
such as two children who want to 
go in opposite directions with their sled, the effect is that of a single 


force equal to the difference between the applied forces and in the 
direction of the larger force. 


If the two children pull in di- 
rections that form an angle other [o / CL 
than a straight angle with each "s 
other, the effect is that of a 


single force acting in a direction in the interior of the angle between 
the applied forces. 


A force is an example of a vector quantity. A vector quantity is a 
quantity that has both magnitude (size) and direction. A force is repre- 
sented by a directed line segment, or vector, in which the length of the 
line segment represents the magnitude and an arrowhead indicates 
the direction. When two forces act at a point, the single force that has 
the same effect as the combination of the applied forces is called the 
resultant. 


——- —» 

In the accompanying figure, PQ and PS Q R 
are vectors that represent two forces ap = |  ,-——————-—3 
plied to a body at point P. The resultant applied 
of these two forces is represented by the fOrce 1 
vector PR. The figure illustrates the fol- 
lowing experimental result for two forces p applied § 
acting on a body at an angle other than a force 2 
straight angle. 
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E The vectors that represent the applied forces form two adjacent sides 
of a parallelogram, and the vector that represents the resultant force is 
the diagonal of this parallelogram. 


Note: The resultant does not bisect the angle between two applied 
forces that are unequal in magnitude. 


MODEL PROBLEMS, 


1. Two forces of 25 and 15 pounds act on a body so that the angle be- 
tween them is an angle of 75°. Find the magnitude of the resultant 
to the nearest pound. 


Solution 


1. Draw and label the parallelo- 
gram ABCD. Let AD and AB 
represent the given forces, and 
AC represent the resultant. 
(Note: In L/JABCD, AD = 
BC = 15.) 





A 25 B 


2. Consecutive angles of a paral- mB = 180^ - mL DAB 
lelogram are supplementary. m/B = 180° - 75° 
Find mÅ B. m4 B = 105° 


3. In AABC, the measures of two b? =a? * c? - 2ac cos B 
sides and the included angle 
are known. Use the Law of 
Cosines to find the measure of 
the third side of the triangle 
(that is, the magnitude of the 


—À 
resultant AC ). 
4. Substitute given values. b? = 15? + 25? 
- 2(15)(25) cos 105° 
5. Since ¿B is obtuse, cos 105? = b? = 15? + 25? 
-cos (180? - 105?) - - 2(15)(25)(-cos 75^) 


-cos 75°. 
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6. Perform the computation. b? = 15? + 25? 
= 2(15)(25)(-.2588) 
b* = 225 + 625 + 194.1 
b* = 1044.1 
7. Write the positive value of b b= 32 Ans. 
to the nearest integer. 


A resultant force of 143 pounds is needed to move a heavy box. 


Two applied forces act at angles of 35^ 40' and 47°30’ with the re- 
sultant. Find to the nearest pound the magnitude of the larger force. 


Solution 


1. Draw and label the parallelogram 
——. 
ABCD. If AC represents the resultant, 
then AC = 143, m/ BAC = 35°40’, and 
mZ DAC = 47°30". 
—_ —* 

2. If parallel lines (AD and BC ) are cut by 
a transversal (AC), the alternate inte- 
rior angles (1 DAC and L ACB) are con- 
gruent. Therefore, mL ACB = m/ DAC = 47?30'. 

3. In AABC, the longer of sides AB and BC is opposite the larger 

— 
angle. Therefore, AB represents the larger applied force. 





4. To use the Law of Sines, we must know the measure of /. B, the 
angle opposite side AC, whose measure is known. Here: 
mZB = 180° - (mL BAC + mLACB) | 
= 180° - (35°40' + 47°30') = 96°50' 
5. Write the Law of Sines, and E 9 
substitute known values. sinC sinB 
AB 143 


sin 47°30' sin 96°50’ 
143 sin 47^30' 








6. Solve for AB. AB - sin 96?50' 
' Oanl 
7. Use substitution: sin 96^50' = AB = Pro 
sin (180° - 96°50') = BAU Sie -A 
sin 83°10’ 
8. Compute and round the value AB=106 Ans. 


of AB to the nearest integer. 
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10. 


11. 


Two forces of 12 pounds and 20 pounds act on a body with an 
angle of 60? between them. Find the magnitude of the resultant 
to the nearest pound. 

Find to the nearest tenth the magnitude of the resultant force if 
two forces of 2.5 and 4.0 pounds act with an angle of 40° between 
them. 

If two forces of 30 pounds and 40 pounds act on a body with an 
angle of 120" between them, find the magnitude of the resultant 
to the nearest pound. 

Two forces act on a body so that the resultant is a force of 50 
pounds. The measures of the angles between the resultant and the 
forces are 25^ and 38^. Find the magnitude of the larger applied 
force to the nearest pound. 

The measures of the angles between the resultant and two applied 
forces are 65° and 42°. If the magnitude of the resultant is 24 
pounds, find to the nearest pound the magnitude of the smaller 
force. 

Two forces act on a body. The measure of the angle between the 
34-pound force and the 40-pound resultant is 60°. Find the magni- 
tude of the other force to the nearest pound. 

When forces of 12 pounds and 8 pounds act on a body, the magni- 
tude of the resultant is 15 pounds. Find to the nearest degree the 
measure of the angle between the resultant and the larger force. 
When forces of 20 pounds and 25 pounds act on a body, the mag- 
nitude of the resultant is 30 pounds. Find the measure of the angle 
between the resultant and the smaller force to the nearest degree. 
Find to the nearest degree the measure of the angle between two 
applied forces of 9 and 11 pounds if the resultant is a force of 
14 pounds. 

Find to the nearest degree the measure of the angle between two 
applied forces of 8 and 10 pounds if the resultant is a force of 
5 pounds. 

In still air, Mr. Chafer's plane flies. 400 miles per 
hour. When the wind is blowing to the north at 40 
miles per hour, find to the nearest degree the angle 
at which he must set his course east of due north in 
order to keep to a course that is 30^ east of due 
north. (Hint: First determine the measure of the 
angle between the course he must set and the course 
along which the plane actually flew.) 





12. 


13. 
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By setting a course slightly west of due south, Mr. Chafer flew to 
an airport due south of where he took off. The wind was blowing 
at 30 miles per hour at an angle of 40° east of due south. If it took 
an hour to fly the 420 miles from takeoff to landing, find to the 
nearest 10 miles per hour the speed at which the plane would have 
been traveling in still air. 

For Joe to cross the bay to a point directly east of his camp, he 
must set a course 6° south of due east so as to compensate for a 
current that flows to the northeast, 30° north of due east. If Joe’s 
boat travels 20 mph in still water, what is the rate of the current 
to the nearest integer? 


12-8 SOLVING TRIANGLES 


If the measures of a side and any two other parts of a triangle are 
known, it is possible to find the measures of the other sides and angles. 


Summary of Methods of Solution 


| Known Measures | Law to Be Used Measure to Be 


Found 


Two sides and i4, First, the Law of Cosines. | The third side. 
the included . Then, the Law of Sines | The second angle. | 
angle (s.a.s.). (or the Law of Cosines). | 


. Finally; repeat step 2 The third angle. 
(or sum of the angle 
measures = 180°). 


| Three sides | 1. First, the Law of Cosines. | The first angle. 
| (8.5.8.). | 2. Then, the Law of Sines The second angle. | 


(or the Law of Cosines). 

. Finally, repeat step 2 The third angle. 
(or sum of the angle 
measures — 180^). 


Two angles and |. First, sum of the angle The third angle. 
the included side measures of a triangle = 
(a.s.a.). 180*. 





. Then, Law of Sines. The second side. 
. Finally, the Law of Sines | The third side. 
(or the Law of Cosines). 
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Do 1 and 2 in either 
| order. 
1. First, the Law of Sines. 
2. Then, sum of the angle 
measures of a triangle = 
180°. 
3. Finally, the Law of Sines 
(or the Law of Cosines). 


Measure to Be 
Found 


The second side. 
The third angle. 


































Two angles and 
the side oppo- 
site one of them 
(a.a.s.). 








| The third side. 







Two sides and 
an angle oppo- 

site one of them 
| (s.s.a.). 


l. First, the Law of Sines. The second angle 
If there is a solution, (0, 1, or 2 solu- 
then: tions). 
2. Sum of the angle mea- The third angle. 
sures = 180°. | 
3. Finally, the Law of Sines | The third side. 
(or the Law of Cosines). 







The preceding summary can be used to solve any triangle, including 
the right triangle. However, we have seen that the right triangle can also 
be solved by using special ratios. 


. measure of leg opposite LA _ 
measure of hypotenuse 


_ measure of leg adjacent to LA _ adj 


measure of hypotenuse 





In problems involving the use of angle measure that can be solved 
using the laws of trigonometry, an angle is often described as an angle 
of elevation or an angle of depression. 


Trigonometric Applications 


An angle of elevation is an angle formed by rays D 





that are parts of a horizontal line and a line of sight —————- 


that is elevated, or raised upward, from the horizon- 
tal. If a person standing at point A looks up to point 
B at the top of a cliff, BC, the angle of elevation of 
B from A is / CAB. 


An angle of depression is an angle formed by rays 
that are parts of a horizontal line and a line of sight 


angle o 
depression ' 


that is depressed, or lowered, from the horizontal. A 
If a person standing at the top of a cliff at point B 
looks down to point A, the angle of depression of 

A from B is/ DBA. 


Co b2 e= 


To solve a problem involving sides and angles of a triangle: 


Read the problem carefully. 
Draw a diagram and label it. 


given to the side or angle whose measure is to be found. 
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B 






. Note the relationship of the sides and angles whose measures are 


4. Choose the appropriate law and write it in terms of the letters that 


c» c 


were used to label the diagram. 
Determine the required measure. 
Check the reasonableness of the answer. 


KEEP IN MIND 


The laws that follow may be rewritten to include 
different angles of a triangle. Here, each law is written 
to include LC of AABC. 


Law of Cosines: c? = a? + b? - 2ab cosC 














Law of Cosines: 







Law of Sines: 





Area of a Triangle: , 
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[ MODEL PROBLEMS 


1. To determine the distance between two points A and B on opposite 
sides of a swampy region, a surveyor chose a point C that was 350m 
from point A and 400 m from point B. If the measure of LACB was 
found to be 105°40’, find the distance across the swampy region, 
AB,to the nearest meter. 


Solution 


A B 







1. Draw and label a diagram. w. 105°40' 


350 


C 


2. Since the measures of two sides and the included angle are 
known, use the Law of Cosines: c? 7 a? * b? - 2ab cos C. 


3. Substitute the given values, and express cos 105 40' in terms of 
the cosine of an acute angle: 


cos 105?40' = -cos (180° - 105?40') = -cos 74" 20' 
4. Compute, and round c to the nearest positive integer. 


2 = a? + b? - 2ab cos C 


c 
c? = 400? + 350? - 2(400)(350) cos 105°40' 
c? = 400? + 350? - 2(400)(350)(-cos 74°20’) 
c? = 400? + 350? - 2 (400) (350) (- .2700) 
c? = 160,000 + 122,500 + 75,600 
c? = 358,100 

c = 598.4 

c = 598 


Answer: 598m 


2. From a point A at the edge of a river, the measure of the angle of 
elevation of the top of a tree on the opposite bank is 37°. From a 
point B that is 50 ft. from the edge of the river and in line with 
point A and the foot of the tree, the measure of the angle of ele- 
vation of the top of the tree is 22?. Find to the nearest foot the 
width of the river. 
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Solution 


l. Draw and label a dia- 
gram. Note that AD = 


the width of the river. 


. Since 4 BAC and LCAD 
are supplementary, it is 
possible to determine 
the measures of the an- 
gles of AABC,. Use the 
Law of Sines to find 
the measure of AC, a 
side common to AABC 
and AACD. (Note: The 
value of b is found to 
the nearest tenth. Val- 
ues are rounded to the 
degree of accuracy re- 
quired by the problem 
only in the last step of 
the solution.) 


. Triangle ACD is a right 
triangle. Use the cosine 
ratio to find AD. 


. Let b = 72.4, and com- 
pute the value of AD. 
(The computation may 
be performed by using 
the logarithmic equa- 
tion: log AD = log 72.4 
+ log cos 37°.) 





B 5 A 


mZBAC = 180° - mLCAD 

m/BAC = 180° - 37° 

m/BAC = 143? 

mZBCA = 180° - (mZB + mZBAC) 
mZBCA = 180° - (22° + 143°) 
m/BCA = 180° - 165° 





mZBCA = 15? 
b — — BA 
sinB sin LBCA 
b | 50 
sin 22? sin 15° 
p = 90 sin 22" 
sin 15 
b = 72.4 


cos L CAD = adj 


hyp 
cos 37? = AD 
b 
AD = b cos 31? 
AD = 12.4(.1986) 
AD = 57.8 
AD = 58 


Answer: The width of the river is 58 ft. 
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: 5 P d 12 20 
i ' 32° 54° nde. 


10. 


10 C D 22 E R 25 Q 
Ex. 1 Ex. 2 Ex. 3 


In AABC, a = 10, b = 5, and m/C = 27^. a. Find c to the nearest 
integer. b. Find mZ B to the nearest degree. c. Find mL A to the 
nearest degree. 


. In ADEF, mZD = 32°, mZE = 54°, and DE = 22. a. Find mZF. 


b. Find EF to the nearest integer. c. Find DF to the nearest integer. 
In APQR, p = 25,q = 12, and r = 20. Find to the nearest degree 
the measure of each angle of the triangle. 


In AABC, a = 31.6, b = 17.8, and mZA = 112^40'. 

a. Find to the nearest 10 minutes the measure of LB. 

b. Find to the nearest 10 minutes the measure of / C. 

c. Find c to the nearest tenth. 

In right triangle ABC, mZC = 90°, mZA = 87°, and AC = 43. 

Find AB to the nearest integer. 

Find to the nearest foot the height of a tree that casts a 24-foot 

shadow when the angle of elevation of the sun is 52”. 

Find to the nearest meter the height that a kite has reached if 120 

meters of string have been let out and the string makes an angle of 

68° with the ground. (Assume that the string makes a straight line.) 

Each morning the Beckebredes jog north along a straight path for 

.8 mi., turn at an angle of 60° and jog to the southwest for 1.2 

mi., then turn again to the southeast and jog back to their starting 

point. What is the total distance that they jog each morning to the 

nearest tenth of a mile? 

In order to know how much seed to buy for a triangular plot of 

land, Kevin needs to know the area of the plot. The lengths of the 

sides are 15 ft., 25 ft., and 30 ft. 

a. Find the measure of the smallest angle to the nearest degree. 

b. Using the measure of the angle found in part a, find the area of 
the plot of land to the nearest square foot. 

The ladder to the top of the slide at the playground is 6 feet long 

and the distance down the slide is 16 feet. If the ladder and the 

slide make an angle of 95° with each other, what is the distance 

to the nearest foot from the bottom of the ladder to the end of 

the slide? 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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From points A and B that are 150 m apart, a third point C is 
sighted such that m/.CAB is 42^20' and mZCBA is 81°50’. Find 
the distance from A to C to the nearest meter. 
Birdsong nature trail consists of three straight paths forming a 
triangle. The first two sections of the trail are .5 km and .8 km in 
length and make an angle of 100^ with each other. Find to the 
nearest tenth of a kilometer the distance back to the starting point 
from the end of the second section. 
A young tree is braced by two wires extending in straight lines 
from the same point on the trunk of the tree to points on the 
ground on opposite sides of the tree. The wires are fastened to 
stakes in the ground 32 inches apart and make angles of 35° and 
40° with the ground. Find to the nearest inch the lengths of the 
wires, 

The pasture gate has begun to sag so that it is now in the shape of 

a parallelogram with sides that measure 60 inches and 25 inches 

and an angle of 95°. Find to the nearest inch the length of a board 

needed to brace the gate along its larger diagonal. 

a. The measures of two sides of a triangle are 12 cm and 16 cm, 
and the measure of the included angle is 54°. Find the measure 
of the third side to the nearest centimeter. 

b. Find the area of the triangle in part a to the nearest cm?. 

From points A and B that are 150 m apart, a third point C is 

sighted so that mZ CAB = 86^ 40' and m/ CBA = 28°30’. Find to 

the nearest meter the distance from B to C. 





Ex. 17 Ex. 18 

Triangle ABC is inscribed in circle O. The measure of BC - 120*, 
the measure of AB = 140°, and AB = 22. a. Find AC to the 
nearest integer. b. Find the area of A ABC to the nearest integer. 
In AABC inscribed in circle O, AB = 18, BC = 12, and AC = 20. 
Find to the nearest degree the measures of arcs AB, BC, and CA. 
From point C, two lines are drawn tangent to circle O at points 
A and B. Chord AB is drawn. Points A and B separate the circle 
into two arcs whose measures are in the ratio 5:4, and AB = 70. 
a. Find the measure of ZACB. b. Find AC to the nearest integer. 
c. Find the area of AABC to the nearest hundred. 
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20. 


21. 


22. 


23. 


24. 
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Chords AB and CD intersect at E in circle O. The measure of 
LDEB is 85°, DE = 12, EC = 8, and EA = 4. a. Find EB. b. Find 
AC to the nearest integer. c. Find the area of ADEB to the nearest 
integer. 

Quadrilateral ABCD is an isosceles trap- 
ezoid with diagonal BD drawn. The 
measure of /ADB is 85^, m/DBA = 
20°, AD = BC, and DB = 18. a. Find 
BC to the nearest integer. b. Find the 
area of the trapezoid ABCD. (Hint: 
Find the sum of the areas of AABD Ex. 21 

and ADBC.) 

From point A, the angle of elevation of the top of a building mea- 
sures 32?10'. From B, a point that is 125 ft. closer to the building, 
the angle of elevation at the top of the building measures 46°30’. 
Find to the nearest foot the height of the building. 

In rhombus ABCD, mL DAB = 121^20' and the length of each 
side is 20.0. 

a. Find the length of diagonal DB to the nearest tenth. 

b. Find the area of ABCD to the nearest integer. 





In trapezoid ABCD, AB and DC 
are parallel bases and BC 1 DC. 
Find AB to the nearest integer 
when mZ CBD = 31^, mLCDA = 
130^, and BC = 52. 





Ex. 24 


12-9 REVIEW EXERCISES 


In AABC, b = 12,c = 9,and sin B = .4. Find sin C. 

In AABC, sin A = +, sin B = $, and b = 15. Find a. 

In AABC, mZA = 30°, mZB = 45°, and b = 104/2. Find a. 

In AABC, a = 8,c = 16,and mZA = 30°. Find m/C. 

In AABC, a = 5, b = 8, and mZC = 60°. Find c. 

In AABC, a = 10,5 = 4,andc = 8. Find cos A. 

In AABC, a = 6,c = 2, and mZB = 120°. Find b. 

In AABC, a = 10, b = 10\/3, and c = 10. Find mZC. 

In AABC, b = 10, c = 12, and mZA = 30°. Find the area of the 
triangle. 


10. 
L5 
12. 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Find the area of AABC if a = 5, b = 3/2, and mZC = 45°. 

Find the area of AABC if a = 8,c = 12, and sin B = 1. 

In right triangle ABC, mZC = 90°, b = 8, and c = 16. Find the 

measure of / A. 

In right triangle ABC, mLC = 90°, b = 24/2, and c = 4. Find the 

measure of / B. 

In AABC, a = 18.7, mLA = 15°40’, and mZB = 65°30’. Find b to 

the nearest tenth. 

Find to the nearest degree the obtuse angle of a parallelogram if 

the measures of two consecutive sides are 21 and 16 and the mea- 

sure of the longer diagonal is 28. 

Two men niove a heavy box by pulling on two ropes attached to 

the box at the same point. The ropes make an angle of 24?30' 

with each other and the applied forces are 15.0 and 21.0 pounds. 

Find to the nearest tenth of a pound the magnitude of the resul- 

tant force. 

Forces of 42 and 53 pounds act on a body so that the angle be- 

tween the resultant and the larger force is 47^. Find to the nearest 

degree two possible measures of the angle between the resultant 
and the smaller force. 

From a point on level ground that is 25 feet from the foot of a 

flagpole, the angle of elevation of the top of the pole is 62^. Find 

the height of the flagpole to the nearest foot. 

A signal tower has two lights that are 30 feet apart, one directly 

above the other. From a boat, the angle of elevation of the lower 

light is measured to be 14* and the angle of elevation of the upper 
light is measured to be 32°. 

a. Find to the nearest foot the distance from the boat to the 
lower light. 

b. The boat and the foot of the tower are in the same horizontal 
plane. Find to the nearest foot the distance from the boat to 
the foot of the tower. 

A line PC is tangent to circle O at C, and a secant 

PAB intersects circle O at A and at B, as shown 

in the diagram. Chords AC and BC are drawn. 

The measure of the secant segment PB is 18, and 

the measure of its external segment PA is 8. 

a. Find the measure of the tangent segment PC. 


b. If m BC is 160°, find mL BAC and mZCAP. 

c. Find the measure of / ACP to the nearest 
degree. 

d. Find the length of chord AC to the nearest integer. 
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21. 


22. 


In 


The three sides of a triangular plot of land measure 40.0, 60.0, and 

35.0 meters. 

a. Find to the nearest degree the measure of the smallest angle be- 
tween two sides of the plot. 

b. Using the answer from part a, find the area of the plot to the 
nearest square meter. n 

Find to the nearest integer the radius of a circle if a chord of 

length 12 intercepts an arc of 42°. 


23-30, select the numeral preceding the expression that best com- 


pletes the sentence or answers the question. 


23. 


24. 


25. 


26. 


21. 


28. 


29. 


30. 


If the measures of two sides of a triangle are to be 16 and 18 and 
the measure of the angle opposite the shorter of these two sides 
is to be 30°, then: 

(1) one acute triangle can be constructed (2) two triangles can be 
constructed (3) no triangle can be constructed (4) one right tri- 
angle can be constructed 

If two sides of a triangle are to be 6 and 10 and the measure of the 
angle opposite the side whose measure is 6 is to be 150^, then: 

(1) one obtuse triangle can be constructed (2) two triangles can 
be constructed (3) no triangle can be constructed (4) one acute 
triangle can be constructed 

In AABC, a = 6, c = 6/3, and mZA = 30°. Then the measure of 
LC is: 

(1) 30° only (2) 60° only (3) 120° only (4) 60° or 120° 
In AABC, if B = Arc sin 3, a = 3, and b = 2, then AABC: 

(1) must be a right triangle (2) must be an acute triangle (3) must 
be an obtuse triangle (4) may be either an acute or an obtuse 
triangle 

In AABC, mZA = 40°, a = 10, and b = 5. Triangle ABC: 

(1) must be a right triangle (2) must be an acute triangle (3) must 


be an obtuse triangle (4) may be either an acute or an obtuse 
triangle 

If in AABC, a = 2/2, mLA = 30°, and mZB = 45^, then b is: 

(lj 4 (2) 2 (3) 2/2 (4) 4 
In AABC, a = 4, b = 6, and c = 8. What is the value of cos C? 

(1) -5 (2) $ (3) -4 (4) i 


In right AABC, mZC = 90°, a = 12, and c = 15. What is the value 
of sin A? 
(1) 1 (2) $ (3) $ (4) $ 


Chapter 1 3 


Trigonometric Equations 
and Identities 








13-1 TYPES OF EQUATIONS 


In our study of mathematics, we have worked with equations in 
which the variable represents a real number. That real number may be a 
trigonometric function value. The set of replacements for the variable 
that makes the equation true is the solution set of the equation. 


An identity is an equation whose solution set is the set of all pos- 
sible replacements of the variable for which each member of the equa- 
tion is defined. 





Algebraic Identities Trigonometric Identities 
ax + 4x = Tx sin? 0 + cos? 0 = 1 
2 
DX = 6x (x'+ 0) O89 = ib OH bx 
x sin 0 
for all 
integral 
values of k) 


A conditional equation is an equation whose solution set does not 
contain all possible replacements of the variable. 





Algebraic Conditional Trigonometric Conditional 
Equations Equations 
3x *t4- 7x 2sindé+1=0 
x - x sin 0 m 
3^* 2 sin* 0 


To prove that an equality is not an identity, we need to find only one 
value of the variable for which the statement is not true. For example: 


3x + 4 = Tx is not an identity bécause for x = 2, 3(2) + 4 Æ 1(2), or 10 # 14 
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To prove that an equality is an identity, however, we cannot substi- 
tute all possible replacements of the variable to show that the statement 
is always true. In this chapter, we will learn how to use principles of 
real numbers, valid substitutions, and operations to prove that certain 
statements are identities. 


MODEL PROBLEM 


Which of the following is an identity? 
a. 2x + 32 5x b. cos20 = 2cos0 c. sin +cos@ = 1 
d. 2x + 3x = bx 


Solution 


a. 2x * 3 5 5x 
If x = 2,then 2(2) + 3:5 5(2) Thus, 2x + 3 = 5x is not an identity. 


b. cos 2 0 Ż 2 cos 0 
If 0 = 30°, then cos 2(30^) 2 2 cos 30° 
cos 60° = 2 cos 30? 
1 
Ls Thus, cos 2 0 = 2 cos 0 is 
1 not an identity. 
C. sin @ + cos0 5 1 
If 0 = 30°, then sin 30° + cos 30? = 1 
zt VÀ 41 Thus, sin 0 + cos 0 = 1 is 
not an identity. 
d. 2x + 3x Ż 5x 


If x = 2, then 2(2) + 3(2) = 5(2) (True) 


By the distributive property, 2x + 3x = (2 + 3)x = 5x. Therefore, 
the equation is true, not just for x = 2, but for all replacements of x. 


Answer: d. 2x + 3x = 5x is an identity. 
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EXERCISES 


In 1-6, prove that the equation is not an identity by giving one value 
of x that makes the equation false. 





1, x7 +1 = (x +1)? 2. 2(x *1) 2 2x * 1 
3. ox 2 = ga 4. tanx + cotx = 2 
5. sin 2x = 2 sin x 6. sinx = 1 - cosx 


In 7-15, state whether the equation is an identity or a conditional 
equation. 








7. x *t1-1-*x 8. sin^0- 1-0 

9. 2x +1= 3x 10. tan? 0 + 1 = sec? 0 

11. 3x + 2)=3x+6 12. (x +2)? =x? +4 
. 2 _ 

jg SED das jd, Stew air 
cos 0 x-1 

15. sin (z - 0) =1- sin 

16. Which of the following is an identity? 
(1)2* + 8* = 5 (2) 2. 2 = geet 
(3) Vx? +l=x+1 (4) sin@+sec@ =1 


13-2 BASIC TRIGONOMETRIC IDENTITIES 


In Chapter 8, the definition of the trigonometric functions estab- 
lished basic identities derived from the relationships among these func- 
tions. These basic identities are summarized in the following chart. 


Pythagorean Identities 


sin 0 





Reciprocal Identities 





cos? O + sin? 8 = 1 






1 + tan? 0 = sec? 0 










cot? 0 + 1 = esc? 0 
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Some useful alternate forms of these eight basic identities are shown 
in the following chart. 





Basic Identity Alternate Forms 
cos? 0 + sin? @ = 1 ————— cos? 0- 1- sin? 0. or sin? 6=1- cos’ 0 


sec f = a — secl cosh =1 OR  Jcos0* 
cos 0 


ii eg esc 0 sinO = 1 OR sin 0 = 
sin 0 


cot @ = —— > cot 0 tan = 1 OR tan 0 = 


By using the eight basic identities or their alternate forms, we can 
change an expression involving trigonometric functions into an equiva- 
lent expression. 


sin? 0 sin 0 y 
For example: = = tan? 0 
OE GNE AES nit B cos 0 








Furthermore, the methods we learned to add, subtract, multiply, and 
divide algebraic expressions can be applied to trigonometric ones. 











Algebraic Examples Trigonometric Examples 
1. x(x * 1)" x?* x 1. cos Ó (cos 0 + 1) = cos? 0 + cos @ 
2. x - 15 (x - 1)(x * 1) 2. 1- sin? 0 = (1- sin 0)(1 + sin 0) 
-— eee TC NE S: 
ues i b 1- oi cos 0 | cos @ 
^u X g b sin 0 sin 0 cos 0 
b b cos 0 cos 0 
m s! _ cos- 1 
sin 0 
MODEL PROBLEMS 





1. Express sec 0 cot 0 as a single function. 





Solution 
1. Use basic identities to express sae ent x 1l  cosô 
sec Ó and cot 0 in terms of cos@ sinô 


sin Ó and cos 0. 
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2. Divide numerator and denomi- 
nator by the common factor, 
cos DB. 


3. Use a basic identity to express 


i! 
— —- as esc B. 
sin 0 


2. Show that (1 - cos 0)(1 + cos 0) = sin? 0. 


Solution 
1. Find the product of the binomials. 
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= cesc Ü Ans. 


2. Using cos* 0 + sin? 0 = 1, either substitute cos? 0 + sin? 0 for 


1 and simplify (method 1) or use an alternate form of the iden- 
tity, namely, sin? 0 = 1 - cos? 0 (method 2). 


Method 1 
(1 - cos 0)(1 + cos0) = 1 - cos? 0 


(cos? 0 + sin? 0) - cos? 0 
sin? 0 


Method 2 
(1 - cos0)(1 + cos0) = 1 - cos? 0 


EXERCISES | 





= sin? 0 





In 1-21, write the given expression as a monomial containing a single 


function or a constant. 


1. 1- cos? 6 
3. tan? ð * 1 
5. sin Ü cot 0 


7. sin 0 sec 0 

9. sec cot 0 sin 0 
sin 0 cot 0 tan 0 

. Sec Ó sin @ esc 0 

esc 0 (1 - cos? 0) 
sin 0 (cot? 0 +1) 
sec Ó cos 0 - cos? 0 
. tan 0 (cot + tan 0) 


2. 1- sin? 6 

4. cot? 0 +1 

6. cos® tan 0 

8. cos @ esc O 

cos 0 tan @ csc 0 
tan 0 cot 0 cos 0 
sec 0 csc 0 cos 0 
sec 0 (1 - sin? 8) 
cos 0 (tan? 0 + 1) 
. esc 6 sin - sin? 0 
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In 22-33, write the expression as a single fraction. 























= w 9 art a 

di o: n. D Sin 8 

26, 1-27 21. 1- $ 

d TT. į = AP. 1 n 0 1- a 
ERE a Eeg an 

™ n es 25's 


In 34-39, simplify the complex fraction. 



































1 L sinÜ  cosð 
cos 0 cos? 0 . cos 0 i sin 0 
34. gi a 36. 
cos 0 cos? 0 sin 0 
A od = baud 
sinÓ cos@ sin Ó cos 0 cos 0 
vts cos0 sin 38. 1 r 1 oe Ic 1 
sin@ cos@ sinf cos@ cos? 0 


In 40-42, select the numeral preceding the expression that best com- 
pletes the sentence. 


40. The expression cot 0 sec 0 is equivalent to: 


(1) sin 0 (2) cos 0 (3) tan 0 (4) esc 0 
41, The expression (cos? 0 - 1) is equivalent to: 

(1) sin? 0 (2) cos? 0 (3) -sin? 0 (4) -cos? 0 
42. The expression sin? 0 - cos? 0 is equivalent to: 

(1) 1 (2) (sin 0 - cos 0)? (3) (1- cos? 0) (sin? 0 + 1) 


(4) (sin + cos 0) (sin 0 - cos 0) 
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13-3 PROVING TRIGONOMETRIC IDENTITIES 


To prove that an equality is an identity, we need to show that both 
members of the equality can be written in identical form. To do this, 
we use valid substitutions and operations that allow us either: 


l. to transform the more complicated member into the form of the 


simpler member 
OR 


2. to transform each member separately into some common form. 


Simple Substitution 


Some identities can be proved by making a substitution based on one 
or more of the eight basic identities. 


L] ExaMPLE 1: Prove that tan? 0 + sin? 0 + cos? 0 = sec? 0. 


1. Simplify the more complicated tan? 0 + sin? 0 + cos? 0 = sec? 0 
left-hand member. 

2. Replace cos? 0 - sin? 0 by 1. tan? 0 + 1 = sec? 0 
3. Replace tan? 0 * 1 by sec? 0. sec? 0 = sec? 0 

Since a proof should proceed from a statement that is known to be 
true to the one that is to be proved, the steps of this proof should really 
progress in reverse order to prove that the given statement is true. How- 
ever, the form in which the proof is written is the generally accepted 
T 


form. Note that this identity is undefined for the odd multiples of 9 


Factors and Products 


We can change the form of a member of an identity by performing an 
indicated multiplication or by factoring. 


[] ExaAMPLE 2: Prove the identity cos 0 (sec 0 - cos 0) = sin? 0. 


1. Simplify the more complicated left- ^ cos0 (sec 0 - cos 0) = sin? 0 
hand member by first performing 
the indicated multiplication. 


cos @ sec 0 - cos? 0 = 


2. Use the reciprocal identity cos 0 ry - cos? 0 = 
and simplify. os 0 
1- cos? @ = 
3. Use the alternate form of the sin? 0 = sin? 0 


Pythagorean identity. 
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Factors often enable us to simplify fractions. 


O ExAMPLE 3: Prove the identity a lo 1 + cos 0. 
1 - cos 0 

1. Replace sin? 0 in the more dnt idco 
complicated left-hand mem- 1 - cos 0 
ber by an expression in terms 1- cos? 0 
of cos 0. i-a 

2. Factor the numerator of the — (1 + cos0)(1- cos0) _ 
fraction. 1 - cosÓ p 

3. Cancel common factors in the 1 
numerator and the denom- (1 + cos @)(1—cos@) _ 
inator. 1—cost a 

1 


1+cos@ =1+cos@ 


Note: It is incorrect to add terms to both members or to multiply or 
divide both members in order to prove the identity. For example, it is 
not correct to use the rule that the product of the means equals the 
product of the extremes in the preceding example, writing sin? 0 = 
(1 + cos 0)(1 - cos 0), or sin? 0 = 1- cos? 0, or sin? 0 = sin? 0. In 
doing this, we are changing the equation and are no longer working 
with the given equality. We work with an identity as we have learned 
to work with a check rather than as we have learned to solve an equation. 


Adding Fractions 
The quotient and reciprocal identities often transform identities into 
forms that include fractions. To add fractions, we need a common 
denominator. 
cos 0 +1 


[]ExAMPLE 4: Prove the identity 1 + sec 0 = 
cos 0 


Each member can be transformed to prove the identity in either of 
two ways. 











Method 1 Method 2 
1+ secg = od TPE ett 
cos 6 cos 0 
— AN _cos8, 1 
RU BB cosÜ cos@ 
cos? , 1 1 + sec = 1 * sec 0 





cosÜ cos@ 


cosh * 1 cos0 *1 
cos 0 cos 0 
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L| ExAMPLE 5: Prove the identity tan 0 + cot 6 = sec 6 cse 0. 


In proving this identity, we will work with each member separately 
in order to express each one as a common form. 











tan 0 + cot 0 = sec 0 csc 0 
sin 8 | cosó Loi. 
cosÜ  sin0 cosÓ sin @ 
sin? sin | cos@ cosé 1 
sin@ cos@ sin cos@ cos @ sin 0 
sin? 0 cos? 0 


sin 0 cos . sin @ cos 0 
sin? 0 + cos? 6 


sin 6 cos 0 
sin 6 cos 0 sin Ó cos 0 


Note: By showing that each member of the equality reduces to a 
common form, we have proved the identity. If we wish to show that 
the left-hand member of the equality can be transformed into the form 
given on the right, however, we can now simply reverse the steps taken 
on the right and place them at the left. In other words, we add these 
steps to the identity just shown: 

EM NN 
sin 0 cos 0 
1 1 


cosÓ sin 8 
sec @ csc 6 = sec @ csc 0 





Complex Fractions 


A complex fraction can be simplified in various ways, as illustrated in 
the following example. 


L] ExaAMPLE 6: Prove the identity T = tan 0. 


Method 1 Method 2 
Multiply the complex fraction If the denominator of the com- 
by a form of the identity ele- plex fraction is a monomial, ex- 
ment 1. In this example, use the press the fraction as the product 
form: of the numerator times the recip- 


iind sin B ooa rocal of the denominator. 


sinO' sin 6 cos 0 
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Solution for Method 1 Solution for Method 2 
sec 0 - tan 0 sec 0 = tan 0 
ese 0 csc 0 
1 0 € 
cos@ — E esc 0 
E 1 
sin B * sin 0 = 
cos 0 
i in 0 
cos 0 _ sin 0 cos @ . as 
1 sin Ó cos 0 eos 
sin 6 tan 0 = tan 0 
sin 0 _ 
cos 0 
tan 0 = tan 0 


There are no rules that apply to proving all identities, but the follow- 
ing basic principles can aid in finding a proof. 


1. Start with the more complicated member, and write it more simply. 
If both members are complicated, work on one member of the 
equality until no further step is evident. Then, work on the other 
member of the equation. 


9. Transform different functions into the same function. It is often 
useful to express each member in terms of sines and cosines. 


3. Simplify complex fractions. Look for a common factor in the 
numerator and denominator of a fraction in order to reduce the 
fraction to lowest terms. 





MODEL PROBLEM 


a. Prove the identity D$ = esc Ü - cot 0. 


b. For what values of 6 is the identity in part a undefined? 





Solution 
a, 1. Express the right-hand mem- _ sin _ ese B. — eot d 
ber in terms of sin 0 and cos 0. 1 + cos 0 
__1__ cosd 
sin  siné 
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2. Add the fractions. SEM. - Log 
3. The factor (1 - cos 0) in the _ l- cos 1+ cosé@ 
numerator and (1 + cos 0) in = sn ^ 1+cosð 
the denominator of the form 1 - cos?0 
we want to reach suggests ~ gin 8 (1 + cos 6) 
that (1 - cos @)(1 + cos 0) = | 
1 - cos?0 = sin? 0 will be 
useful. Therefore, multiply 
1 + cos @ 
1 + cos 0° 
4. Then, substitute sin? 0 for S sin? 0 
1 - cos? 0, and simplify. sin 0 (1 + cos 0) 
sinf _ sin 


1+cos@ 1 + cos 


b. In the left-hand member, 1 + cos 0 = 0 when cos 0 = -1. Therefore, 
the left-hand member is undefined for 0 = m + 2k7, where k is any 


integer. In the right-hand member, csc 0 = "T" and cot 0 = 99? 2 
sin 0 sin 0 





are undefined when sin 0 = 0, that is, when 0 = kr, where k is any 
integer. 


Answer: The identity is undefined for all multiples of 7. 





EXERCISES | 


In 1-36, prove that the equation is an identity. 


sin 6 cot 0 = cos 0 2. cosÓ tan = sin 0 

sec 0 cot 0 = csc 0 4. csc @ tan 0 = sec 0 

cos 0 (sec 0 - cos 0) = sin? 0 6. sin 0 (cscÓ - sin 0) = cos? 0 
sec 0 (sec 0 - cos0) = tan? 0 8. cscÓ (cscÓ - sin 0) = cot? 0 
tan? 0 (1 + cot? 0) = sec? 0 10. sin? 0 (csc? 0 - 1) = cos? 0 
11. cos? 0 (sec? 0 - 1) = sin? 0. 12. sec? 0 (1 - cos? 0) = tan? 0 
13. sec sin + csc 0 cos 0 = tan 0 + cot 0 

14. (sin@ + cos)? 2 1-* 2sin 0 cos 0 


mi mé i salt 


15. ER EHE E —1- e0t59 16. RT CMM cos 9, tan 6 mia 
sin 0 cos Ü 
cos? 0 - cos 0 E cos - 1 


14. cos - 1 18. = sec 0 - sec? 0 


cos 0 cos? 0 


588 


19. 


21. 


23. 


25. 


21. 


29. 
30. 


31. 


33. 
34. 
35. 


36. 


37. 


38. 
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sec _ csc — 

ten = esc 0 20. cot 0 sec 0 

tan ay 3 cot 0 me 

cot * 1 = sec 0 22. tang * 1^ C8€ 0 
n9 + coud = 0 24 " 6 - 1 - cos? 
cot 0 = * 1+ cos0 | | 
sin@  1- cosÓ sa L- sec? 0 cos0 - 1 
1 + cos0 sin 0 " 1+ secé cos 0 
1-cc*0 1-4s5n9 gg, 1 *.secÓ _ _cosé 
1 - esc 6 sin 0 ' 1- sec? @ cos@-1 


sin^ 0 - cos^ 0 = sin? 0 - cos? 0 
sec^ 0 - tan^ 0 = sec? 0 + tan? 0 
l + 2sin0cos0 _ 
(sin 0 + cos 0)? ! om 
sin? 0 + sin? 0 tan? 0 = tan? 0 
sec? 0 + csc” 0 = sec? 0 csc? 0 

1 1 = 2 
l*cosÓÜ 1- cosÓ 2 esc” 6 
ee eee en HN 
1+sin@ 1-sinü 


(1 + sin0)* _ 1+ sin’ 
cos? 0 1 - sin 0 


= 2 sec? 0 


(1 - cosx)(1 + cos x) 
sin x 

. For what values of x is the identity proved in part a undefined? 

Prove the identity (1 - cos 0)(1 + sec 0) = sin 0 tan 0. 

. For what values of Ó is the identity proved in part a undefined? 


a. Prove the identity = sin x 


ofp oo 


13-4 COSINE OF THE DIFFERENCE OF 
TWO ANGLE MEASURES 


Which of the following equalities, if any, is an identity? Let us first 
test each equality by selecting replacements for the variables A and B. 


[]ExaAMPLE 1: cos(A - B) Ž cos A - cos B 
cos (60? - 0°) = cos 60° - cos 0° 
cos 60° = cos 60? - cos 0? 
a 1. 
2^9 * 
i dish 
2 2 


(Not an identity) 


Trigonometric Equations and Identities 589 


O ExaMPLE 2: cos (A - B) = cos A cos B + sin A sin B 
cos (60° - 0°) = cos 60^ cos 0° + sin 60° sin 0° 
cos 60° = cos 60° cos 0° + sin 60° sin 0° 


Low v 3 

—— i Ads — 

2 z (1) 2 (0) 
l4 

ar 

i 1 

3 9 (True) 


It is clear that the equality in example 1 is not an identity because 
there are replacements for the variables for which the equality is not 
true. In example 2, however, we are still not certain if the equality is 
an identity. While the replacements chosen result in a true statement, 
other replacements for the variables might show us that the equality 
is not true. 

Let us apply some mathematical principles and definitions to prove 
that the following equality is an identity: 


Proof: cos (A - B) = cos A cos B + sin A sin B 


1. Consider a unit circle whose cen- 
ter is at the origin. Let A and B (cos A, sinA) P | 
be the measures of two angles _ ' 
in standard position whose termi- mS 7 
nal rays intersect the unit circle S | sin B) 
at points P and Q, respectively. | l | 
Therefore, the coordinates of 
point P are (cos A, sin A), and 
the coordinates of point Q are 
(cos B, sin B). The measure of 
LQOP is (A - B). 


2. Express (PQ)?, the square of the distance from P (cos A, sin A) to 
Q (cos B, sin B), by using the distance formula. After substituting 
coordinate values in the formula, square each binomial and group 
terms as follows: 





d *(x-x)' (91-1) 
(PQ)* = (cos A - cos B)? + (sin A - sin B)? 
(PQ)? = cos? A - 2 cos A cos B + cos? B + sin? A - 2sin A sin B + sin? B 
(PQ)* = (cos? A + sin? A) + (cos? B + sin? B) - 2cos A cos B - 2 sin A sin B 
(PQ)? =1 + 1- 2(cos A cos B + sin A sin B) 
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3. Consider PQ as the side of APOQ that is opposite the angle whose 
measure is (A - B). Since sides OP and OQ of APOQ are also radii of 
a unit circle, OP = 1 and OQ = 1. Express (PQ)? by using the Law 


of Cosines. 


(PQ)? = (OP)? + (OQ)* - 2(OP)(OQ) cos (A - B) 
(PQ)? = 1? + 1? - 2(1)(1) cos (A - B) 
(PQ)? =1+1- 2cos(A - B) 


4. From steps 2 and 3, there are two expressions for (PQ)?, each in 
terms of the function values of A and B. These two expressions are 


equal. 


(PQ)? 


(PQ)? 


1 +1- 2cos(A - B)=1+1- 2(cos A cosB + sin A sin B) 


-2 cos (A - B) = 
cos (A - B) = 


-2 (cos A cos B + sin A sin B) 
cos A cos B + sin A sin B 


This equation, which expresses the cosine of the difference of two 
angle measures, (A - B), in terms of the sines and cosines of the indi- 
vidual angle measures, A and B, is an identity since it is true for all 


replacements of the variables. 


We can illustrate the truth of this identity by using familiar values of 


A and B. 


v3 


O ExaMPLE 1: Show that cos 30° = EN by finding cos (A - B) when 


A = 90? and B = 60°. 


1. Write the identity. 


2. Substitute the given 
values. 


3. Substitute function 
values in the right-hand 
member, and simplify 
both members. 


Solution 
cos (A - B) = cos A cos B + sin A sin B 


cos (90? - 60°) = cos 90° cos 60° 
+ sin 90° sin 60° 
al V3 
0) 30 
cos 30 2 1 , 
/3 


v -— 
cos 30 - 0 2 


V3 
2 


cos 30° = 
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[]ExaAMPLE 2: Find the exact value of cos 15° by finding cos (A - B) 
when A = 45? and B = 30°. 


Solution 


cos (A - B) = cos A cos B + sin A sin B 
cos (45? - 30°) = cos 45° cos 30° + sin 45° sin 30° 


o Wi v8 .w2 1 
cos15 - 2 2 + 2 2 
andit. VE, VE, V6 + V2 Ans 


If we substitute approximate values for 4/6 and 4/2, we find: 


cos 15° = 2.4495 rh 4142 83. a — 


This is the approximate value that is given in the table of trigono- 
metric function values. 


MODEL PROBLEMS | 


1. Use the identity for the cosine of the difference of two angle mea- 
sures to prove that cos (180° - x) = -cos x. 


Solution 
1. Write the identity. cos (A - B) = cos A cos B + sin A sin B 
2. Substitute 180? for A cos (180? - x) = cos 180? cos x 
and x for B. + sin 180° sin x 


3. Substitute the values of cos (180° - x) = -1 » cosx + 0 » sin x 
sin 180° and cos 180°, cos (180? - x) = -cosx + 0 
and simplify. cos (180? - x) = -cosx 


2. If sin A is 2 and ZA is in quadrant II and cos B = = and ZB is in 
quadrant I, find cos (A - B). 


Solution 


1. In order to use the identity for cos (A - B), we must know the 
sine and cosine values of both A and B. We will use basic identi- 
ties to find the required values. 


bh, hd Bk -1-L 211.8 RÀ A LRL A AIB R.31.1 
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cos? A = 1 - sin? A sin? B = 1 - cos? B 
cos? A = 1 - (2)? sin? B = 1 - (4)? 
cos? A =1 - X sin? B = 1- 4 
cos? A = 4 sin? B = 14 

cos A = -4 sin B = 4# 


Since ZA is in quadrant II, Since ZB is in quadrant I, 
cos A is negative. sin B is positive. 


2. Write the identity for | cos (A - B) = cos A cos B + sin A sin B 


cos (A - B). 
3. Substitute known val- | cos (A - B) = -i ^ $ + i š 12 
ues, and simplify. cos (A - B) = -22 + 36 


cos (A - B) - à& Ans. 


Note: There is an alternate method for step 1 of the solution just 
given. To find the values of cos A and sin B, we may use: right triangles 
in a unit circle and the Pythagorean Theorem (see Fig. 1), or dilations 
of these right triangles and the Pythagorean Theorem (see Fig. 2). In 
quadrant II, x is negative. 





=-4 y=12 
Thus, Thus, 
cos A = -4 sin B = 42 
Fig. 2 


Then, using the values found, perform steps 2 and 3 of the solution. 


Complete the identity: cos (x - y) = __ 
Complete the identity: cos (0 - $) = 
Find cos 105° by using cos (135° - 30°). 
Find cos 75? by using cos (120^ - 45°). 

Find cos 165° by using cos (225^ - 60°). 
Find cos (- 15^) by using cos (30° - 45°). 








Ae PS 
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In 7-10, use the identity for cos (A - B) to prove the given statement, 


T. 
9. 


10. 


11. 


12. 


13. 


14. 


15. 


cos (270° - x) = -sin x 8. cos (90° - x) = sin x 
cos (360° - x) = cosx 





cos (45° - x) = va (cos x + sin x) 


If sin A = $, sin B = 4, LA is in quadrant II, and ZB is in quad- 
rant I, find the value of cos (A - B). 

If sin A = -44, ZA is in quadrant III, sin B = 4 and ZB is in quad- 
rant II, find: a. cos (A - B) b. cos (B - A) 

If sin A = -4, cos B = - 1, and both ZA and ZB are in quadrant III, 
find: a. cos (A - B) b. cos (B - A) 

If x is the measure of a positive acute angle and cos x = 2, find the 
value of cos (180° - x). 

If x is the measure of a positive acute angle and sin x = 0.8, find 


the value of cos & - s) : 


In 16-19, select the numeral preceding the expression that best com- 
pletes the sentence. 


16. 


I 


18. 


19. 


The expression cos 30° cos 12° + sin 30° sin 12? is equivalent to: 


(1) cos 42? (2) cos 18? 

(3) cos 42? + sin 42° (4) cos? 42? + sin? 42° 
The expression cos (7 - x) is equivalent to: 

(1) sin x (2) -sinx (3) cos x (4) -cos x 
If cos (A - 30°) = 4, then the measure of angle A may be: 

(1) 30? (2) 60? (3) 90? (4) 120? 


The value of cos 45° cos 15° + sin 45° sin 15? is: 


1 v3 


(1) 1 (2) 5 (3) 75 (4) 0 


13-5 COSINE OF THE SUM OF 
TWO ANGLE MEASURES 


The identity cos (A - B) = cos A cos B + sin A sin B makes it pos- 
sible for us to derive many other useful identities, some of which are 
already familiar. Since an identity is true for all replacements of the 
variables for which the terms are defined, we can assign special values 
to A or B, or both. 
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Proof: cos (90° - B) = sin B 
Use the identity: cos (A - B) = cos A cos B + sin A sin B 
Let A = 90°. Then: cos (90? - B) = cos 90? cos B + sin 90" sin B 
cos (90? - B) =0-cosB+1-sinB 
cos (90° - B) = 0 + sin B 
cos (90? - B) = sin B 


Proof: cos A = sin (90° - A) 
Use the identity: cos (90° - B) = sin B 
Let B = 90? - A. Then: cos (90? - (90? - A)) = sin (90° - A) 


cos (90? - 90? + A) = sin (90° - A) 
cos A = sin (90° - A) 


In Chapter 8, these two identities were derived when A and B were 
the measures of acute angles. These identities were the basis of the defi- 
nition of cofunctions. The statements are true for all replacements of 
the variables, however, not just for values that are the measures of acute 
angles. 


For example: cos (90° - B) = sin B 


Let B = 120°. Then: cos (90? - 120°) = sin 120^ 
cos (- 30?) = sin 120° 


V3 v3 
2 2 


Proof: cos (-0) = cos @ 
Use the identity: cos (A - B) = cos A cos B + sin A sin B ` 
Let A = 0° and B = 0, Then: cos (0? - 0) = cos 0° cos @ + sin 0° sin 0 
cos(-0) =1+cos@+0-sin@ 
cos (-@) = cos + 0 
cos (-@) = cos 0 


Proof: sin (-0) = -sin 8 
Use the identity: sin B = cos (90° - B) 
Let B = -0. Then: sin (-0) = cos (90° - (-0)) 
sin (-0) = cos (90° + @) 
sin (-0) = cos (0 + 90°) 
sin (-0) = cos (0 - (-90^)) 


Trigonometric Equations and Identities 595 


sin (-0) = cos 0 cos (-90") + sin 0 sin (-90°) 
sin (-0) = cos 0 + (0) + sin @ «+ (-1) 
sin (-0) = 0 - sin 0 


sin (-0) = -sin 0 


We can see the results of the last two derivations in the following 
diagrams, each of which consists of a unit circle. 





sin (-0) = QR 


-sin 0 = sin (- 0) 


cos (-0) = OQ 


cos Ü = cos (-0) 


sin @ = QP cos § = OQ 


We can use the identity for the cosine of the difference of two angle 
measures to find an identity for the sum of two angle measures. 


Proof: cos (A + B) = cos A cos B - sin A sin B 


cos (A + B) = cos (A - (-B)) 

cos (A + B) = cos A cos (- B) + sin A sin (- B) 
cos (A + B) = cos A cos B + sin A (-sin B) 
cos (A + B) = cos A cos B - sin A sin B 


We can illustrate the truth of this identity by using familiar function 
values. 


[]ExAMPLE: Show that cos 90° = 0 by using cos (60° + 30^). 


Solution 
cos (60° + 30^) = cos 60° cos 30° - sin 60° sin 30° 
aun a i. VE. V3 1 
2 2 2 2 
— IC V3 o 
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.MODEL PROBLEMS 





Find the exact value of cos 75° by using cos (45° + 30°). 


Solution 
1. Write the iden- cos (45? + 30°) = cos 45? cos 30? - sin 45? sin 30? 
tity in terms | 
and cosines of | 
45° and 30°. 
2. Substitute _o V6 V2 V6- V2 
the function REG pecu ons 
values, and 
simplify. 





[ EXERCISES 


1. Complete the identity: cos (0 + ¢) = __ 
2. Complete the identity: cos (x + y) = 
3. Find cos 105° by using cos (45° + 60°). 

4, Find cos 255° by using cos (210° + 45°). 
5. Find cos 195° by using cos (135° + 60°). 








In 6-9, use the identity for cos (A + B) to prove the given statement. 


6. cos(T + x)= -cosx 7. cos (5 + x) = -sin x 


8. cos (> + s) = va (cos x - sin x) 9. cos 5 * x) = sin x 


10. If sin x = # and x is the measure of a positive acute angle, find the 
value of cos (x + 180°). 
11. If sin A = 3, sin B = 35, LA is in quadrant II, and ZB is in quad- 
rant I, find the value of cos (A + B). 
In 12-16, select the numeral preceding the expression that best com- 
pletes the sentence. 


12. Ifcos@ = -.6, then cos (-0) is equal to: 
(1) .6 (2) -.6 (3) .8 (4) -.8 
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13. Ifsin (90° - x) = 4, then cos x is equal to: 


1 E. V3 V3 

(1) 5 (2) -3 (3) 5 (4) - 
14. Ifsin (-A) = ra then sin A is equal to: 

(1) $ (2) -$ (3) $ (4) -$ 
15. The expression cos (90° + 0) is equivalent to: 

(1) sin 0 (2) -sin 0 (3) cos 0 (4) -cos 0 
16. Thevalue of (cos 67^30') (cos 22? 30") - (sin 67^30") (sin 22°30’) is: 

2 2 
(1) 1 ay V2 e-Y2 wo 


17. If sin A = 2, ZA is in quadrant I, cos B = -4&, and ZB is in quad- 
rant II, find: a. cos (A +B) b. cos(-B) c. sin (90? - A) 
d. sin (<A) 

18. If sin x =-4, x is the measure of an angle in quadrant III, 
cos y = -i, and y is the measure of an angle in quadrant II, find: 
a. cos(x +y) b. cos(-x) c. cos (90? - x) 


13-6 SINE OF THE SUM OR DIFFERENCE 
OF ANGLE MEASURES 


We can combine the identities that we learned in the previous section 
to find identities for the sine of the sum of two angle measures and for 
the sine of the difference of two angle measures. 


Proof: sin (A + B) = sin A cos B + cos A sin B 
Use the identity: sin Ó = cos (90? - 0) 


Let 0 =A +B. 
Then: sin (A + B) = cos (90? - (A + B)) 
sin (A + B) = cos (90° - A - B) 
sin (A + B) = cos ((90° - A) - B) 
sin (A + B) = cos (90° - A) cos B + sin (90? - A) sin B 
sin (A + B) = sin A cos B + cos A sin B 


Proof: sin (A - B) = sin A cos B - cos A sin B 


sin (A - B) = sin (A + (-B)) 

sin (A - B) = sin A cos (-B) + cos A sin (- B) 
sin (A - B) = sin A cos B + cos A (-sin B) 
sin (A - B) = sin A cos B - cos A sin B 
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We can verify these identities by using familiar function values. 


[]ExaAMPLE 1: Show that sin 90° = 1 by using sin (60° + 30°). 
Solution 


sin (A + B) = sin A cos B + cos A sin B 
sin (60° + 30^) = sin 60° cos 30° + cos 60° sin 30° 
V3 v3 1.1 


1 
TT o = 
sin 90 " 2 dc 2 
=] 


Ja 


[] ExAMPLE 2: Show that sin 120° = EE by using sin (180° - 60°). 


Solution 


sin (A - B) = sin A cos B - cos A sin B 
sin (180? - 60°) = sin 180° cos 60° - cos 180° sin 60° 


sin 120° = 0- l-CD- va 
vs FS 





sin 120° = 0 + 





[MODEL PROBLEMS 


1. Use the identity for the sine of the sum of two angle measures to 
show that sin (180° + x) = -sin x. 


Solution 
1. Write the sin (A + B) = sin A cos B + cos A sin B 
identity for 
the sum of 
two angle 
measures. 
2. Substitute sin (180° + x) = sin 180? cos x + cos 180° sin x 
180? for A 
and x for B. 
3. Substitute sin (180° + x) = 0 - cosx + (-1) * sin x 
values for sin (180° + x) = 0 - sin x 
sin 180° and 


cos 180°. 
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4. Simplify the sin (180? + x) = -sin x 
right-hand 
member. 


2. Find the exact value of sin 15° by using sin (45? - 30°). 





Solution 
sin (45° - 30^) = sin 45° cos 30? - cos 45? sin 30? 
win 15° = V2 Y8 v2 A 
2 2 2 2 





[EXERCISES | 


1. Complete the identity: sin (x + y) = 
2. Complete the identity: sin (x - y) = —_ 


In 3-6, use the identity for sin (A + B) or sin (A - B) to verify the 
given statement. 

3. sin (90° + x) = cosx 4. sin (90° - x) = cosx 

5. sin (270° + x) = -cosx 6. sin (180° - x) = sin x 


In 7-12, express the given sine value in terms of sin 0, or cos 0, or both. 


7. sin (5 * 9) 8. sin (0 - T) 9. sin (+0) 
10. sin (6 = tj 11. sin (x - 12. sin (7 + 8) 


13. If sin x = 4, cos y = $, and x and y are measures of angles in the 
first quadrant, find the value of sin (x + y). 
14. If LB is acute and sin B = 43, find the value of sin (90° - B). 


In 15-20, use the identity for the sine of the sum or difference of two 
angle measures to find the exact value of the given function. 


15. sin 150° = sin (60° + 90°) 16. sin 90° = sin (135° - 45°) 
17. sin 75° = sin (45° + 30°) 18. sin 75° = sin (120° - 45°) 
19. sin 105° = sin (135° - 30°) 20. sin 105° = sin (60° + 45°) 
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In 21-24, select the numeral preceding the expression that best com- 
pletes the sentence. 


21. The expression sin 40? cos 15° + cos 40° sin 15° is equivalent to: 


(1) sin 55? (2) sin 25? (3) cos 55? (4) cos 25° 
22. The expression sin (s - x) is equivalent to: 
l x SS g 
(1) 5 ~ sinx (2) z ` Sins 
V3 lo 1 V8. 
(3) 5 cos x 9 sinx (4) g COS% - 2 sin X 
23. If sin (A - 30°) = cos 60°, the number of degrees in the measure 
of angle A is: (1) 30 (2) 60 (3) 90 (4) 120 


24. If x and y are the measures of positive acute angles, sin x = 4, and 
sin y = 4, then sin (x + y) equals: 


a, gr 


3*4V/3 .. 3- 4V3 12 
(1) 7710 (2) “To Ur tas (C) a A 
2b. If sin x = E sin y = NS. and x and y are the measures of 


angles in the third quadrant, find: a. sin (x * y) b. sin (x - y) 
c. sin (y - x) 

26. If sin A = 2, LA is in quadrant I, cos B = -35 , and ZB is in quad- 
rant II, find: a. sin (A +B) b. sin (A - B) c. sin (B - A) 
d. cos (A +B) e. cos(A - B) f. cos(B - A) 


13-7 TANGENT OF THE SUM OR DIFFERENCE 
OF ANGLE MEASURES 

sin 0 

cos 0’ 

cos (A * B) to derive an identity for tan (A * B). 





Since tan 0 = we can use the identities for sin (A * B) and 


tan A + tan B 
Proof. tan (A + B) 7A tanB 
sin (A + B) 


: ‘a... m + B) = —————— 
Use the identity: tan (A + B) cos (A + B) 
un CORB T cona SLE 


mnta te= cos A cos B - sin A sin B 
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This equality is an identity for tan (A + B), but since it is convenient 
to write the identity in terms of tan A and tan B, we will divide the pre- 
cos A cosB |. 


ceding ratio by voa sos H^ 


sin A cos B + cos A sin B . cos A cos B 
+ = 3 OO ——— 
anta FB) cos A cos B - sin A sinB cos A cos B 
1 1 
sin A.cos B | cos sin B 
cos Aces B- cesA cos B 
cos A cos B sin A sin B 
coscáí cos B cos À cos B 
1-1 
tanA-1-*1-tanB 
1+-1- tanA tan B 
tan A + tanB 
1 - tan A tan B 


In a similar manner, using the identities for sin (A - B) and cos 
(A - B), we can derive the identity: 


tan (A * B) - 


tan (A * B) - 


tan (A * B) - 


tan A - tan B 
1 + tan A tan B 
These two identities are true for all replacements of the variables for 
which tan (A + B), tan A, and tan B are defined. 


tan (A - B) = 


L]ExaMPLE 1: Show that tan 120? = - 4/3 by using tan (60° + 60°). 


Solution 
tan 60^ + tan 60° 
1 - tan 60? tan 60? 


o V3 + V3 _ 2738 2/3 - 
uisu PUT val S is" ap Cw 


tan (60? 60?) - 


[] ExaMPLE 2: Show that tan 90° is undefined by using tan (60° + 30°). 


Solution 


tan 60° + tan 30? 
= + a E AE ernari ce i - MN 
tan (90 C90) Su tanet ten 207 


602 Integrated Mathematics: Course Ill 








tan 90^ - 
3/3 v3 4/3 4v3 
o. 9 2 di^ mu^. 
tan 90 - 8 1-1 0 
3 
Division by 0 is undefined. 


"MODEL PROBLEMS 





1. Use the identity for the tangent of the sum of two angle measures 
to show that (tan 180° + x) = tan x. 





Solution 
1. Write the identity. tan A + tan B 
+ B) = —————— 
SOUS tb) tm Ata B 
2. Substitute 180° for A " _ tan 180° + tan x 
and x for B. ten (180 ^F) =T tan 180° tana 
3. Substitute the value of 0 + tan x 
tan 180°. tan (180° + x) - 11-5 an x 
ton (180% dae) m ES - tan x 
1-0 
2. If tan A = >and tan B = =, find tan (A - B). 
Solution 
tan A - tan B 
nth H)*a Dind uud 
Wo d 5».L 
| 4 5 20 
tan (A - B) = E 3 od .— 
iii jes we 
4 5 4 
ar- peZ A AE in 
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EXERCISES | 





1. Complete the identity: tan (0 + @) = —__ 
2. Complete the identity: tan (x - y) = —_ 


In 3-6, use the identity for tan (A + B) or tan (A - B) to verify the 
given statement. 


3. tan (360° + x) = tan x 4. tan (180? - x) = -tan x 
- 1 + tanx ó -1 + tan x 
Zo —_ : + ee 
9. tan (45 + x) T z 6. tan (315 +x) ia ; 


In 7-9, express the given tangent value in terms of tan 0. 


7. tan (v + 0) 8. tan (27 - 0) 9, tan (ŠT - 6) 


10. Prove that tan (-x) = -tan x. (Hint: Start with the identity for 
tan (A - B), and let A = 0° and B = x.) 
11. IftanA = 4andtanB = 3,find: a. tan (A + B) b. tan (A - B) 
12. If tan 0 = -6 and tan 9 = 4, find: a. tan (0 * à) b. tan (0 - ¢) 
13. Iftanx = -Ż and tan y =4,find: a. tan (x +y) b. tan (x - y) 
14. Let tan A = 2 and tan B = 3. a. Find the value of tan (A + B). 
b. One possible measure of the angle (A + B) is: 
(1) 0? (2) 45? (3) 90? (4) 135? 


In 15-18, use the identity for tan (A + B) or for tan (A - B) to find 
the exact value of the given function. Rationalize the denominator of 
the answer. 


15. tan 75° = tan (30? + 45°) 16. tan 15? - tan (45? - 30^) 
17. tan 105° = tan (60° + 45°) 18. tan 195° = tan (135° + 60°) 


In 19-22, select the numeral preceding the expression that best com- 
pletes the sentence. 


? + tan 30? 
Liu = > is equivalent to: 


19. The expression 12. 10S an 30 


( o o tan 40° tan 70° 
(1) tan 70 (2) tan 10 (3) T— ton 407 (4) 1- tan 70° 
20. The expression tan (x + y) is undefined when: 
(1) tan x tan y = 0 (2) tan x tany =1 


(3) tan x tan y = -1 (4) tanx + tany =0 
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21. The expression tan (A - B) is undefined when tan A = 4 and tan 
B equals: (1) 1 (2) 2 (3) -2 (4) 0 

22, Since tan 165° = tan (135° + 30°), the exact value of tan 165 
can be found to be: 


(1)-2+V3  (2-2-V3 (3243 (4)2- v3 


13-8 FUNCTION VALUES OF DOUBLE ANGLES 


Since A + A = 2A, we can derive an identity for the function value of 
an angle whose measure is twice that of a given angle. To do this, we start 
with the identity for the function value of the sum of two angle measures. 


Sine of a Double Angle 
Proof: sin 2A = 2 sin A cos A 
Use the identity: sin (A + B) = sin A cos B + cos A sin B 


Let B = A. Then: sin (A + A) 7» sin A cos A + cos A sin A 
sin 2A = sin A cos A + sin A cos A 
sin 2A = 2 sin A cos A 


[]ExaMPLE 1: Show that sin 90° = 1 by using sin 2(45°). 


Solution 


sin 2A = 2 sin A cos A 
sin 2(45°) = 2 sin 45° cos 45° 


sin 90° = 2» V2 V2 4, 


Cosine of a Double Angle 
Proof: cos 2A = cos? A - sin? A 
Use the identity: cos(A + B) = cos A cos B - sin A sin B 
Let B = A. Then: cos(A + A) » cos A cos A - sin A sin A 
cos 2A = cos? A - sin? A 
By using the basic identity sin? A = 1 - cos? A, we can write this 
identity in terms of cos A only. 


cos 2A = cos? A - sin? A 
cos:2A = cos? A - (1 - cos? A) 
cos 2A = cos? A - 1 + cos? A 
cos 24 = 2 cos? A- 1 
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Using a similar replacement, cos? A = 1 - sin? A, we can express 
cos 2A in terms of sin A only. 


cos 2A = cos? A - sin? A 
cos 2A = (1 - sin? A) - sin? A 
cos 2A =1- 2 sin? A 


O ExaMPLE 2: Show that cos 60° = = by using cos 2(30°). 


Solution 


cos 2A = cos? A - sin? A 
cos 2(30°) = cos? 30? - sin? 30° 


cos 60° = E - Bl 


Tangent of a Double Angle 


4, _2 tan A 
Proof: tan 2A T. qu 
Use the identity: tan (A + B) = an 4 nnb. 
Let B = A. Then: tan (A + A) = uw 
. 2 tan A 
tan 2A - PUE 


L]ExAMPLE 3: Show that tan 120? = -4/3 by using tan 2(60?). 


Solution 


2 tan A 
1 - tan? A 
2 tan 60? 
l- tan? 60? 
tan 120? LN). PVE L 2V3., za 8 
=F 1-8 ~2 
Note that the identity is true for all values of A for which tan A and 


tan 2A are defined. If A = 90°, tan 2A = tan 180° = 0 but this value 
2 tan A 


1-tan*A' 


tan 2A = 


tan 2(60°) = 


cannot be found by using the expression 


606 


Integrated Mathematics: Course Ill 


MODEL PROBLEM]  .— .— | | |).  ./. |  — 


Cos A = -45, and A is the measure of an angle in quadrant II. a. Find 


sin 2A. b. Find cos 2A. c. Find tan 2A. d. Determine the quadrant in 
which the angle whose measure is 2A lies. 


. Find sin A. Since A is 


the measure of an 
angle in quadrant II, 
sin A is positive. 


. Write the identity for 


sin 2A. 


. Substitute the values 


of sin A and cos A, 
and simplify. 


. Write the identity for 


cos 2A. 


. Substitute the values 


for sin A and cos A, 
and simplify. 


. Find tan A. 


. Write the identity for 


tan 2A. 


Solution 


sin? A = 1- cos? A 


2s 5 \? 
sin a-1-(-4) 


25 169 25 
2 Eos D ae e ERE I a. d (as Soom SaaS 
sin A 71-1659" 169 169 


144 
169 


12 
sin A 13 


sin 2A = 2 sin A cos A 


12 5 
sin 2A = a(38)( 5) 


CU 
sin 2A 169 Ans. 


cos 2A = cos? A - sin? A 


5 [12V 
cos 2A (5) us) 
25 144 


cos 2A "469 169 


119 
cos 2A 169 Ans. 
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CF) 
at 
3. Substitute the value tan 2A = —————— 


of tan A, and simplify. ES (- =) 





tan 2A = 14 


25 
24 — 24 
5 5 25 120 , 
mr Hs 35 tig a 
25 25 
Note: Tan 2A could have been found by using the answers to 
parts a and b: 


1 


tan 2A = 


120 120 
sin 24 __ 169 _ 169 169 120 


cos2A 119 119 169 119 
169 169 


d. Since sin 2A and cos 2A are both negative, 2A must be the measure 
of a third-quadrant angle. Ans. 





1. Complete the identity: sin 2x = __ 
2. Complete the identity: tan 2x = —_ 
3. Write the identity for cos 2x in terms of sin x and cos x. 
4. Write the identity for cos 2x in terms of cos x. 
5. Write the identity for cos 2x in terms of sin x. 
6. If x is the measure of a positive acute angle and sin x = 4, find 
sin 2x. 
7. Ifsin A = -0.8, what is the value of cos 2A? 
8. If tan A = 4, find tan 2A. 
9. Show that cos 90° = 0 by using cos 2(45°). 
10. Show that sin 180^ = 0 by using sin 2(90°). 
11. Show that tan 360° = 0 by using tan 2(180?). 
12. Show that sin 270^ = -1 by using sin 2(135°). 
13. Ifsin @ = b, express cos 20 in terms of b. 
14. Ifcos = a, express cos 20 in terms of a. 
15. Iftan 0 = c, express tan 20 in terms of c. 
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16. If sin A = -$ and LA is in quadrant III, find: a. sin 2A 
b. cos2A c. tan2A d. the quadrant in which /24A terminates 


17. Ifcos A = $ and ZA is acute, find: a. sin 2A b. cos 2A 
c. tan 2A 
18. Ifcos 0 = -.6 and Ó is the measure of an angle in quadrant II, find: 


a. cos 20 b. sin20 c. tan 20 d. the quadrant in which the 
angle whose measure is 20 terminates 


In 19-21, select the numeral preceding the expression that best com- 
pletes the sentence. 


19. IfcosÓ = sin 0, then cos 20 is equal to: 

(1) 1 (2) 0 (3) 2 cos? 0 (4) 2 sin? 0 
20. The expression (sin x - cos x)? is equivalent to: 

(101 (2) sin? x- co?x  (3)1-cos2x  (4)1- sin2x 
21. If tan A = - , then tan 2A: 

(1) equals1 (2) equals 2 (3) equals-2 (4) is undefined 


13-9 FUNCTION VALUES OF HALF ANGLES 


Since the angle measure 0 is half of the angle measure 20, we can use 
the identities that were developed in the last section to derive identities 
for the function values of an angle whose measure is half that of a given 
angle. 


Sine of a Half Angle 


Proof: sin <A = „yia 


1. Use the identity for cos 20 in cos 20 = 1 - 2 sin? 0 
terms of sin 0. 2 sin? 0 = 1 - cos 20 

2. Solve for sin 0. sin? 0 = 1 tos 20 
(Note: Since cos 20 < 1, then 
- cos 20 2-1 or 1 - cos 20 2 0. a, / 1- cos 26 
Thus, the right-hand member 1s sing = t ae 


a real number.) 


gas 5. e UR yi 
3. Let 0 94: sin oA + ME im 


Then, 20 - : (4) sÅ, 
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L] ExaMPLE 1: Show that sin 30? = i by using sin = (60°). 


Solution 


—— y —4 
sin 5A =t —À a 
sin +(60°) = y see 
sin 5 (60 ) + 2 
1-2 l | 
sin 30? - 2.1/4. .$-yi-1 
2 2 2 2 4 2 


Since 3 (60^) = 30? is an acute-angle measure, we chose the positive 
value for the sine. 


two |= 








Cosine of a Half Angle 


In a similar way, we will derive an identity for cos 1A by starting 
with the identity for cos 20 in terms of cos 0: 


Proof: cos 1A = + yoa n. 


1. Use the identity for cos 20 in cos 20 = 2 cos? 0 - 1 
terms of cos 0. OR 
2 cos? 0 - 1 = cos 20 
2. Solve for cos 8. 2 cos? 0 = 1 + cos 20 
(Note: Since cos 20 = -1,then ' 1 + cos 26 
1 + cos 26 > 0. Thus, the right- OF Hom R7 


hand member is a real number.) 


og Bm : ya * cos 20 
2 

[D mb li y 1A. 
3. Let = z4. COS 94 t 2 


Then, 26 = (34) = A. 
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V2 


; o è 1 a 
[]ExAMPLE 2: Show that cos 45 = E by using cos z (90 ). 


Solution 


+ 3 
cos =A = + i * 008A cos A 


2 
cos (90°) = fase 


Here, again, we chose the positive value for the function of an acute- 
angle measure. 





Tangent of a Half Angle 


We will use the identities for sin 1A and cos $A to derive an identity 
for tan 3A. 


— d ao 1- cosA 
Proof. tan 54 = +) TS cod 
sin 5A 
Use the identity: tan 24 base: 
COS —À 
2 
/1- cos A 
1 2 
tan —A = t~- 
2 y ita 
2 
T a us yi—4 y E 
= gA = * PA 1+cosA 
li. Vim 
ul la 1+cosA 


[]ExaAMPLE 3: Show that tan 120° = - /3 by using tan 2 (240^). 
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Solution 


m 1 - cos A 

A mae 1 + cosA 
ls -yü cos 240° 

tan 9 (240°) = 1 + cos 240° 


bole 


tan 





Here we chose the negative value of the tangent of a second-quadrant 
angle. 


In using each of the identities just derived for a function value of a 
half angle, we must be careful to choose the correct sign. For example, 
if 180° <x < 270°, then 90° < 4x < 135? and 1x is the measure of 


a second-quadrant angle. Therefore, sin 1x would be positive, and 


cos 3x and tan ix would be negative. If 360? <x < 540°, then 
180° < $x < 270°, and 4x is the measure of a third-quadrant angle 


whose tangent value is positive and whose sine and cosine values are 
negative. 


MODEL PROBLEMS 





1. Ifcosx = L what is the positive value of sin a? 
Solution 


1. Write the identity for sin Lx. 


Use the positive value. 


2. Substitute the given value for 
cos x, and simplify. 
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- 1 _ l A 
2. IfA = Arc cos B what is the value of tan PX 


Solution 


1. Write the identity for tan = 


2. Since A is the principal value and 
cos A is positive, 0° < A < 90°. 


Therefore, 0° < E < 45°, and 
tan a is positive. Substitute the 
given value for cos A. 








In 1-3, complete the identity. 


1. sintx=—— 2. cost+x = __ 3. aiig e 
2 2 2 


If x is the measure of a positive acute angle and cos x 7 37, find 


Ln 


the value of sin 4 x. 

If cos A = 1 and angle A is positive and acute, find cos 5A. 

If A = Arc cos 1, find the value of sin $A. 

If B = Arc cos 2 find the value of tan = 

If cos x = - 44 and 180° < x < 270°, find the value of sin 5 x. 


o ^o a pp 


If cos y =- = and 180? < y < 270’, find the value of cos T 


10. Ifcos 0 - - 1$ and 180° < 0 < 270°, find the value of tan 10. 
11. Find cos 4y if y = arc cos .28 and 270" < y < 360°. 

12. Find sin 49 if 0 = arc cos .68 and 360° < 0 < 450°. 

13. Find tan 4x if x = arc sin 4$ and 90° <x < 180°. 
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14. Find sin 5 B if tan B = 3 and ZB is acute. 

15. Find the exact value of sin 60° by using sin 1 (120°). 

16. Find the exact value of cos 225° by using cos 1 (450°). 

17, Find the exact value of tan 135° by using tan 1 (270°). 

18. If cos A = 55 and LA is a positive acute angle, find: a. sin iA 
b. cos A c. tan iA 

19. If cos B = $ and ZB is a positive acute angle, find: a. sin iB 
b. cosB c. tan iB 


20. If cos 0 7 and 0" « 0 < 90°, find: a. sin Z b. cos $ 
c. tan 2 
21. Ifsin A = 0.6 and ZA is a positive acute angle, find: a. sin iA 
b. cos;A c. tanłA 
In 22-27, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


22. Which of the following is not an identity? 





in l ,l,.1*cosx 
(1) sin he (2) cos 2* 2 


l Bea saf k [= coeds pod d.n 
(3 tan 2x = + I Feoi: (4) sin 5x = s sin x 
A o 
23. The expression y mosso is equivalent to: 


(1) cos 40? (2) sin 40? (3) $ - cos 40? (4) 2 sin 80° 
1 - cos 100? 
1 + cos 100° 

(1) tan50° (2) -cos100° (3) Vcos 50° (4) tan? 50° 
25. The expression 2 sin? 40 is equivalent to: 


24. The expression is equivalent to: 


(1) 1- cos0 (2) 1+cos@ (3) sin? 6 (4) 2 - 2cos 0 
26. If cos 0 = 4, then cos 0 equals: | 
(1) $ (2) $ (3) -3 (4) 3 


27. Using tan 5 (30^), we can find the exact value of tan 15° to be: 
2 *4/3 2- V3 
aQ)2«/8 z-ys (3) 2*v$ w 2-3 
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13-10 SUMMARY OF IDENTITIES 
Sum of Angle Measures Difference of Angle Measures 
sin (A + B) = sin A cos B + cos A sin B | sin (A - B) = sin A cos B - cos A sin B 
cos (A + B) = cos A cos B - sin A sin B | cos (A - B) = cos A cos B * sin A sin B 


tan A + tan B | 7 tan A - tan B 
tan (A + B) = Z tan A tan B tan (A - B) = A Lian A tan B 





Double-Angle Measures Half-Angle Measures 


sin 2A = 2 sin A cos A sod ys 
sin 5A == ES amm 


cos 2A = cos? A - sin? A 


cos 2A -2cos A- 1 — M EET 


SE HE in) j - 
cos 2A =1- 2sin A "— enr 
2 tan A 2 “F 1+cosA 


tan 2A - 
1- tan? A 


These fundamental identities can be used to prove other identities. 
When proving an identity, we should express functions of a double 
angle, a half angle, or the sum or difference of angle measures in terms 
of functions of the same angle. Then, we employ the same techniques 
that were used at the beginning of this chapter. 





MODEL PROBLEM 





ae pu aro do VOS 
Prove the identity: An90 tan 0 
Solution 
TNR 1 - cos20  , 
W h ; ——————— a 
1. Write the identity sin 26 tan 0 
2. Replace cos 20 and sin 20 by ex- 1-(1-25in^68) _ 
pressions using sin @ and cos 6. 2 sin 0 cosð 
Note that other replacements can 
also be made. 
3. Simplify the fraction in the left- 1-1*2sin?0. 
hand member. 2 sin 0 cos 0 
 2sin?8 —.— 
2 sin 6 cos 0 
sin _ 
cos 0 


tan 0 = tan 0 
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EXERCISES 

In 1-26, prove the identity. 
l. 
3. 


5. 


Ti 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
22. 
23. 


24. 


25. 


21. 











sin 20 sec 0 = 2 sin 0 2. sin 20 csc 0 = 2cos 0 

sin 0 = Po A, Loos : = csc 0 

Tap tie = Ste 6. tan + cot 8 = 5, 

sin 20 = Er 8. cos 20 = limo 

sin 20 sec? 0 = 2 tan 0 10. 2 - sec? 0 = cos 20 sec? 0 
(cos 0 - sin 0)? = 1 - sin 20 12. (cos 0 + sin)? =1 + sin 20 
UL + cot@=sec@csc@ 14. cos20 = à 

Ong tsino scese- sing 16, 2556 —sin20 tan g 

2 cos @ - coe = sec 0 18. cos 26 t cos t1 = cot @ 
nd sin 20 = sin 6 cos 0 20. IHE - cot? 0 


sin (2 - 6) + sim (E +0) = cose 
(x - 0) - cos (4+ 0) = VF sine 

sin (5 + 0) - sin (7 - 0) - 0 
+) 


+0 + cos (Z+ 0) = VE cos 6 


COS 


sin 
T | 
tan r+) sin (Z +0) 
"RA ie 
tan (a = ) COS (4 - a) 
| ioe a 7. NR 
a. Prove the identity: Tra E tan A 


b. Use the identity in part a to write an identity for tan 16 in 
terms of sin 0 and cos 0. (Hint: Let A = 16.) 
1-cos@ | sin@ 


l | i I | = ; E 
c. Prove the identity: + 1+cos@ 1+ cosd 
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13-11 FIRST-DEGREE TRIGONOMETRIC 
EQUATIONS 
A trigonometric equation is an equation in which the variable is ex- 
pressed in terms of a trigonometric function value. 
Algebraic Equation Trigonometric Equation 
2x - 1*0 2cos0- 170 
To find the values of 0 that make 2 cos 0 - 1 = 0 true, we first find 


a value or values for cos 0. To do this, we use the same procedures that 
we used to solve algebraic equations. 


Solving an Algebraic Equation | Solving a Trigonometric Equation 





2x- 17 0 | 2cos0- 17» 0 
+1 + +1 + 
2x = 1 2cosĝ = 1 
2x_ 1 2cos@_ 1 
2 2 2 2 

E ad 
x= 5 cos 0 2 


There is one value of x that makes 2x - 1 = 0 true, namely, x = i. 
There is one value of cos 0 that makes 2 cos 0 - 1 = 0 true, namely, 
cos 0 = 4. When cos 0 = $, however, there are infinitely many values of 
0 that make the equation 2 cos 0 - 1 = O true. 

In terms of degree measure, if cos 0 = 4 and 0^ < 0 < 360°, then 


0 = 60? or 0 = 300°. In terms of radian measure, if cos 0 = 4 and 


0 € 0 € 2x, then 0 == and 0 = 97. If cos 0 = 1 and 9 is any real 
3 3 2 


number, then any value of @ that differs from = or oT by a multiple 
of 27 is also a solution. The general solution of 2 cos 0 - 1 = 0 in ra- 
dians is: 
ER AU OT -— 
0 nir di 2Tk or 0 ci Ma 2Tk for k an integer 


When we solve an algebraic equation, the replacement set is usually 
the set of all real numbers. When we solve a trigonometric equation, the 
replacement set for sin 0 or cos 0 is the set of numbers between -1 
and 1 inclusive, and the replacement set for tan 0 is the set of all real 
numbers. 
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àx-b5b-4|3sin0-5^724 3tan0- 524 
3x =9 3sin@ =9 3tan@ =9 
x=8 sin @ = 83 tan@ = 8 


(There is no solution.) | If 0? < 0 < 360°: 
In quadrant I, 0 ~ 71°30’. 
In quadrant III, 
0 = 180° + 71°30’, or 
0 = 251^30'. 





l. a. Solve for cos 0: cos 0 = 3 cos 0 + 1. b. Find all values of 0 in the 
interval 0 < 0 < 2r that satisfy the equation in part a. 


Solution 
a. cos@ = S3cos0 * 1| b. 1. Since cos z = 2. the reference 
-3 cos  -3cosÓ0 

-2 cos 0 = 1 angle is an angle of 2 radians. 

-2cos0 1 | 
-9 -9 2. In quadrants II and III, cos @ is 

1 negative. 

cos @ = E 2 
3. In quadrant II, 0 = 7 - 5 = E 
In quadrant III, 0 — 7 t = a 


= 27 og ae 
b.0-773 or 6 3 


Answer: a, cos@ =- 


bole 


2. Find to the nearest degree the measure of the positive acute angle 
that satisfies the equation 3(csc 0 - 1) = csc 0 + 2. 


Solution 
1. Solve the equation for csc 6. 3(csc 08 - 1) = csch +2 
3csc0- 3-7csc0 +2 
2csc0O =5 


csc 0 = 


bolo 
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2. Write the reciprocal of each mem- li 2 
ber of the equation, and use the csc) 5 
caor E ap ile 
identity cg ^ Sin 0. sin 0 5 
3. Write the value of sin 0 as a deci- sin ĝ = .4 
mal and use the table of trigono- 0 =24° Ans 


metric function values to find 0 
to the nearest degree. 


[EXERCISES] — — |. |. |.» Á2— » .  :.-.- 


In 1-6, solve for 0 in the interval 0° < 0 < 360". 


1. 2sin@-1=0 2. 2sin0-V/3=0 3. 3cos0* 17-1 
4. V8 tan0- 320 5. 8sin@+1=-3 6, 3tan0-2=tand 


In 7-12, solve for 0 in the interval 0 < 0 < 2m. 


7. 4(cos0 * 1) - O 8. 3cos0 - /3 = cos 
9. 2(sn0 */2)- 2 10. 3cos0- 17 1- cos 
11. 5tan0 +2 = 3tanO 12. 2(sind + 1) » sin0 +3 


In 13-18, find 0 to the nearest degree in the interval 0° < 0 < 360°. 


13. 5cos0- 1720 14. 2tan@+3=7 
15. 6sin0 + 2 =sin@ 16. 10(cos0 +1)=6 
17. cscÓ +8 = 3csc 0 18. 3tan0 * 2-2 7 - tanO 


19. Find in radian measure five values of 0 that satisfy the equation 


4 cos 0 - /2 = y2. 
20. Find to the nearest degree five values of 0 that satisfy the equation 
3(sin 0 - 2)=1- 5sin ð. 


In 21-24, select the numeral preceding the expression that best com- 
pletes the sentence. 


21. One root of the equation 2 cos 0 + ./3 = 0 is: 
2T T oT T 
(047 cor; ev Os 
22. One root of the equation tan x - 1 = 2 tan x is: 


at Qs GI wf 
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23. If0° X 0 < 360°, the solution set of 3 tan 0 + 4/3 = 24/3 is: 
(1) (60^, 120°} (2) {60°, 240°} 
(3) {30°, 210°} (4) {30°, 150°} 
24. If0° < 0 < 360°, the solution set of sin Ó + 1 = 3 is: 
(1) {90°, 270°} (2) (305,150?) (3) {0°, 180°} (4) { } 


13-12 SECOND-DEGREE TRIGONOMETRIC 
EQUATIONS 


An equation such as tan? 0 - 3 tan 0 - 4 = 0 is a second-degree equa- 
tion in terms of tan 0. To find the values of 0 that make this equation 
true, we first solve the equation for tan 6, using the same method we 
would use to solve x? - 3x - 4=0, 

Quadratic equations with rational roots can be solved by factoring. 


O EXAMPLE 1: | © Exampte 2: 
Solve for x: Solve for tan 6: 
x? - 8x-4=0 | tan^0- 3tan0- 4-0 
(x * 1)(x - 4)=0 (tan 0 + 1)(tan 0 - 4) =0 
x+1=0 | x-4=0 tan@+1=0 | tan0- 4-0 
x-7-1 x74 | tan 0 =-1 tang =4 


To determine the values of 0 that satisfy tan? 0 - 3 tan 0 - 4 = 0, 
we can use the values of tan 0 that we just found. If the replacement 
set for 0 is the set of numbers in the interval 0? < 0 < 360? and if 0 
is to be found to the nearest degree: 


tan ð =-1 tan@ = 4 
Since tan 45° = 1, then: 
In quadrant II, 0 = 180? - 45° = 185°. In quadrant I, 0 = 76°. 


In quadrant IV, 0 = 360° - 45° = 315°. In quadrant III, 
0 = 180° + 76° = 256°. 


Therefore, if tan? 0 - 3 tan 0 - 4 = 0 and the domain is 0? < 0 < 360°, 
the solution set of all measures of 0 to the nearest degree is: 


(76^, 135°, 256°, 315°} 


If the replacement set for 0 is the set of all real numbers, then, to the 
nearest degree, 0 can be any measure that differs from one of the mea- 
sures just found by a multiple of 360°, that is, for k an integer: 


0 = 135? + 360°k 0 = 76° + 360?k 
0 = 315° + 360? k 0 = 256° + 360° 
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Any quadratic equation can be solved by using the quadratic formula. 
Compare the solutions that follow: 
[]ExaMPLE 3: Find x to the nearest tenth if 3x? - 5x - 4 = 0. 
a=3,b=-5,c=-4 
ELE: / b? - 4ac 
* 2a 
-(-5) t V C5» - 4(3)(- 4) 


2(3) 
, = DEV 25 + 48 
6 
= DEVS 
6 

y = 2+ 8.54 x = 2 8.54 

| 6 | 6 
dm 13.54 — -3.54 

6 6 
x = 2.25 x =-.59 
x = 2.3 x=-.6 
Answer: x = 2.3 0rx =-.6 OR solution set = (2.3, -.6} 


C]ExaMPLE 4: Find ô to the nearest degree if 0° < 0 < 360°. 
3 cos? 0 - 5cos0- 4-0 
a=3,b=-5,c=-4 


-b t+/b? - 4ac 


cos 0 = 2d 


-(-5) + V C5)? - 4(3)(- 4) 


cos 0 = 2(3) 
5 + v 25 + 48 
6 


= 
mao == ye 


cos 0 = 
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_ 5 + 8.54 || 6 - 8.54 
cos Ü = ———— cos @ = ———— 
6 6 
_ 13.54 _ ~3.54 
cos 0 = I m cos 0 ^6 
cos 0 = 2.25 cos 0 = -.59 


Since cos 54° = .59, then: 
In quadrant II, 0 = 180? - 54° = 126°. 
| In quadrant III, 0 = 180° + 54° = 234° 


(There is no solution for 
this value of cos @.) 





Answer: 0 = 126° or @ = 234? OR solution set = {126°, 234°} 


A quadratic equation in which there is no first-degree term can be 
solved by any of the methods shown in example 5. 


[]ExAMPLE 5: Solve sin? 0 - 1 = 0 for sin 0. 


Method 1 Method 2 
Use square root. Use factoring, and set each factor equal to 0. 
sin? @- 1=0 sin? @-1=0 
sin? 6 =1 (sin - 1)(sin0 + 1) =0 
sin 0 = +1 sn@-1=0 | sin@+1=0 
sin 6 = 1 | sin ĝ = -1 
Method 3 


Use the quadratic formula. 
sn^0-1^720 
a=1,0=0,c=-1 


-btv b? - 4dac 





sin 0 = 2d 
i g =- OV 0? - 4(1)(-1) 
sin "7 80) | 
! O0+V0+4 +74 
inde oq» 2 
sind = 2-2 
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2. 


standard form. 


2. Factor the left- 
hand member of 
the equation. 


3. Let each factor 


equal 0, and solve 
for cos 0. 


4. For each value of 
cos 0, find the 
value of 0 in the 
given interval. 


[ MODEL PROBLEMS 
1. Solve the equation 2 cos? 0 = cos 0 for all values of 0 in the interval 
0? < 0 < 360°. 
Solution 
1. Write the qua- 2 cos? 0 = cos 0 
dratic equation in 2 cos? 0 - cos@ = 0 


cos 0(2cos 0 - 1) = 0 


cos @ =0 2cos0- 120 
2cos0 - 1 
cos0 - d 
0 = 90° 0 = 60° 
0 = 270° 0 = 360° - 60° = 300° 


Answer: 60°, 90°, 270°, 300° 


In the interval 0° < 0 < 360°, find to the nearest degree all values 


of 0 that satisfy the equation 3 sin 0 + 4 = 


1. Write the equa- 
tion as an equiv- 
alent ^ equation 
without fractions 
by  multiplying 
each member by 
sin 0. 


2. Write the equa- 
tion in standard 
form, and solve 


by using the 
quadratic for- 
mula. 


1 
sin 0' 





Solution 





9 sin 0 + 4 = —— 
sin 0 


3sin^0 + 4 sin = 1 


3sin? 0 +4sinĝ - 1=0 
a-3,b-4,c--1 


-b + Vb? - 4ac 
sin f = ae, ee 


-(4) + V4? - 4(3)(-1) 


sin 0 = 2(3) 
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| -4 + V16 + 12 
sin 8 = annan E 
-4 t N28 
sing 4————— 
6 
3. Use logarithms or ein @ = 4.9.29 dus -4 - 5.29 
the square-root 6 | 6 
algorithm to find 2 m 29 
the approximate sin 9 = sin 0 = 
value of v28 to sin = .21 sin 0 = -1.54 
-n arest hun- In quadrant I, @ = 12°. (There is no solu- 
i In quadrant II, 0 = 180° - 12° | tion for this value 
= 168°. of sin 0.) 


Answer: 0 = 12° or 0 = 168? or solution set = {12°, 168°} 


EXERCISES 





In 1-8, find all values of 0 in the interval 0° < 0 < 360° that satisfy 
the given equation. 





1. sin? 0 - sind =0 2. tan? @- 3-0 

3. 2cos?0- 120 4. cos? 0 - cos0 - 2 

5. 2sin?0- sin@ =1 6. 3sec? 0 + 5sec0 - 2 
. HON | E 

T. 2sin +1 sin 9 8. tan 0 ian B 


9. Find the measure of the smallest positive acute angle for which 

2 sin? 0 - 3sin0 * 1 - Q. 

10. Findavalueof x, where 0° X x < 360? and sin? x - 3sinx- 4 = 0. 

11. How many solutions to the equation 2 sin? 0 - 3sin 0 + 1 = Oare 
in the interval 0° < 0 < 90°? 

12. How many solutions to the equation 2 cos? 0 + 3cos0 * 1-0 
are in the interval 0? < 0 < 90°? 

13. How many solutions to the equation 4 cos? x + 3 cosx- 1=0 
are in the interval 0° € x < 180°? 

14. How many solutions to the equation 9 sin? x - 6 sin x + 1 = Oare 
in the interval 0° < x < 360°? 


In 15-19, select the numeral preceding the expression that best com- 
pletes the sentence. 


15. The solution set of cos? 0 - cos 0 - 2 = 0 for 0° <6 < 360° is: 
(1) {0°} (2) {180°} (8) {0°,180°} (4) {60°, 180°, 300°} 
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16. The smallest positive measure for which 2 cos? 0 = cos 0 is: 
(1) 0° (2) 30° (3) 60° (4) 90° 
17. A value of 0 that is not a solution of cos? 0 - cos 0 = Ois: 


T 3r 
10 o3 (3) 1 (4) 5 
18. A value of 0 that is a solution of the equation sec 0 = "TI is: 


1) ( 9, T T 37 
(1) 0 (2) 4 (3) 2 (4) 75 
19. A value of 0 that is a solution of the equation 2 cos* 0 + cos0 - 0 
is: 
(1) 60° (2) -60* (3) 0? (4) 240* 


In 20-27, find to the nearest degree all values of @ in the interval 
0? < 8 < 360° that satisfy the given equation. 








20. tan0- 5btan0 * 6-70 21. 4sin? 0 - 3sin0- 170 
22. 3cos* 6- 17cos0 * 2-0 23. 5sin* 6+ 4sin = 0 
24. 25sin?@-1=0 25. tan? 0 =16 

_ 4 M ou o 
26. 2tan 0 - 7 7 49 21. cog " D coss t 8 


In 28-35, use the quadratic formula to find to the nearest degree 
all values of 0 in the interval 0? < 0 < 360° that satisfy the given 
equation. 


28. 4sin? 0 - 2sin0- 3-0 29. 2tan? 0 - tan0 - 2-0 
30. 9cos?0- 6cos0 =2 31. 3sin? 0 - 1 =sin@ 
32. 5 cos? 0 - 2 = 4 cos 0 33. 8(sin? 0 - sin 0) = 1 
34. 1- 4cos0 = 2 cos? 0 35. tan? 0 = 8tan0 - 5 


36. I£0? X x « 360°, find all values of x for which 4 sin? x - sin x = 0. 


13-13 EQUATIONS INVOLVING 
MORE THAN ONE FUNCTION 


To solve a trigonometric equation that contains two or more func- 
tions of a variable, such as 2 cos? 0 - sin 0 = 1, we will find it useful 
to express each variable term as the same function of the same variable. 
To do this in the given equation, we would need to express cos^ @ in 
terms of sin 0 or sin 0 in terms of cos 0. 
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Since cos? 0 = 1 - sin? 0 and sin? 0 = 1 - cos? 0 or sin 0 = 


tA/1 - cos? 0, it is simpler to express cos? 6 in terms of sin 0 than to 
use the radical form necessary to express sin 0 in terms of cos 0. 


[]ExaAMPLE 1: Find all values of 0 in the interval 0? < 0 < 360? for 
which 2 cos? 0 - sin 0 = 1. 


2cos? 0 - sin =1 

2(1 - sin^0)- sin@ = 1 

2- 2 sin? 0 - sin =1 

-2 sin? 0 - sn@+1=0 

2 sin? 0 +sinĝ -1=0 

(2 sin 0 - 1)(sin0 +1)=0 
2snO0-1^7^0 ipid MO. 
2sin@ =1 inĝ =-1 
sin @ = 4 6 = 270° 


0 = 30° or 150° 
The solution set = {80°, 150°, 270°}. 


In a similar way, if the equation contains function values of two dif- 
ferent but related angle measures, such as 0 and 20, write the equation 
in terms of a single function of a single variable. 


[L] ExAMPLE 2: Find to the nearest degree the measure of the positive 
acute angle that satisfies the equation cos 20 - 2 sin 0 + 2 = 0. 


There are three identities that express cos 20 in terms of function 
values of 8. Since the equation also has a term in sin 0, we will use the 
identity for cos 20 that uses sin 0, that is, cos 20 = 1 - 2 sin? 0. 


Solution 
cos 20 - 2sin@ * 2-0 
1- 2sin? 6 - 2sin@ +2=0 
-2 sin? 0 - 2sin@+3=0 
a =-2,b=-2,c=3 


-b + yb? - 4ac 
2a 


-(-2) + V(-2)? - 4(-2)(3) 
2(-2) 


sin 6 = 
sin 6 = 


sin 0 = 


2+V 28 
-4 
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dad m 2 + 5.29 —— € 2 - 5.29 
-4 -4 
_ 7.29 ig eo 
inĝ = “=A sin 0 7 
sin 9 = -1.82 sin 0 = 0.82 
(There is no solution 0-55^ Ans. 


for this value of sin 0.) 


Equations that contain two different functions can sometimes be 
solved without substitution if the two functions can be separated by 
factoring. 


()ExaAMPLE 3: If0 € 0 <I, find 0 when 2 cos 9 sin @ - cos 0 = 0. 


m 9? 
Solution 
1. Factor the left-hand member. 2 cos 0 sin @ - cos @ = 
cos 6(2 sin 0 - 1) =0 
2. Set each factor equal to 0. cos -0 | 2sin0- 170 
Notice that each factor con- T i 
tains only one function. 075 2sin0 =1 
——À 1 
sin Ó = 2 
is 
dan 


01|A 
bo|[3 


Answer: 


KEEP IN MIND 


To solve trigonometric equations: 





1. If the equation involves different but related angle 
measures, use identities to write each function in 
terms of the same angle measure. 


. If the equation involves different functions, sepa- 
rate the functions by factoring if possible, or use 
identities to express different functions in terms 
of the same function. 
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[ MODEL PROBLEMS 


1. Find all values of 0 in the interval 0° < 0 < 360? that satisfy the 
equation 2(sin 0 + csc 0) = 5. 











Solution 

1. Replace csc 0 by 2(sin 0 + csc 0) = 5 
a a I a 
sin 0' a(sind + x25) = 5 

2. Simplify the left- 2 sin 0 + zc = 5 
hand member by 22: 
multiplication. 

3. Clear fractions by 2 sin? 0 + 2 = 5 sin 0 
multiplying both 
members by sin 8. 

4. Solve the quadratic 2 sin? 0 - 5sin@d +2=0 
equation for sin 6. (2 sin 0 - 1)(sin0 - 2) = 0 
(Notethatthequad^ — 5,6 1.0  |gng. 2=0 
ratic formula could TN in0-29 
have been used to j : ond 
solve for sin 0.) sin y 7 | 

5. Find the values of 6 0 = 30° (No solution is 
in the given interval. 0 -150" | possible for this 


value of sin 0.) 


Answer: 0 = 30? or 0 = 150? OR solution set = {30°, 150°} 


2. Solve for @ in the interval E Se A when 2 sin @ = tan @. 





Solution 
1. Write the equation in terms 2 sin @ = tan 0 
of sines and cosines. sin 6 
2 sin 0 = —— 
cos 0 
: snO _ 
2. Write an equivalent equation 2 sin 0 - mas 0 


with one member equal to 0. 


3. Factor the left-hand member. sin 0 (2 - x) 2 
~ . eos 8 
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4. Set each factor equal to 0, 
and solve the resulting equa- 
tions. 








"EXERCISES 


In 1-10, find all values of 0 in the interval 0° < 0 < 360° that satisfy 
the given equation. 


1. 4sin? 0 * 4cos0 =5 2. 2cos? ð * 3sin0- 3-0 
3. sec? 0 - tan0- 1^0 4. 2cos0 * 17 sec Ó 

5. 2sin^0* 3cos0 =0 6. cos? 0 * sinO =1 

7. tan@ = 3cot 0 8. 2sin @ = csc 0 

9. cos @ = sec 10. sin 20 = tan 0 


In 11-14, find all values of 0 in the interval 0 < 0 < 27 that satisfy 
the given equation. 
11. cos 20 * cos0 * 1-70 12. 2sin? 0 - cos 20 = 0 
13. cos 20 + sin - 0 14. cos 20 + 3cos0 * 2-0 


In 15-30, find to the nearest degree the values of @ in the interval 
0? € 0 < 360° that satisfy the given equation. 


15. 5sin^0 + 3cos0 * 3 16. 5cos? 0 - 4sin0- 4-0 
17. sec? 0 * tan0- 7=0 18. 2sec? 0 * 1 tan0- 6=0 
19. 5cos@ + 4 » sec O 20. 7sin + 1 =6csc@ 

21. tan0 +5 =6coté 22. cot0 - 2tand- 170 


23. 3sin? 6+5cos@- 4- 24. cos?0 ^ sin0 =0 

25. 3cos? 0 *2sin0O-1- 26. 2 sec? 0 - 3tan0 - 1 
27. cos@ + 17 sec 0 28. 3cos 20 * 8sin0 +5 
29. 3cos20 + 5cos0 -* 2-0 30. 2cos 20 + cos0 =0 


0 
0 
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In 31-36: a. Express 0 in inverse trigonometric form. b. Find the 
principal values of @. 


31. 2sin@cos@ + sin =0 32. sec @ tan @ - 2tan0 =0 
33. cot @ + cot 6 cos0 =0 34. 2sin 6 cos * 4/2 cos @ =0 
35. sin 20 + cos0 =0 36. sin @ - sin 20 =0 


37. Solve the equation 1 + sin x = 2 cos* x for the measure of a posi- 
tive acute angle. 


In 38 and 39, select the numeral preceding the expression that best 
completes the sentence. 
38. For values of @ in the interval 0° < @ < 360°, the solution set of 
2sin20 1 





the equation ! — = is: 
cos 0 sin 0 
(1) {60°, 300°} (2) {80°, 150°} 
(3) {60°, 120°} (4) (30^, 150^, 210°, 330°} 


39. One value of x that satisfies the equation sin 6 = cos 20 is: 
(1) 0? (2) 30? (3) 90? (4) 210? 
13-14 REVIEW EXERCISES 
1. If x and y are the measures of acute angles and sin x = ~ and 
COS y = 2, find: a. sin (x + y) b. cos (x - y) c. tan 2x 
d. cos iy e. sin 3 + x) f. tan (-x) 


2. Ifsin Lo = 23 find cos 0. 


In 3-6, prove the identity. 


, 1*cos20 _ 2tan0 - sin 20 — . , 
3. —din90 cot 0 4. ^ 9t1no  8Sn g 
b. sin 20 = 2 ü. v Ll __ = 9 sec? 6 


tan 0 + cot 6 l-*sinÓ 1-sind 
In 7-10, solve the given equation for @ in the interval 0° < 0 < 360°. 
7. 8- 8sin0- 2cos^ 0-0 8. sin20 * 2cos0 - 0 
9. sec? 0 - tan0- 1-0 10. cos 20 + sin?0- 1-0 
In 11-14, find to the nearest degree the values of @ in the interval 
0° < 0 < 360° that satisfy the given equation. 


11. 3cos 20 * cos * 2-0 12. 7cos* 6 - 4sin@ = 4 
13. 2tan06 - 2cot0- 3-0 14. 9sin?0-*6cos0- 8=0 
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15. Find the three factors of 9 cos? 0 - cos 0. 

16. Find the three factors of cos 0 - cos 0 sin? 0. 

17. Find the smallest positive value of 0 for which 3 tan? 0 - 1 = 0. 

18. Find the measure 0 of the smallest acute angle that is a solution of 
the equation 2 cos? 0 - 5 cos 0 + 2 = O. 

19. Ifx is the measure of an acute angle and cos x = 4, find sin $x. 

20. If 0 is the measure of an obtuse angle and cos 0 = - 45, find 
tan $0. 

21. If x is the measure of an acute angle and sin x = .6, find the value 
of sin (T + x). 

22. If 0 is the measure of an acute angle and sin 0 = 4, find cos 20. 

23. If x is the measure of an angle in quadrant III and cos x = - 2, 


find sin 2x. 


In 24-37, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


24. The expression sin 20 csc 0 is equivalent to: 
(1) sin? 20 (2) sin? 0 (3) 2 sin 0 (4) 2 cos 0 
25. The expression cos? 20 + sin? 20 is equivalent to: 


(1) 1 (2) 2 (3) cos 0 (4) cos 40 
26. Which of the following is not an identity? 
(1) sin (-x) = -sin x (2) cos (-x) = -cosx 
(3) tan (-x) = -tan x (4) cot (-x) = -cot x 
27. Iftan x 7 - and tan y = 2, then the value of tan (x + y) is: 
(1) $ (2) 3 (3) $ (4) & 


28. The expression cos 40° cos 30° - sin 40^ sin 30° is equivalent to: 
(1) sin 70? (2) sin 10^? (3) cos 70? (4) cos 10? 
29. The value of sin 10° cos 20° + cos 10° sin 20° is: 


v3 


(1) "23 (2) $ (3) approximately equal to .1736 


(4) approximately equal to .9848 
30. The expression cos (x - 90°) is equivalent to: 
(1) -cosx (2) cosx (3) -sin x (4) sin x 


2 
(1) -cosx (2) cosx (3) -sin x (4) sin x 
32. How many solutions to the equation 2 cos? 0 + 3cos0 * 1-2 0 
are there in the interval 0° < 0 < 360°? 
(1) 0 (2) 2 (3) 3 (4) 4 


3l. The expression sin (s = Sr) is equivalent to: 


33. 


34. 


35. 


36. 


37. 


38. 
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How many solutions to the equation cos? 0 - 5 cos @ + 6 = 0 are 
there in the interval 0° < 6 < 360°? 


"5E (2) 2 (3) 3 (4) 0 
If cos (0 - 40°) = sin 50°, then the value of 0 in degrees is: 
(1) 40 (2) 50 (3) 80 (4) 90 
If tan x = 4 and tan y = 4, then tan (x + y) equals: 
(1) 1 (2) $ (3) $ (4) 7 
If cos 0 = $ and 270? < 0 < 360°, then cos $6 equals: 

3 JT 3 JT 
(1) 7 (2) -7 (3) -7 (a) "ZF 
If A = Arc cos A what is the value of tan EL 
(1) 3 (2) $ (3) 3 (4) & 
Diagonal BD of quadrilateral ABCD is D e: 


perpendicular to AB and to DC, 

AD = BC, and mzA = 2 mzDBC. 

a. Find mzA and mzDBC. 

b. Prove: ABCD is a parallelogram. A B 


(Hint: Express BD as function values 
of ZA and zDCB.) 


Chapter 1 4 


The Complex Numbers 








14-1 IMAGINARY NUMBERS 


In Chapter 4, we learned how to solve quadratic equations having real 
roots. For example: 


Solve: x- 4-20 Solve: x- 3-20 
x? -4 x?-23 
x = +2 x= t/3 


Answer x =2orx=-2 Answer: x =\/3 or x =-V/3 

There are quadratic equations, however, that have no roots in the set 
of real numbers. For example, to solve x? + 1 = 0, we write the equiva- 
lent equation x? = -1. But the square of a real number is either positive 
or zero; that is, the square of a real number cannot be negative. 


The equation x? + 1 = 0 will 
have two roots only if we agree 
to extend our number system 
beyond the set of real num- 
bers to include numbers such as Answer: x =./-lorx =-V/-1 
V-I and -/71. 

The numbers 4/-1 and -4/-1 
are not real numbers. Early mathematicians called these numbers 
"imaginary" because the numbers seemed to have little value and 
they certainly were not ''real." In today’s world, these numbers are 
of great use in solving many practical problems, especially in the field 
of electricity. 

To simplify notation, we use i to represent the square root of negative 
one. Therefore: 





i 74-1 AND -į = -4/-1 
The number i, or the number 4/- 1, is called the imaginary unit be- 


cause it is the basis upon which a new set of numbers, called ‘“‘imagi- 
nary numbers," is built. 
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B DEFINITION. A pure imaginary number is any number that can be 
expressed in the form bi, where b is a real number such that b # 0, and 


i is the imaginary unit 4/- 1. 


Examples of pure imaginary numbers include 4/-25,4/-7, -2./-9 
and4/-12 because: 

1. V-25 2»4/254/-1 = 54/-1 = i. (Although 54/-1 and 5i indicate 
the same number, we will write the number in the form 5i in this 
book.) 

2.V7-T=JSTV-1 = y7 i= iV". (By writing \/-7 as i/7, we make 
it clear that i is not a term under the radical sign.) 

8. -2 /-9 = -2/94/-1-7 -2-3i = -6i. 
4. /-12 "o 12V-1 = /4V/34/-1 = 23i = 2i/3. 
E In general, for any real number b where b > 0: 
V -b? = Vb? vV-1= bi 


Note: By the zero property of multiplication, 0i = 0 -i = 0, a real 
number. 


Powers of / 


Since the solution of x? = -1 
is x =V-1 or x = -V-1, it 
follows that: (/-1)? =-1 ano (-/-1)? =- 


However, i= /-1. There- 
fore, the solution of x? =-1 
can be written as x =i or 
x = -i. By substitution: (== sup (ij^ --1 


Using i = \/-1 and i? = - 1, we can build a table of the powers of i. 
P-i-i-i-i?-i- -1/-1-7 -A-1,or simply -i. 
i^-i-i-i-i2i?*-i? = (-1)(-1) » 1. 

Watch what happens now: i?- i^-i-1-i- i. Then, p -j^.i?- 
1(-1) = -1, and i? = i^ - i = 1(-i) = - i. Similarly, i? = i^ - i^ = 
1 - 1 = 1. In the table, the powers of i repeat in a definite wile. as seen 
below. Notice that i? = 1 by definition. 
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The powers of i that fall into each of these four columns can be de- 
scribed by a rule. 


@ In general, for any whole number X: 
pak =] j^**1 =j j^**? =-] j^**? = -į 


By moving in a clockwise direction 
within the circle at the right, we see that Ak 
the powers of i behave exactly like a 
clock 4 system. In fact, when a whole 
number exponent is divided by 4, its re- Ak+3 Ak+1 
mainder must be 0, 1, 2, or 3 (the same ! 
numbers on a clock 4). Powers of i can 
be simplified by using the rules stated 4k+2 
above or the remainders 0, 1, 2, 3. 


[]ExaAMPLE: Write ië? in simplest terms. 


Method 1: The Rules Method 2: Remainders 
Since j9? = j4€9*2 Since 82 + 4 = 20 
d [4^*7 a —1, the with a remainder of 20 R2 
an i , then | | 4)82 


2, then ië? is equiva- 
lent to i*. Thus: 


p82 = j4@20)+2 2-1 Ans. j82 2i 2-1 Ans 


Properties and Operations 
Many familiar properties are true for the set of imaginary numbers, 
including the commutative and associative properties of both addition 
and multiplication, and the distributive property of multiplication over 
addition. These properties are used in performing operations with imag- 
inary numbers. In each of the following examples, notice that numbers 
are first expressed in terms of i, and then operations are performed. 


Addition: 4/-16 + /-9 = /164/-1 + /94/-1 


-4i*8i-(4* 3i "i Ans. 


Subtraction: V-16 —-4/-16 *4/164/-1 - /16/-1 


= 4i- 4i-(4- 45i - 0i 0 Ans. 


Multiplication: 4/-164/-9 = /164/-1 - /94/-1 
4i * 3i 
- (4 * 3)(i + i) 
-12i?-212(-1)--12 Ans. 
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Note: It is incorrect to use the rule Va \/b = Vab with pure imag- 
inary numbers since this rule is true only when a > 0 and b > 0. 
ARN .v-16 164-1 14i 4 
Division: 4/-16 +/-9 JS J9 ^1 3i 38 Ans. 
The examples just studied illustrate that: 
l. The sum, or the difference, of two pure imaginary numbers is a pure 
imaginary number, except when the result is Oi = 0. 


2. The product, or the quotient, of two pure imaginary numbers is al- 
ways a real number. 


MODELPROBLEM|— ( ^ ^ m 


Express in terms of i the sum 4,/-18 + ./-50. 


How to Proceed Solution 
1. Write each number in simplest 4,/-18 + V-50 
radical form and in terms of i. =4/9/2V/-1+/25/2V-1 
=4+3/2-i+5/2-i 
= 12i/2 + 5i/2 
2. Use the distributive property = (12 + 5)i/2 
to simplify the expression. - 17i/2 Ans. 


In 1-24, express each number in terms of i , and simplify. 


1. /-36 2. /-100 3. - 
V-9 7. J-144 8. 


I 

ü 
_ 
nS 

IH N 
i 
de 
co 


5. 4-64 6. -2 i V-25 
9, y4 19. 4-4 11. 4-4 12, 2-19 
13. /-3 14. ./-29 15. 3/-11 16. -4/-10 
17. 4/-20 18. -4/-28 19. 24/-75 20. 54/-8 


21. V-72 22. -$J-800 23. -J-1 24. 4,/-2 
In 25-34, write the given power of i in simplest terms as 1, i, - 1, or 
=I. 


25. i" 26. i’ 27, i” 28. i"? 29. i5% 
90, i” 91. j?99 82. i246 33. j?! 34, 52001 
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In 35-56, write each number in terms of i, perform the indicated 
operation, and write the answer in simplest terms. 
























35. ee id 36. 34/-4 + /-121 
37. -/-9 38. V-16 - 2-4 
39. Js 40. 8-3 - J-12 
41. - /-32 42. -24/-18 - 14-50 
43. pii 44. ./-289 +./-169 
45. $./1 46. /-81- 4-25 
47. DVB 48. \/-5- de 
49. 3-/-3 50. -3./-10 - 24/-10 
51. — 52. 24/-7-4/-63 

V - 98 -//-48 -/-20 
53. 54. d 55. dud 56. -180 






57. Express in terms of i the sum /-81 + 9 /-25 + /-4 
58. Express in terms of i the sum V-72 + /-32 + 3-8 


In 59-66, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


59. The expression 4/- 192 is equivalent to: 


(1) -8V3 (28/3 (383 (4-83 
60. If4/- 60 is subtracted from vy- 135, the difference is: 
(1) V-75  (2)ivī5  (3-iV15 (4i 
61. The product i? - i? - i!? equals: 
(1) 1 (2) i (3) -1 (4) -i 
62. The product of 2i? - 3i? is: 
(1) 6 (2) 6i (3) -6 (4) -6i 
63. The value of wl is: 
(1) 6 (2) - (3) 9 (4) -9 
64. Thesum of 5i? and f is: 
(1) 6i (2) 5i (3) -5 (4) -6 
65. The solution set of x? + 9 = O is: 
(1) (-3) (2) (3,-3) (3) (3i, - 3i) (4) {i, -i} 
66. Which expression is equal to zero? 
1) r er (2) i? + i? (3) i = g (4) i* + i^ 


In 67-69, solve the equation, and express roots in terms of i. 
67. x?* 64-0 68. x? = 2x? + 16 69. 2x? * 10-0 
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70. a. Is the set of pure imaginary numbers closed under addition? Ex- 
plain why. b. Is there an identity element for addition in the set of 


pure imaginary numbers? Explain why. 


71. Give as many reasons as possible to indicate why the set of pure 
imaginary numbers is not a group under multiplication. 


14-2 COMPLEX NUMBERS 


The discovery of the set of pure imaginary numbers enables us to de- 
fine still another set of numbers, called the complex numbers. 


B DEFINITION. A complex number is any number that can be ex- 
pressed in the form a + bi, where a and b are real numbers and i is the 


imaginary unit. 


Examples of complex numbers include 2 + of, - 


0 + Oi. 


In Fig. 1, we see the intersection of 
two number lines. The real number line 
is drawn horizontally, and the pure 
imaginary number line is drawn verti- 
cally. Since 0i = 0, it is natural that 
these number lines intersect at a point 
that represents 0 on the real number 
line and Qi on the imaginary number 
line. Therefore, this point of intersec- 
tion represents the complex number 
0 + Oi. 

In Fig. 2, the complex number plane 
is formed by using the two axes we 
have just studied. The real number axis 
is called the x-axis, and the pure imag- 
inary number axis is called the yi-axis. 

The complex number plane is simi- 
lar to the rectangular coordinate sys- 
tem studied earlier. In the same way 
that we located the point (x, y) = (2, 5), 
we now locate the point for the com- 
plex number x + yi = 2 + 5i. That is, 
we use the rectangular grid to locate 
the point of intersection of the real 
component 2 and the imaginary com- 
ponent 5i. 


3 + Oi, 0 + 2i, and 


4j + Pure 
3j imaginaries 
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By studying other points on the complex number plane, we observe: 
1. Any complex number a + bi where b = O isa real number. 


For example, -3 + 0i = -3, represented by a point on the real num- 
ber axis. Conversely, every real number can be expressed as a complex 
number, as in 5 = 5 + Oi. 


2. Any complex number a + bi where a = 0 and 6 Æ 0 is a pure imag- 
inary number. 


For example, 0 + 2i = 2i, represented by a point on the pure imag- 
inary axis. Conversely, every pure imaginary number can be expressed 
as a complex number, as in - 4i = 0 - 4i. 


3. Any complex number a + bi where b # 0 is an imaginary num ber. 


For example, the complex numbers -3 + 4i, -2 - i, 2+ bi, and 
0 + 2i can simply be called imaginary numbers. Notice that these num- 
bers are represented by points in the complex number plane that are 
not on the real number axis. Of the imaginary numbers cited as exam- 
ples, only 0 + 2i = 2i is a pure imaginary" number. 


Bl The set of real numbers and the set of imaginary numbers are subsets 
of the set of complex numbers. 


Complex Numbers, Points, and Vectors 


We have seen that a complex number can be 
represented by a point in the complex number 
plane. For example, in Fig. 3, point C repre- 
sents the complex number 3 + 2i. 


In Fig. 4, notice that the same complex 
number 3 + 2i can also be represented as a 
vector in the complex number plane. Let 
OA represent 3, and OB represent 2i. We 
will define the sum of two vectors, such as 
—— —— —> 
OA + OB, to be the resultant vector OC (that 
is, the diagonal in parallelogram n OACB deter- 
mined by OA and OB). Thus, OC is a vector 
representing the complex number 3 + 2i. 
From this example, we observe: 





E Every complex number can be represented as a point or as a vector 
in the complex number plane. 
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Equality of Complex Numbers 


Two complex numbers are equal if and only if their real compo- 
nents are equal and their imaginary components are equal. In symbols, 
a + bi = c + di if and only if a = c and bi = di. 

For example, x + 3i = -5 + yi if and only if x = -5 and 3i = yi (or 
y = $). 





1. Write the complex number that 
is represented by each of the 
vectors drawn in the accompa- 


nying diágram: 
— — — 
a. OA b. OB c. OC 





— ——- — 
d. OD e. OE f. OF 


Ex. 1 


In 2-7, find the real numbers a and b that will make the equation 
true. 


2. at bi^" + 2i 3. a- 61-4 * bi 
4. at bi212-*i- 3 5. di=at bi 


6. at 4/-16 » 16 + bi T, -425 =a + bi 


In 8-11: a. Tell whether the statement is true or false. b. If the state- 
ment is false, explain why. 


8. The set of real numbers is a subset of the set of complex numbers. 
9. Ifb = 0, then the number a + bi is a real number. 
10. Ifa = 0, then the number a + bi is a pure imaginary number. 
11. Every point on the complex number plane that does not represent 
a real number must represent an imaginary number. 


14-3 ADDITION AND SUBTRACTION OF 
COMPLEX NUMBERS 


It seems natural to treat the sum of two complex num- 
bers as the sum of two binomials. By adding like terms, we 
find the sum of the real components and the sum of the 
pure imaginary components. At the right, an addition is 
performed in a vertical format. This addition may also be 
written in a horizontal format: 


(2 3i) + (Db + i) = (2 + b) + (Bi t i) = 7 + 4i 
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We can use vector addition to add 
the same two complex numbers. In 
the diagram at the right, let OA rep- 
resent the complex number 2 * 3i, 
and let OB represent 5 + i. The sum 

— 

of the vectors OA and OB is the re- 
sultant vector OC (that is, the diag- 
onal in parallelogram OACB deter- 

— — — 
mined by OA and OB). Thus, OC 
represents the complex number 
T + 4i, and this geometric demon- 
stration verifies the sum found earlier 
by algebraic methods. 





In general, whether we treat complex numbers as binomials or as 


vectors, we define the addition of complex numbers to be: 


(a + bi) + (c + di) = (a + c) + (b + d)i 


Properties 


The set of complex numbers under addition, or (Complex numbers, +), 


can be shown to have the following properties: 


1. 


Closure. By the definition of addition, the sum of two complex 
numbers is a complex number. Thus, (Complex numbers, +) is 
closed. 


. Associativity. (Complex numbers, +) is associative. In symbols: 


((a + bi) + (c + di)) + (e + fi) = (a + bi) + ((c + di) + (e + fi)) 


. Identity. The identity element for the addition of real numbers is 


0. However, 0 = 0 + Oi. By this extension, we state that the identity 
element for (Complex numbers, +) is 0 + Oi. This is true because: 


(a+ bi) * (0- 0) "a*bi anno (0+ 0i) + (a+ di) =at bi 


. Inverses. The additive inverse of the complex number a + bi is 


-a - bi because: 
(a+ bi) * (-Ca- bi) 20-* 0i ann  (-a- bi) + (a + bi) » O * Oi 


. Commutativity. (Complex numbers, *) is commutative. In symbols: 


(a + bi) + (c + di) = (c + di) + (a + bi) 


Since these five properties are true, it follows that: 


E (Complex numbers, +) is a commutative group. 
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Subtraction 

Subtraction has been defined as the addition of an additive inverse. 
That is, x - y = x + (- y). In the following example, 3 + 2i is subtracted 
from 1+ 3i by adding -3 - 2i (the additive inverse of 3 + 2i) to 
1 + 3i. 

(1 + 3i) - (3 + 2i) 
= (1 + 3i) + (-3 - 2i) = (1 - Byes Bak i Ans. 

Let us use vectors to demonstrate this 
subtraction. In the diagram at the right, 
let OA represent 1 + 3i, and let OB 
represent 3 + 21. Since -(3 + 2i) = 

— 
-8 - 2i, the additive inverse of OB is 
—— 
OB' or - 3 - 2i. 

. Therefore, the subtraction of vectors, | 
OÀ - OB, i is treated as an addition of | [B'(—-3-2) 
vectors, OA + OB’, where OB’ is the TY 
additive inverse of OB. The resultant 
OC represents -2 -2 * i, which is the dif- 
ference OÀ - OB, or (1 + 3i) - (3 + 2i). 

In general, subtraction of complex numbers is defined as follows: 

(a + bi) - (c + di) = (a- c) + (b - d)i 


Note that the additive inverse of a complex number presented graph- 
ically is equivalent to moving the complex number through a point re- 
flection in the origin, or a rotation of 180° about the origin. 


yi’ 
A(1+3/) 
B(3+2/) 





TO ——— LÀ l MÍ = —_ — - mimm. a 


OA - OB = OA + OB! = OC 


MODEL PROBLEMS 





1, Express the sum of (5 *4/-36) | 2. Subtract 6 - 2i,/3 from 

and (3 - ./-16) in the form 5 - 3/3. 

a + bi. 

Solution 
— a e (5 - 3iv/3) - (6 - 2i/3) 

6 ; éi) ibe a "m = (5 - 8i /3) + (-6 + 2i/3) 
5 3) + (6i - 4i) = (6 - 6) + (- 8i /3 + 2/8) 
8+ 2i Ans =-1-i/3 Ans. 


Solution 


"n mW i 
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| EXERCISES 


In 1-14, perform the operation and express the result in the form 


a+ bi. 

1. (10 + 3i) + (5 + 8i) 2. (T= 2i) * (8 = 6i) 

3. (4- 2i) + (- 3 + 2i) 4. (0*3) - (2+ i) 

5. (-8 + 5i) - (5- Ti) 6. (9 - 2i) - (9 - 5i) 

T. (1.3 + 4i) (29> 1.7i) 8. (3.1 - 0.6i) - (4.8 - 0.4i) 

a S e f a 85 F8. 

à: (3 nut 4 19; d i a) fc ‘ 1) 
11. (8-*4/-9)- (10 + ./- 4) 12. (-2 + 4/-12) + (8 + V-27) 
13. (-1- V-80)- (8++/-20) 14. - 4/-128) + (- 5 - 4/-98) 
15. Add: 5 * i, 7 - 3i, 12 + 6i, -10 - 8i, and - 14 + 4i. 
16. Subtract 2 - 13i from 7 - 5i. 
17. From the sum of 3 - i and -2 - 2i, subtract 4 - 5i. 
18. Express the sum of 9 + 4/-9 and 5 - y -16 in the form a + bi. 
19. Express the difference, (5 - 4/-50) - (-2 + /-162), in the form 


a * bi. 


In 20-25: a. Express the indicated sum or difference in the form 
a * bi. b. Demonstrate how this sum or difference is found using 
vectors in a complex number plane. (Hint: The parallelogram rule does 
not apply in exercises 24 and 25.) 


20. (2 + 3i) + (8 - 2i) 4 (^3-1)- (1+ 4i) 
22. (-2- i) - (-2 + 4i) 23. (5 - 4i) - (2 + Oi) 
94. (3 + i) + (6 + 2i) 25. (6 - 4i) - (3 - 2i) 
26. True or False: The sum of any complex number and its additive 


inverse is a real number. Explain why. 


14-4 MULTIPLICATION OF COMPLEX NUMBERS 


The product of two complex numbers can be treated as the produet 
of two binomials. Notice, however, in the following example that i? is 
replaced by -1. In this way, the product is then written in the form of 
a complex number. 
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L] ExAMPLE: Find the product of (3 + 2i) and (2 + i). 


Method 1: The Distributive Property | Method 2: Mental Arithmetic 
(3 + 2i)(2 + i) = 3(2 + i) + 2i(2 + i) 6 oi? 
- 6 + 3i + 4i + 2i? | | 55 

SGE JF 4i + 2(-1) (3 + 22+) = 6 + Ti + 2? 


=6+ 3i+ 4i- 2 = 6 + 7i + 2(- 1) 
=4+ Ti Ans. T | -6-47i-2 
3i =4+Ti Ans. 


We may use either method to prove the following statement: 


il The product of two complex numbers is a complex number. 


Proof: (a + bi)(c + di) = a(c + di) + bi(c + di) 
=ac + adi + bci + bdi? 
= ac + adi + bci + bd(-1) 
= ac + adi + bci - bd 
= (ac - bd) + (adi + bci) 
Thus, (a + bi)(c + di) = (ac - bd) + (ad + bc)i 


In this proof, since (a + bi) and (c + di) are complex numbers, then 
a, b, c, and d are reals. By the closure properties of addition and multi- 
plication, both (ac - bd) and (ad + bc) are real numbers. Therefore, the 
product (ac - bd) * (ad * bc)i is a complex number by definition. 


Multiplication, Transformations, and Vectors 
To understand the multiplication of complex numbers from a graphic 
point of view, we will multiply (3 + 2i)(2 + i) in a step-by-step man- 
ner. Observe how transformations are used in these steps. Since 
—. 
(3 + 2i)(2 + i) = 3(2 + i) + 2i(2 + i), let OA represent (2 + i) in each 
step. 


Step 1: 3(2 * * i) — 6 + 3i 
—— 
3-0À = OA 


Multiplication by 3 is equivalent 
to D4, a dilation of 3 with the ori- 
gin as the center of dilation. 
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Step 2: i2*i)2i*? 
= 2i + (-1) 
NET 
i - OA = OB 


Multiplication by i is equiv- 
alent to Roo, a counterclock- 
wise rotation of 90° about the 
origin. 

2i(2 + i) = 4i + 2i? 
- 4i - 2 
=-2+ 4i 
— —> 
2i - OA = OB’, or 
— — 
2(OB) = OB' 


Step 3: 


Since multiplication by 2 is 
equivalent to D, and multipli- 
cation by i is equivalent to 
R, multiplication by 2i is 
equivalent to the composition 
of D; 9 Roo». 





"e — 

21°: OA = OB' 
= —_> 

or, 2(OB) = OB' 


- - -=+ = 


yi | EE 
. C(4+7i) | | 
Step 4: | Use vector addi- i, 1-1 
tion to find the re- oe pe x 
cc M qu ^ y l4 
sultant OC. This sin- torn TETT 
gle graph includes B'e” tft pt 
steps 1, 2, and 3. (—2+4/) - ++ SAIL is 
(3 + 2i)(2 + i) Bh : ae | 
= 3(2 +i) + 2i(2 + i) "INA 1T 
=3- OA *€2i - OA O = Tx 
— — | » X M 
= OA' + OB' | | | | 
- OC — — — 
" ; 3-0A *2i* 0A = OC 
=4+ Ti any cc Rcs 
or, OA' + OB' = OC 
Conjugates 


The conjugate of the complex number a * bi is the complex number 
a - bi. For example, the conjugate of 5 + 2i is 5 - 2i. Similarly, 3 - i 
and 3 + i are conjugates of each other. Consider the following products: 
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(5 + 2i)(5 - 2i) = 25 + 10i - 10i - 4i? (3- i)(3 +i) =9- 31+ 3i- ? 


=25+10i- 10i * 4 =9- 35+ Si +1 
= 29 + Oi = 10+ 0i 
= 29 = 10 


It is true that the product of two complex numbers is a complex num- 
ber. However, when we multiply complex numbers that are conjugates, 
the imaginary component in the product is 0i, which equals 0. We may 
now say: 


@ The product of two complex numbers that are conjugates is a real 
number. 


Proof: (a + bi)(a - bi) = a? + abi - abi - b?i? 

a? + abi - abi + b? 

(a^ * b?) * (abi - abi) 

(a? + b?) + (ab - ab)i 
= (a? + b?) + Qi 

Thus, (a + bi)(a - bi) = a? + p? 


n dH I 


Since (a * bi) and (a - bi) are complex numbers, then a and b are 
real. By the closure properties of multiplication and addition, the prod- 
uct a? + b? must be a real number. 

In the next section, we will study properties involving the multiplica- 
tion of complex numbers. For now, let us practice working with the 
operation. 





MODEL PROBLEMS| 


1. Express the product of (3 + 7i) and (1 - 2i) in the form a + bi. 





Solution: Use either method. Let i? = - 1, and simplify. 


Method 1 Method 2 
(3 + 7i)(1- 2i) = 3(1- 2i) + Ti(1- 21) 2 -14i? 
=3- 6i+Ti- 14i? FA 
=3- 6i+ Ti - 14(-1) (3 + Ti)(1- 2i) = 3 * li- 14i? 
=3- 6i * Ti * 14 L1 =3+i- 14(-1) 
=17+1i Ti =3+i+14 
-6i =li ti 


Answer: 17+ lior17 +i 
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2. Express the number (4 - i)? - 8i? in simplest terms. 


How to Proceed Solution 
Perform the operations. (4- i)? - 8P =(4- D(4- i)- 8i? 
Reduce terms so that i’ or =16- 8iti?- 8i?-i 
i is the highest power of i. =16- 8i+(-1)- 8(- 1)i 
(Note: In simplest form, -16-8i-178i 
a + Oi =a.) =15+0i 
=15 Ans. 





EXERCISES 


In 1-13, write the product of the given numbers in the form a + Di. 


1. (3+ i)(4 + i) 2. (5 - i)(8 + i) 3. (1 + 3i)(2 - i) 

4. (4- 5)(2*i) 5. (T- D) - 2i) 6. (8- 5i)(3 - i) 

7. (1- 83i (5 - 3i) 8. (6- i)(6 + i) 9. (2- i)(4 + 2i) 
10. (8 *4/-25)(2 + V-1) 11. (3 - V/-49)(2 + V-16) 
12. (2+ /-9)(3 - V-4) 13. (5 - /-36)(2 - V/-100) 


In 14-19, multiply the conjugates, and write the product as a real 
number. 


14. (4* i)(4- i) 15 (9- i9 * i) 16. (1 + 5i)(1 - 5i) 
17. (7- 2i)(7+2i) 18. 6/5 + O/B - i) 19. (v6 - 3)(/6 + 3i) 


yi 

20. a. Expressthe product of (2 * i) and 
(3 * i) in the form a * bi. 

b. Find the product (2 + i)(3 + i) 

using _ graphic methods. (Hint: 

Let OA represent (3 + i). Use 

2(3 +i) + i(3 +i) to find the 

product.) 





O 


Ex. 20 


21. a. Express the product (1 * 2i)(2 + 5i) in the forma + bi. 
b. Find the product (1 * 2i)(2 * 5i) by using graphic methods. 
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In 22-27, raise the complex number to the indicated power, and 
write the answer in the form a + bi. 


22. (6 + i)? 23. (8 - i)? 24. (3 - 2i)? 
25. (2+ 5i)? 26. (1+ i)° 27. (2- 2i)° 


In 28-48, perform the indicated operations, and write the answer in 
simplest terms. That is, whenever possible, write the complex number 
answer as a real number or a pure imaginary number. 


28. (10 * i)(10 - i) 29. (3 + 5i)(3 - 5i) 30. (1-6i)(6 + i) 
31. (2 + 5i)(5 + 2i) 32. (9 + 3i)(6 - 2i) 33. (4- 3i)(3 - 4i) 
34. (7- 10i)(1 + Oi) 35. (8 + 9i)(1 + 0i) 386. (2 + 0i)(8 - 5i) 


37. i(4 * i) - 4i 38. i(9 - 2i) - 2 39. i1*i)*? 
40. 5(2- i) - 5? 41. (8 + i)(8 - i) 42. 8 * i(8 - i) 
43. 30 - 3(2 - i) 44. 6? +2(7+3i) 45. i +410 - i) 
46. (2+ i)? - 3 47. (3- 4i)? +7 48. (1+ i - 2i 


49. Express the product of 2 + iy/5 and its conjugate in simplest 
terms. 


In 50 and 51, select the numeral preceding the expression that best 
completes the sentence. 


90. The product (3 * 3i)(3 - 3i) equals: 
(10 4 (29 (318  (4)9- 9i 
91. The complex number i? - i(5 - i) is equivalent to: 
(1) 1 - 6i (2) -1- 6i (3) -1 - 4i (4) -5 +i 


14-5 MULTIPLICATIVE INVERSES AND 
DIVISION OF COMPLEX NUMBERS 
As we define the multiplicative identity and inverses in the complex 


number system, let us recall these elements in the real number system. 


Real Numbers Complex Numbers 














The identity element for multi- The identity element for multi- 
| plication is 1 because, for any | plication is 1 + Oi because, for 
real number n: any complex number a + bi: 
(a + bi)(1 + Oi) =a + bi 
AND 


(1 + Oi)(a + bi) =a + bi 












n-17n anno l*n^n 
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Since 1 + Oi = 1, we will often use this simpler form of the identity 
when working with complex numbers. Let us now consider inverses. 


Real Numbers Complex Numbers 
The multiplicative inverse of a | The multiplicative inverse of a | 
l | 
a + bi? 
. because: where a + bi # 0 + Oi, because: 


| cob | = 
real number n is at where n # 0, | complex number a + bi is 


Ll. i| _ 
ne = AND a «awd (a * bf) 7n 


AND 
1 


TEB «(a + bi) = 1 





-—— i-i is the multiplica- 
tive inverse of a * bi. For example, the MINE. inverse of 3 - i is 


3H But 3 : ; is not written in the form of a complex number. 


There is a problem, however, in stating that ^1 bi 





To find the complex number that is equivalent to T we must 


rationalize the denominator. That is, we multiply both numerator and 
denominator by the conjugate 3 * i, which, in effect, multiplies the 
fraction by the identity element 1. Therefore: 

_ S 1 (34i) 3+i 3+i Əti M a 1 
3-i"G-) (+) 9-r? 9*1 10°™ 10" 10 
It can be shown that (3 - i) and ($ + 15 i) are multiplicative inverses 

because their product is the identity element 1 + Oi, or 1. 








— a — T 


—- 1 


o. ==: 5 3 = 9 3 a: l -2 
Check: (8 i) 15 T ssi) Go * 19i - wi is 
ed add doc 
10 * 10! 10} * 10 

= M ig ES 3; 

10 35) + Goi - To i) 

-3 4Q;=1+0i-1 


Properties 


The identity and inverses are only two properties of the complex 
number system under multiplication. Let us list some important proper- 
ties for (Complex numbers, -). 
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1. Closure. Recall that (a + bi)(c + di) = (ac - bd) + (ad + bc)i. Since 
the product of two complex numbers is a complex number, it fol- 
lows that (Complex numbers, -) is closed. 

2. Associativity. (Complex numbers, -) is associative. In symbols: 

(a + bi) + (c + di)) + (e + fi) = (a + bi) + ((c + di) + (e + fi) 


3. Identity. The identity element in (Complex numbers, -) is 1 + Oi, 
which may be written in simplest terms as 1. 


4. Inverses. To find the multiplicative inverse of a complex number 
a + bi, where a + bi # 0 + Oi, we write a fraction and rationalize its 
denominator: 

1 1 (a - bi) a - bi a - bi ü bi 


= = es E a mA = ERR — 


a*bi (a+bi) (a- bi) a?- 6%? a?+b qb gp 








In the final form of the inverse, the denominator a? + b? cannot 
equal 0. However, there is only one complex number, namely, 0 + Oi, 
where a? + b? = 0? + 0? = 0. Therefore, every complex number except 
0 + Oi has an inverse under multiplication. 


@ The multiplicative inverse of a + bi, wherea + bi + 0 + Oi , 18: 


a - bi - 8. .. bi 
a? * b? a? + þ? a? + þ? 


9. Commutativity. (Complex numbers, -) is commutative. In symbols: 
(a + bi)(c + di) = (c + di)(a + bi) 


By excluding the element 0 + Oi, we can show that the remaining 
complex numbers under multiplication are still closed, associative, and 
commutative. The set of “complex numbers less 0 + Oi" contains the 
identity element 1 + Oi and inverses under multiplication. Therefore: 


E (Complex numbers/{0 + 0i), -) is a commutative group. 
Division 
Division by a number is equivalent to multiplication by the reciprocal 
(or multiplicative inverse) of that number. That is,xc-y-rx- $, Or 
ax. s Consider the problem “6 divided by 2.” 


=6 


tolo 
role 
I 


= 3 OR 


6+2=6- 


bole 
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We may extend this definition of division to the set of complex num- 
bers. As seen in the following example, however, it now seems natural 
to rationalize the denominator once the division is written in a frac- 
tional form. 


O ExaMPLE: Divide 8 + i by 2 - i. 








How to Proceed Solution 
Write the division (anes oie di A 
weoblen in fractional. PT OTE Ug,” Q-i (t) 
form. To rationalize 16 + 10i + i? 
the denominator, mul- = ie P 


tiply the fraction by a 


form of the identity Ab F ETT 1 
element 1. That is, mul- | 
9+] _15+10i _ 15 , 10i 
tiply by 5-7, where S ^ "^5 z 
=3+2i Ans. 


2 + į is the conjugate 
of the denominator 
2 - i. Then, simplify. 


A check is performed for a division problem by using multiplication. 
For example, to check that 6 + 2 = 3 or $ = 3, we multiply 3 - 2 = 6. 
The product of the quotient 3 and the divisor 2 is equal to the dividend 
6. Let us use this process to check the division problem just performed 

n 
with complex numbers. That is, if zti = 3 + 2i, it should be true that 
(3 + 2i)(2 - i)=8 +i. 
Check: (3 + 2i(2 - i) = 6 + 4i - 3i - 2i? 
=6+4i- 3i+2=8+i (True) 





MODEL PROBLEMS 


1. Write the multiplicative inverse of 2 + 4i in the form a + bi. Sim- 
plify, if possible. 


Solution 
1. The multiplicative inverse of 2 + 4i is 234 4i 
2. Rationalize the denominator. Since 2 - 4i is the conjugate of 


2 - 4i 
2-4i' 





the denominator 2 + 4i, multiply the fraction by 
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m SN 1 (2 - 4i) 2 - 4i 2-4i Àà2- 4i 


= = 
a a AN. Hs AS G^ An: 


2+ 4i (2+4i) (2-4) 4-16? 4-16 20 


3. This inverse may be simplified by various methods. 














1 1 1 
2- 4i 2l-2i) 1-2i i 2-46 .£ ^ 1 i 
20 H 10 | 20 20 BW 10 5 
10 10 5 
Answer: 1 - 2i OR PME S OR d 1, 
i 10 10 5 | 10 5 
2. Divide and check: (3 + 12i) + (4 - i) 
Solution | Check 
nidanigno no t4. Qin) (443 8i(4 - i) 43 + 12i 
(3 + 12i) + (4 - i) ET din kb 19i - 912 1913 


12i * 3 5 3 « 12i 


L ded i 
12+ FU +19" 195 54-12| si 4, waaay 


16 - i? "T 81 


(True) 
_ 0+ 51i Og SE "€ 
17 17 17 
= 31 Ans. 





In 1-12, write the multiplicative inverse of the given complex number 
in the form a + bi. Simplify, if possible. 


1. 3+i 2. 6-i 3. 1+ Bi 4. 4 - 8i 
5. 9 - 2i 6. 7+ 5i 7. 4 - di 8. 5 * bi 
9. 3+ Gi 10. 8 - 4i 11. v5 +i 12. 2- i3 


In 13-19, perform the indicated division, and check your answer. 
13. (4- 2i) -(1*i) 14. (3- i)-(2-*i) 15. (545i) - (8 - i) 
5 - 3i 7 - 4i AI E 18 +i 


ud ci m i-a er — 9 ga 





In 20-27, perform the given division. 














Acti 67i ! 1- 3i o +7] 
20. 2- 3i 21. Bet 22. 2 - 7i 23. B-i 

q 3 1 + 3i 3 - 5i 7 + 2i 
24. T*i 25. 23 Ai 26. mE m 21. Ji 
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28. Match the descriptions of complex numbers in Column 1 with 
their corresponding values in Column 2. 


Column 1 Column 2 
2i 
2-i 


. The additive inverse of 2 - i 

. The conjugate of 2 - i 

. The multiplicative inverse of 2 - i 

. The additive inverse of - 2 * i 

. The conjugate of -2 + i 

. The multiplicative inverse of 2 * i 

. The identity for (Complex numbers, +) 


. The identity for (Complex numbers/(0 + Oi}, -) 


00 -1 O» O' C5 bo H. 
rR AHSAN TA 
| 
bo 
+ 


In 29 and 30, select the numeral preceding the expression that best 
completes the sentence. 


29. The multiplicative inverse of 5 - zi is: 








(1) 4 + 4i (2) 4 - ji (3) 1+i (4) 2 * 2i 
30. The expression = 3 3i is equivalent to: 
7 * 8i 7 + 8i 7 - 8i 7 - 8i 
(1) ^40 (2) -58 (3-49 09 58 


31. a. What is the conjugate of (.6 - .8i)? b. Express the product of 
(.6 - .8i) and its conjugate in the form of a complex number. 
c. What is the multiplicative inverse of (.6 - .8i)? (Hint: See 
part b.) 


In 32-35, tell whether the statement is true or false. If it is false, 
explain why. 


32. The conjugate of (S + 32i) is (55 - 12 i), and (75 + iS - #i)= 
l + GL. 

| i v3. iX, (8 ‘| 

33. The conjugate of ee - 9) 8 \ 5 +5 , and 
V3 EJ » areal 
E "aNaz] *9 

34. The conjugate of (4 - 2i) is (4 + 2i), and (3 - $iX$ + 2i) = 
1 + Oi. 


35. For any complex number, its conjugate is equal to its multiplica- 
tive inverse. 


36. For what value of a? * b? does the conjugate of a * bi equal the 
multiplicative inverse of a + bi? 
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14-6 THE FIELD OF COMPLEX NUMBERS 


A system that consists of a set of elements and two operations, usu- 
ally addition and multiplication, is a field if eleven properties are true. 
We have studied ten field properties involving complex numbers earlier 
in this chapter; the last property, which is the distributive property, is 
also true. Therefore: 


il (Complex numbers, +, -) is a field because: 


1. (Complex numbers, +) is a commutative group. 

These five properties were studied in section 3 of this chapter. 
2. (Complex numbers/{0 + 0i), -) is a commutative group. 

These five properties were studied in section 5 of this chapter. 
3. Multiplication is distributive over addition. In symbols: 

(a + bi)((e + di) + (e + fi)) = (a + bi)(c + di) + (a + bi)(e + fi) 
In this statement of the distributive property, it can be proved that 

both numbers of the equation equal the same complex number, namely: 


(ac + ae - bd - bf) + (ad + af + bc + be)i 


Complex Numbers Cannot Be Ordered 


In an ordered field, there are fifteen properties: the eleven properties 
of a field and four other properties that relate to order. One of the 
properties of an ordered field is the Trichotomy Property, namely: For 
any elements a and b, one and only one of the following statements is 
true: 


ab OR a-b OR a<b 
L] For example, in the ordered field of (Rational numbers, +, <), 
consider -4 and 3. By the Trichotomy Property: 

-4 > 3 (False) OR -4 = 3 (False) OR -4 < 3 (True) 
C In the ordered field of (Real numbers, +, -, <), consider 4/5 and 2. 
By the Trichotomy Property: 

V5>2(True) or v5 = 2 (False) or 4/5 <2 (False) 


Any complex number of the form x + Oi equals the real number x. 
Since the set of real numbers can be ordered, complex numbers of the 
form x + Oi can be ordered. However, it is true that: 


E Complex numbers that are not real cannot be ordered. 
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For example, consider the complex 
numbers 2 + 3i and 3 + 2i, represented 


by vectors OA and OB, respectively, in the 
diagram at the right. Although the vectors 
are equal in length, they have different 
directions; thus, the vectors are not equal. 
Also, by the definition of equality of com- 
plex numbers, we know that 2+ 3i + 
3 + 2i. However, it is not possible to say 
that one of these numbers is greater than the other. 

Let us study some convincing arguments about elements in an ordered 
field that will lead us to conclusions about complex numbers. 





Argument 1: In an ordered field, the square of any number is greater 
than or equal to zero. That is: 


If n is an element of an ordered field, then n^ 2 0. 


Consider the complex number 0 + i, which is simply i. Since i? = - 1, 
and -1 « 0, it follows that i? < 0. Therefore, i? F 0. Similarly, (3i)? = 
- 9, and (3i)? > 0. By the contrapositive of the original statement, it is 
true that: 


If n? P 0, then n is not an element of an ordered field. 


Since the squares of many complex numbers are neither greater than 
nor equal to zero, we conclude: 


ll (Complex numbers, +, -) is not an ordered field. 


Argument 2: In an ordered field, if a number is positive (n > 0) or if 
a number is negative (n < 0), then its square is greater than zero. That 
1s: 


If n » 0orn <0, then n? > 0. 


But we have seen that i? = - 1. Thus, i? > 0. By the contrapositive of 
the original statement, it is true that: 


If n? > 0, then n + O and n <0. 
Since i? > 0, it follows that i > 0 and i £ 0. In other words: 


lll i is not a positive number, and i is not a negative number. 


In the same way, any complex number of the form a + bi, where 
b Æ 0, is neither a positive number nor a negative number. 
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EXERCISES] Z — — — — — -—] 


1. 
2. 





List the eleven field properties of (Complex numbers, +, -). 

a. What complex number is equal to (4 - i)((3 + 2i) + (1- 4i))? 

b. What complex number is equal to (4 - i)(3 + 2i) + (4 - i)(1- 4i)? 

c. If the answers to parts a and b are equal, what field property is 
illustrated by this equality? 


In 3-10, identify the property of the complex numbers that is illus- 
trated by the given statement. 


3. 
5. 


8. 
9. 
10. 


(7 - 4i) + (0 * Oi) 2 7 - 4i 4. (2* i)(8 - i) = (8- (2 + i) 
(2*iy($-ii)^51^-90i 6. (-3*i)*(3- i) =0+ Oi 
(17 - 9i)(1 + 0i) = 17 - 9i 

(6 - i) + (8 + 5i) = (8 + 5i) + (6 - i) 

(10 + 4i) + ((3 + Ti) + (2- 6i)) = ((10 + 4i) + (3 + Ti)) + (2 - 6i) 
(3 + 2i)((8 + 7i) + (-2 - Gi)) = (3 + 2i)(3 + Ti) + (3 + 2i)(-2 - 6i) 


In 11-17, tell whether the statement is true or false. If the statement 
is false, explain why. 


11. 
12. 
13. 
14, 
15. 
16. 
17. 


18. 


(Complex numbers, +, -) is a field. 

(Complex numbers, +, -, <) is an ordered field. 

In the set of complex numbers, (8 + 6i) > (3 + 2i). 

For the complex numbers i and (1 - i), it is true that i > (1 - i) 
ori = (1 - i) ori « (1- i). 

Every complex number has an additive inverse. 

Every complex number has a multiplicative inverse. 

The square of a complex number is greater than or equal to zero: 


In an ordered field, the following conditional statement is true: 
I[x > y, thenz- y > Q. 


a. Write the contrapositive of the given conditional statement. 

b. Let x = i, y = 4i, and x - y = 5i- di =i. Since we have 
proved that i > O or that x - y > 0, what conclusion must be 
true? 


(1) 5i>4i (2) 5iþ4i  (3i«0  (4i-0 
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14-7 SOLVING QUADRATIC EQUATIONS 
WITH IMAGINARY ROOTS 


In Chapter 4, we solved quadratic equations with real roots. Recall 
that a quadratic equation is an equation of the form ax? + bx + c = 0, 
where a, b, and c are real numbers, and a # 0. 

To find the roots of a quadratic equation, we may use the quadratic 
formula (derived on page 193): 


-— -b t yb? = 4ac 
P 2a 


In Chapter 4, we learned that when the discriminant b? - 4ac is a 
negative number, the roots of the quadratic equation are not real. Now 
that we have extended the number system from the real numbers to the 
complex numbers, let us attempt to solve a quadratic equation whose 
discriminant is negative. We will let the domain be the set of complex 
numbers. 


[]ExaMPLe: Solve the equation: x? - 8x + 17 =0 


How to Proceed Solution 
1. Compare the equation to x? - 8x * 17 7*0 
ax? * bx *c- 0 to deter- a=1,b=-8,c=17 
mine a, b, and c. 
2. Substitute the values of a, b, | >p ype tuc 


and c in the quadratic for- dim 2a 


mula, and simplify. _ -(-8) + V (8) - 4(1)(17) 
— ON 


,.8*v64- 68 
2 





(Note: If b? - 4ac is nega- ms a ccs 
tive, then «/b? - 4ac is an 8t2i 8 2i 
imaginary number.) ee 
2 2^2 
3. Check both roots in the orig- x-74ti 


inal equation. (The check is 
left as a student exercise.) 


Answer: x ^4 ti OR solution set = (4 + i, 4 - i} 
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It is true that 4 + i and 4 - i are complex numbers. However, any 
number of the form a + bi where b # 0 can also be called an imaginary 
number. Therefore, the roots 4 * i are imaginary. 

In the next section, we will discuss the nature of the roots of any 
quadratic equation. For now, however, we will restrict the equations in 
the exercises that follow to those having imaginary roots only. 


MODEL PROBLEM 





ee 
a. Solve the equation = =x - 5, and express its roots in the form 


a + bi. 
b. Check the roots of the equation. 


a. How to Proceed Solution 
1. Write the equation. Then 
multiply by the L.C.D. to g7£5-9 
clear all fractions. g. = = 2(x - 5) 
x^ =2x-10 
2. Transform the equation so x? - 2x * 1020 


that one side is 0. 





3. Compare the equation to a=1,b=-2,c=10 
ax? + bx + c = 0 to deter- 
mine a, b, and c. 
4. Substitute the values of a, _ -b yb? - 4ac 
b, and c in the quadratic iti 2a 
formula, and simplify. Re- " -(-2) + (-2)2 E 4(1)(10) 
member, the domain is x= CUCUTEMT 
now the set of complex | | 
numbers. xc 2 twy4- 40 V 10 
 2t4-36 «2 £4/96V-1 
* 2 2 
DL. 9 , Si 
š um fe 
2 2 2 
x=1+ 8i 


b. Check both roots in the original equation only, 
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Check for x = 1 + 8i | Check for x = 1 - 8i 
2 2 
= A B | SZ -t-5 
+ i + 3i!» 
(1 anu 3i) 2 143i) - 5 o aii- Bi) 2 q- 3i)- 5 
E 2 EN 
tobe 2144+3i-5 i-6i*9i* 2 ues 11-3i- 5 
1*0-9 2-44 33 1-6-91.4-8i 
-R + es 
79 i. -4 * 3i -Bo9 i. -4 - 8i 
-4+ 3i=-4+3i (True) -4- 3i=-4- 3i (True) 
Answer: a. x = 1+ 3i OR solution set = {1 + 3i, 1 - 3i} 


b. See checks. 





"EXERCISES | 


In 1-12: a. Solve the given equation, and express the roots in the 
form a + bi. b. Check the roots of the given equation. 


1. x?- 4x+5=0 2. x*- 6x * 25 7*0 3. x?^* 20-2 2x 


4. x?^* 29-2 10x 5. x^-8x- 25 6. 3x? =6(x - 1) 
7 E s Bg V8 8 z p 3x+5=0 9 x* +21 4 | 9x 
^ 9 * 2 i 4 
E m 
10. 2x*+72=0 11. “gt 60 12. 7. +10=2 


In 13-21, find in a + bi form the roots of the given equation. 

13. 9x? - 6x+2=0 14. 2x? +17=6x 15. 4x(x- 2)+5=0 
16. 4x(x+5)+29=0 17. x7+3=2x 18. x? + 20x =2x - 86 
25x, 9. x-4 ard x-2 x*t2l 

19. “a d" 0 20. 10 " 21. E RECS A 
In 22-24, select the numeral preceding the expression that best com- 
pletes the sentence. 


29. The roots of x? - x + 5 = 0 are: 








pari EN -—" | ; 
(1) 1+iv19 (2) 1ti21 (3) 1 + 19i (4) 1 + 21i 
2 2 2 2 
23. The roots of 2x? + x + 6 = O are: 


ay Le (2) = T Leid (4) 
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24. The roots of 3x? + 2x + 1 = O are: 


a)-$*ii (2) E (a) -4+ V2 (4) -1*iV2 


14-8 THE NATURE OF THE ROOTS OF 
ANY QUADRATIC EQUATION 


Quadratic Equations and Graphs 


We have learned that the graph of any quadratic equation of the form 
ax? + bx + c = y, where a, b, and c are real numbers and a # 0, is a 
parabola. A parabola contains an infinite number of points, and each 
point represents some ordered pair (x, y) in the coordinate plane. Do 
not confuse the coordinate plane in which each point represents a pair 
of real numbers with the complex plane in which each point represents 
one complex number. 

If the coefficient a is positive 
(a — 0), then the parabola contains 
a minimum turning point and opens 
upward. 

If the coefficient a is negative 
(a « 0), then the parabola contains 
a maximum turning point and opens 
downward. 

Imagine that a parabola crosses the 
x-axis at two points. We can use substitution to find the equation of 
this intersection, as follows: 






Parabola: ax? + bx * c - y 





(a > 0) (a « 0) 





Equation of the parabola: ax? * bx +c=y 
Equation of the x-axis: y =0 
Equation of the intersection of 

the parabola and the x-axis: ax? + bx +c =0 





Therefore, a quadratic 
equation is an equation of 
the form ax? + bx +c =0, 
where a, b, and c are real 
numbers and a + 0. When 
the parabola crosses the 
x-axis at two points, the 
roots of the equation 
ax? + bx +c =0 are the 
x-coordinates of the two 
points of intersection. 






Quadratic Equation: ax? + bx +c - 0 


(Intersection of parabola and x-axis) 





Roots of ax? + bx + c = 0 are x, and x,. 
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If these points of intersection represent the ordered pairs (x4, 0) and 
(x45, 0), then the roots of the equation ax? + bx +c = 0 are x, and x;. 
As we will see in the examples that follow, the parabola may be tangent 
to the x-axis and, in some cases, the parabola may not intersect the 
x-axis at all. 


The Discriminant 
By the quadratic formula, the two roots of ax? + bx + c = O are: 


| -b t 4/b* - Aae _ 7b - vb? - 4ac 
2a 


wie o AND X2 
The discriminant b? - 4ac, which is the expression under the radical 
sign, determines the nature of the roots of a quadratic equation when 
a, b, and c are rational numbers. Let us study possible values for the 
discriminant and, at the same time, examine the quadratic equation 


graphically. 


Case 1. If b? - 4ac > 0 and b? - 4ac is a perfect square, then the 
roots of the equation ax? + bx + c = 0 are real, rational, and 














unequal. 
Solve: x? - 2x - 320 Graph: x? - 2x - 82 y 
a=1,b=-2,c=-3 <r. ft Tt kU 
- -bt«4b?- 4ac 
2a 
-— -(-2) + V(-2)? - 4(1)(- 3) 
2(1) 
aus 2t4/4-*12 
2 
" 2+/16 = 2354 
- 2 2 
2*4 6 2-4. -2 
cbr nnt iL leue dE 3 
2*8 x =~ The roots of x?- 2x - 3» 0 
are -1 and 3. These values can be 
read directly from the graph. 


Observation: The discriminant b? - 4ac = 16, a positive number that 
is a perfect square. The parabola intersects the x-axis at - 1 and 3. The 
roots, - 1 and 3, of x? - 2x - 3 = 0 are real, rational, and unequal. 
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Case 2. If b? - 4ac > 0 and b? - 4ac is not a perfect square, then the 
roots of the equation ax? + bx + c = 0 are real, irrational, and 





unequal. 
Solve: x? - 6x * 1 70 Graph: x? - 6x *&1 2 y 
g*1,5*-5,c-7] [x RS 
-b + \/b? - 4ac | 
s=— d —— 
,22€9) + VC6Y - 4M 
2(1) 
pS EES gem 
,.952v2 _2(3 + V2) | LI d. 
: m While the roots 3 + 4/2 cannot 


xı =d+ V2 %2=38- V2 be read exactly from the graph, 
use 1/2 ~ 1.4 to approximate 
their values: 
8+/2~3+14= 4.4 
8-2 ~3-1.4=1.6 
Observation: The discriminant b? - 4ac = 8, a positive number that 
is not a perfect square. The parabola intersects the x-axis at 3 + 4//2 and 


3 - 2. The roots, 3 + /2, of x? - 6x + 7 = 0 are real, irrational, and 
unequal. 


Case 3. If b? - 4ac = 0, then the roots of the equation ax? + bx + c- 0 
are real, rational, and equal. 


Solve: x? - 4x * 4-0 Graph: x? - 4x+4=y 
a=1,b=-4,c=4 
_ 7b + J/b? - 4ac 
a 2a 
" -(-4) + V(-4)? - 4(1)(4) 
2(1) 








»- "n n Eee 2 


The parabola is tangent to the 
x, =2 X472 x-axis at x = 2. The two roots of 
x?- 4x * 47 0 are each equal 
to 2. 
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Observation: The discriminant b^ - 4ac = 0. The parabola is tangent 
to the x-axis at 2. The roots of x? - 4x + 4 = 0 are 2 and 2. That is, 
the roots are real, rational, and equal. 


Case 4. If b? - 4ac <0, then the roots of ax? * bx * c 7 0 are 
imaginary. 
Solve: x? - Ax * 5-0 Graph: x? - Ax * 5-0 
a=1,0=-4,c=5 141 "1 


-b + b? - 4ac 








2a 
y = ICA) + VCA - 45) 
2(1) 
„= 44 v16- 20 4sy-4 
| 2 2 
4t2i  2(2ti 
—€— M MAD 


The minimum point of the 
Myr Zari X;72-i parabola occurs at (2, 1), and the 
parabola opens upward. Thus, 
the parabola does not intersect 
the x-axis at all. 


Observation: The discriminant b? - 4ac = -4, a negative number. 

The parabola does not intersect the x-axis. Therefore, the equation 

- 4x + 5 =0 has no real roots. By the quadratic formula, however, 

it is shown that the roots of x^ - 4x + 5 = 0 are 2 + iand 2 - i. That 
is, the roots are imaginary. 


Let us summarize our findings in a table: 


Value of Discriminant Nature of Roots of ax? -* bx +c =0 


b? - 4ac > 0, and b? - 4ac 


: | real, rational, unequal 
is a perfect square 


b? - duc s 0, and b? - 4ac 
is not a perfect square real, irrational, unequal | 





Note: If b? - 4ac 2 0, the roots of ax? + bx + c = 0 are real num- 
bers. 
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MODEL PROBLEMS)  — — č —  — Cd 


1. The roots of the equation 2x? + 6x + 3 = O are: 





(1) real, rational, and unequal (2) real, rational, and equal 
(3) real, irrational, and unequal (4) imaginary 
Solution 


1. Compare 2x? + 6x + 3 = 0 to ax? + bx +c = 0 to find: a = 2, 
b -6,c = 3. 

2. The discriminant b? - 4ac = (6)? - 4(2)(3) = 36 - 24 = 12. 
Since b? - 4ac > 0 and b? - 4ac is not a perfect square, the 
roots of the equation are irrational. 


Answer: (3) real, irrational, and unequal 


2. The graph of y = -x? - 6: 
(1) is tangent to the x-axis 
(2) intersects the x-axis at 2 points 
(3) lies entirely above the x-axis 
(4) lies entirely below the x-axis 


Solution 
1. Compare -x? - 6 to ax? + bx + ctofind: a =-1,b =0,c=-6 


2. The discriminant b? - 4ac = (0) - 4(-1)(-6) = 0 - 24 = -24. 
Since b? - 4ac < 0, the roots of - x? - 6 = 0 are imaginary, and 
the parabola y = -x? - 6 does not intersect the x-axis. 








Answer: (4) The graph of y »-x?- 6 lies entirely below the 
x-axis. 


3. Since the coefficient a = - 1 (or 
a < 0), the parabola opens 
downward. Select choice (4). 


Alternate Method: Graph the parabola. 


3. Find the largest integral value of k for which the roots of the equa- 
tion 2x? + 7x + k = O are real. 
Solution 
1. For the equation 2x? + Tx +k 2-0: a2 2,b - l,c- k 


2. If b? - 4ac 2 0, the roots of the quadratic equation are real. 
Substitute the given values in b? - 4ac 2 0, and simplify. 
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Method 1 Method 2 

b? - 4ac — 0 b? - 4ac 20 
(7) - 4(2)k 20 (7)? - 4(2)k 20 
49- 8k 20 49- 8k 20 

49 > 8k -8k > -49 

49 ~ Bk Bk < -49 

8 2 A -8 S -8 

1 e! 


3. The largest integral value of k means the largest integer for 
which 6$ 2 k, ork X 64. This integer is 6. 

Answer: 6 

Check both k = 6 and k = 7 (the next-larger integer) to see: 


If k = 6, b? - 4ac = 1, and the roots of 2x? + 7x + 6 = O are real. 
If k= 7, b? - 4ac » - 1, and the roots of 2x? + 7x + 7 = 0 are 
imaginary. 


[EXERCISES] eO O 


In 1-12: a. For the given equation, evaluate the discriminant 
b? - 4ac. b. Using the value of b? - 4ac, select the choice below that 
describes the nature of the roots of the equation: 


(1) real, rational, and unequal (2) real, rational, and equal 
(3) real, irrational, and unequal (4) imaginary 


1. x^*t3x- 5-20 2. x? *t3x- 107-0 3. x?^* 8x * 4-0 
4. x^- 10x * 25-0 5. x^*8x*17-0 6. x?+7x- 3020 
7. x?-"'Iix- 6 8. 2x?^ + 3x » 4 9. 4x7+9=12x 

10. x? *9-2x?^*^x 11. x-8-x?-2x 12. x? +6=3x2 +x 


In 13-21, select the choice below that describes the graph of the given 
parabola. 


(1) It is tangent to the x-axis. 

(2) It intersects the x-axis at 2 points. 

(3) It lies entirely above the x-axis. 

(4) It lies entirely below the x-axis. 

13. y=x*-2x-8 14 y=x?- 2x * 1 15. y=x?2 +3 


16. y »x?- 6 17. y »2x?- 5x *4 18. y=-x?- 10 
19. y = 10x? 20. y =-x?2+3x- 7 21. y= 12 - x? 
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In 22-33, solve the quadratic equation, and check both roots. 


22. x?- 6x * 57 0 23. x?- 6x * 18-0 24. x*=2x+6 
25. x?-2x- 10 26. x?^* 20x =6x- 49 27. x*+4x=x 


28. 9x7 +4=0 29. 3x? +1lx=4 30. x? +10x+26=0 
[meer aeu NA VV s » -2 x-1 
Jl. x- x* = 4 32. g7 2 33. 5 m 


In 34-41, select the numeral preceding the expression that best com- 
pletes the sentence. 


34. The roots of x^ + 2x + k = 0 are equal when k is: 
(1) 1 (2) 2 (3) 3 (4) 4 
35. The roots of x? + kx + 3 = 0 are real when k is: 
(01 (202 (33 (44 
36. The roots of x? + bx + 8 = 0 are imaginary when b equals: 
(1) 8 (2) -7 (3) 6 (4) -5 
37. The roots of ax? + 6x + 4 = 0 are imaginary if a equals: 
(01 (22 (33 (4-1 
38. Ifthe graph of y = ax? + bx + cis tangent to the x-axis, then the 
roots of ax? + bx + c = O are: 
(1) rational and unequal (2) rational and equal 
(3) irrational and unequal (4) imaginary 
39. The graph of y = ax? + bx + c where a =Æ O lies entirely above the 
x-axis. The roots of ax? + bx + c = O are: 


(1) rational and unequal (2) rational and equal 
(3) irrational (4) imaginary 
40. The graph of y = x? is symmetric with respect to: 
(1) the x-axis (2) the y-axis 
(3) theliney = x (4) the point (0, 0) 


41. Ifthe roots of x? + bx + 16 = O are equal, then b is: 
(1) 8,only (2) -8,only (3) 8or-8 (4) neither 8 nor - 8 


In 42-44, find the largest integral value of k such that the roots of 
the given equation are real. 


42. x?* 6x tk - 0 48. 2x?* 5x *k-0 44. kx?- Ix * 870 


In 45-47, find the smallest integral value of k such that the given 
equation has imaginary roots. 
45. x? - 3x *k- 0 46. kx? - 2x+5=0 AT. x*+4x+k=0 


48. If a #0, c = a,and b = 2a, describe the nature of the roots of the 
equation ax? + bx + c = 0. 

49. Ifa #0, b =a, and c = a, describe the nature of the roots of the 
equation ax? + bx +c = 0. 
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14-9 USING GIVEN CONDITIONS TO WRITE 
A QUADRATIC EQUATION 


Certain quadratic equations contain polynomial expressions that are 
factorable. If we factor such an expression and set each factor equal to 
zero, we can find the roots of the equation. For example: 


Solve: x?*3x- 10720 
(x - 2(x + 5) =0 
4X--2*0]|€xt*5€l] 

x72 x =-5 Solution: (2,-5) 

If we are given the roots of a quadratic equation, we can reverse the 
process just described to find the equation. This new procedure, which 
we will call the “Reverse Factoring Technique," is explained in the fol- 
lowing problem. 


O ExaMPLE 1: Write a quadratic equation whose roots are 3 and - 7. 


How to Proceed Solution 
1. Write the roots. x79 x=- 


2. Transform each equation so that x-3=0 |x+7=0 
one side is zero. 
3. Multiply the binomials, showing (x - 3)(x + 7) =0 
that their product is zero. | x? + 4x- 21=0 Ans. 


To check that the roots of x? + 4x - 21 = 0 are 3 and - 7, substitute 
these values in the equation. (This exercise is left to the student.) 


Let us extend the Reverse Factoring Technique to the general case. 


[L]ExaAMPLE 2: Write a quadratic equation whose roots are r, and r}. 


Solution: xn X =r 
x-r,=0 | x-r, =0 

(x - ry)uix - r2) = 0 
x^-rqx-rx*rr-20 


Answer: x? - (ru * rj)x *t rur, =0 


Observe these terms: (r, + rz) is the rir; is the 
sum of the roots product of the roots 
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The Sum and the Product of the Roots 
of a Quadratic Equation 


Let us discover some rules involving the sum and the product of the 
roots of a quadratic equation. Two proofs are offered here. 


Proof I: 
1. Given the general quadratic equation ax? + bx + c = 0 where a = 0, 
multiply each member of the equation by i so that the coefficient 


of x* is 1. 


a 


lgx?ebxec)2l(0) — x? 4 


+ £ 20 

a 

2. Using the preceding Example 2, | 
write the quadratic equation i 
whose roots are r, and r3. — x?-(r,trtr,r-0 


— alo 


3. Compare the coefficients of the corresponding terms of the equa- 
tions written in steps 1 and 2. 


“(ry +r) = 2 OR (i +r) - rrt 
The sum of the roots = pa The product of the roots = =, 


Proof II (An Alternate Approach): 


1. If r, and r, are the roots of the quadratic equation ax? + bx +c = 0 
where a Æ 0, it follows by the quadratic formula that: 


s.d -b *4/b? - dae 2 708 ToWED* — 4ac 
i= SESMA 


AND ra = l 
2a 2 


-h + peru _ = E = 
2. Add: r, +r, a EA fac - b - YPZ dac -2b _ -b 


2a 2a a 





The sum of the roots = T 


-h + 2 -h-«./h23- Notice that the 
3. Multiply: rr, = (ev dee EUM | numerators are 


oa conjugates, 
np, = tO? - (b^ - 4ac) M^ - + 4ac Ade c 
uia 4a? 4a? Ad-a a 
The product of the roots = £, 


a 
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The rules for the sum and the product of the roots can be used to 
help us find a quadratic equation to fit certain given information. In 
fact, if we are given roots that are irrational or imaginary and we are 
asked to find the quadratic equation that contains these roots, these 
rules are especially useful. 


O Exampte 3: Write a quadratic equation whose roots are 3 + 4/5 and 


3 - /5. 


Solution 


1. The sum of the roots = (3 + V/8) + (3 - V5) = 6. Thus, — = 6. 


2. The product of the roots = (3 + \/5)(3 - v5) = 9 - 5 = 4. Thus, 


{= 4, 
a 
3. Leta = 1. Then, —2 = 6, or È= 6 Also, € = 4, or = 4 
a 1 a 1 
-b=6 c=4 
b=-6 | 


4. Substitute a = 1, b = -6, and c = 4 inthe equation ax? + bx + c=0. 
Answer: x? - 6x * 4-0 


To check that x* - 6x + 4 = 0 is acorrect equation, apply the quad- 
ratic formula and find the roots of the equation. 





.IBLNT tae =v pO tae , -C6)t vCOP - 404) , 36 - 16 
2(1) 2 


KEEP IN MIND — 


For any quadratic equation ax? + bx +c =0,a #0: 









The sum of the roots = -2 





The product of the roots = = 
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MODEL PROBLEMS} 


1. For the quadratic equation 2x? + 5x + 8 = 0, find: 


a. the sum of its roots b. the product of its roots 
Solution 
For the quadratic equation 2x? +5x+8=0: a=2,b=5,c=8 
a. The sum of the roots = = mel Ans. 
b. The product of the roots = p = 5 =4 Ans. 


2. Write a quadratic equation whose roots are + and -2. 





Solution 
Method 1: Use the Reverse x=4 x=-2 
Factoring Technique. To clear 2x =1 
fractions in x 7 $, multiply 2x-1=0|x+2=0 
each member of the equation (2x P l)x *2)-0 
by 2. 2x*°+3x-2=0 Ans 


Method 2: Use the rules for the sum and the product of the 
roots. In step 3, notice that a may take on different values. 


1. The sum of the roots = i + (-2) = i +(- $ =- 3 Thus 
b 3 


a 2 
2. The product of the roots = (2) (-2) » -1. Thus, - =-], 


3. Leta =1. 3. Alternate: Leta = 2. 
we HIS REL | (b. 8. b. 3 
a 2" 1 2 a 2 2 2 
_3 -b=-3 
^" b-3 
P. | E X mo A. ades 
" l,or4 s l,or > 1 
c=- c= -2 
4. Thus, ax? + bx + c = O is 4. Thus, ax? + bx +c = O is 


x? +3 -1=0, 9x3 + Se = 2 0. 
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Note: If the members of x? * ix - 17 O0 are multiplied by 2, 


the equivalent equation 2x? + 3x - 2 =0 is formed. Both equa- 
tions are correct answers because they are equivalent equations; 
that is, they have the same roots. 


Answer: 2x? + 3x - 2 = 0, or any equivalent equation 


3. Write a quadratic equation whose roots are 5i and - 5i. 


Solution 
Method 1: Use the Reverse x 7 bi x 7 -bi 
Factoring Technique, extended x- 5i=0 x+5i=0 
to include the set of imaginary (x - 5i)(x + 5i) = 0 
numbers. x? - 25i? =0 
x? - 25(-1) * 0 
x? +25=0 Ans 


Method 2: Use the rules for the sum and the product of the roots 
of a quadratic equation. 


1. The sum of the roots = 5i + (-5i) = 0. Thus, -2 = . 


2. The product of the roots = (bi)(- bi) = -25i? = 25. Thus, = = 25. 


8. Leta =1. | -2=0,or-2=0 | £-95,or-- 25 
a rd a 1 
-b=0 c = 25 
b-0 


4. Substitute a = 1, b = 0, andc = 25 in ax? + bx + c = Oto form 
the equation 1x? + Ox + 25 = O,orx? + 25 = 0. 


Answer: x? + 25 =0 
4. a. If one root of a quadratic equation is 3 * 2i, what is its other 


root? b. Write a quadratic equation having these roots. 


Solution 


a. If a quadratic equation has imaginary roots, the roots are con- 
jugates. Thus, if one root is 3 * 2i, the other root is 3 - 2i. 


b. 1. Thesum of theroots = (3 + 2i) + (3 - 2i) = 6. Thus, - 2 = 6. 
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2. The product of the roots = (3 + 2i)(3 - 2i)=9- 4i? = 
9 + 4 = 13. Thus,  - 13. 





4. By substitution, ax? + bx + c = 0 is x? - 6x + 13 = 0. 
Answer: a. 8 - 2i b. x? - 6x * 13-0 


5. If one root of x? - 6x + k = 0 is 4, find the other root. 


Method 1 Method 2 
1. Inx? - 6x +k - 0, 1. Substitute 4forx: x«?-6x+k=0 
a=1,b=-6. 4? - 6(4) +k =0 
| E 16- 24+k=0 
2. Let the root r, = 4. -83 52) 
a. nin Eus 
P 2. Solve the equation: x?- 6x+8=0 
"E NE i ai] (x- 2)(x- 4) =0 
1 x-2=0 | x-4=0 
tity = 6 x=2 | x=4 

fo = 2 





Answer: The second root of the equation is 2. 





Iuuldb ae 


In 1-12, for the given quadratic equation, find: a. the sum of its 
roots b. the product of its roots 


1. x^- 2x-15=0 2. x? *9x t 5-0 3. 2x? - Ix * 320 
4. Ax? *x- 8-0 5. x? * 6x =16 6. 3x?^* 9x =2 
7. 2x? = 8x- 6 8. x^*9-0 9. 4x?- 8x =0 
10. 2m? + 2 = 5m 11. 5k - 10 = 2k? 12. y? + 2y =2 


In 13-18, write a quadratic equation whose roots have the indicated 
sum and product. 


13. sum = 4, product = 3 14, sum = 16, product = -80 
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15. sum = -3, product = -10 16. sum = -6, product = 8 
I. rı +r. = 8,r\yro = 25 18. ri tr. =-2,rm =1 


In 19-37, write a quadratic equation whose roots are given below. 


19. -3,5 25. 2.10 21. -4,-6 

22. -8,8 23. 1,0 24. 3, -/3 

25. 4,4 26. -2,5 27. -2,-4 

28. i-i 29. 4i,-4i 30. 2+i,2-i 

31. 6- i6 *i 32. 2*4/3,2- y3 33. 1- /7,1* V" 
34. 5+ 3i, 5 - 3i 35. -4 + bi,-4 - bi 

36. -2 + i/5,-2- i5 37. 6+ 8i/2,6 - 31/2 


In 38-45, for the given quadratic equation, one root r, is given. Find 
the second root r, of the equation. 


38. x? - llx+k=0;r, =5 39. x?-x+k=0;r, =-4 
40. x? +9x+k=O0;r, =-2 41. x? *kx * 1872 0;r, =6 
42. x? + kx - 167 0;r, =-8 43. x? + kx * 47 0;r, 7 12 
44. 2x? + kx- 127 05r, =$ 45. 3x- x *k - 5r 7 - 3 


46. Ifthe roots of the equation x? - 4x + c = Oare 2 + 3i and 2 - 8i, 
what is the value of c? | 
47. If the roots of the equation x? + kx + 6 = 0 are 4 + 4/10 and 
4 - 4/10, what is the value of k? 
48. a. If one root of a quadratic equation is 4 - i, what is the other 
root? 
b. Write a quadratic equation having these roots. 


49. a. If one root of a quadratic equation with rational coefficients is 
3 + 4/7, what is the other root? 

. Write a quadratic equation having these roots. 

. Find the roots of the equation x? - 6x + 34 = 0. 

. Demonstrate that the sum of these roots is 6. 

. Demonstrate that the product of these roots is 34. 


50. 


orn c 


In 51 and 52, select the numeral preceding the expression that best 
completes the sentence. 


51. A quadratic equation having the roots 0 and -2 is: 


(1) x*- 2720 (2) x*- 2x =0 
(3) x? +2x=0 (4) x7 +2=0 
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52. A quadratic equation with roots 7 + iand 7 - iis: 


(1) x? - 14x * 50-0 
(3) x^ + 14x + 5020 


(2) x? - 14x + 48 =0 
(4) x? + 14x + 48 =0 


53. Write, in simplest form, a quadratic equation whose roots are k 


and - k. 


94. Write, in simplest form, a quadratic equation whose roots are 


e t fiande - fi. 


14-10 SOLUTION OF SYSTEMS 
OF EQUATIONS 
In Course I, you learned how to solve a system of linear equations by 
algebraic and graphic methods. If the equations are consistent, the 
graphs will be intersecting lines and there will be one solution. 


[] EXAMPLE: Solve x — 2y = 4 
y = ð — 2x 


Algebraic Solution 
x—2y= 4 
y= 3 — 2x 


x — 23 - 2x)= 4 
x-6+4x=4 


bx = 10 
x= 2 
y= 3 — 2x 
y = 3 —2(2) 
y=3-4 
a m cu 


Answer: (2, —1) 


Graphic Solution 


On the same set of axes, graph 


both equations. The coordinates 


of the point of intersection are 
the solution of the system. 


"Herve x 
E" EE 





Answer: (2, —1) 


These same procedures are used to solve a quadratic-linear system. In 
the graphic solution, the graphs may intersect in 2, 1, or 0 points. Since 
the points in the coordinate plane correspond to the set of ordered pairs 
of real numbers, these intersections indicate 2, 1, or 0 solutions that are 


pairs of real numbers. 
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No real solution 


When a quadratic-linear system has no solutions in the set of real 
numbers, two complex roots can often be found by solving algebra- 
ically, as shown in the following model problem. 





MODEL PROBLEMS 


Solve the system of equations algebraically and check. 
y =x* —2x+3 


2x — y - 2 
How to Proceed Solution 
1. Solve the linear equation for 2x —y —2 
one of the variables. xc dom 
2. Substitute the value of y, y-27x^-2x-3 
2x — 2, for y in the quadratic 2x — 2 = x? - 9x + 8 


equation. 


J. Write the resulting equation 
in standard form and solve by 
using the quadratic formula. 


4. Substitute each value of x in 
the linear equation of the 
system to find y. 


5. Write the solution. 


Note that the graphs of the 
equations have no points of 
intersection. There are no 
solutions in the set of ordered 
pairs of real numbers. 
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0-x?—4x 45 





4216 — 20 

= 2 

ea tt! 

2 

x=2+1 
x=2 +i x-72-—i 
y= 22+ 1)-2/y = 22 — i) - 2 
y=4+21-2 |y2-4-2i-2 
y=2t 21 y=2 — 21 
(2 + i 2 + 2i, (2 — i, 2 — 20 





RN atA aaa 
CEUTA dee 
|o | 1] x! 
LiIIELILLLI. 





6. Check each ordered pair in both equations. 


(2 + i, 2 + 2i) 
y=x?—-2x 4+ 3 2x —y=2 
24-21 2(24i^—92(9 043 20 -2— (24-20) 22 
2-90: d+ iit Id = 2+ 3 4c-2i—-2-—23i 22 
$439 24+ &@-1 ~— 4— H 2=2 
2-212 2 + 2i (True) (True) 
(2 — i, 2 — 2i) 
y-2-x*—-2x43 2x -y 22 
2-21i2(2—-i/y-920—0439 20—03—-(2—-2)0 22 
2—9i £4-—4i4 Ff ~~ 2:4 93 +9 4-21-2491 292 
2—21:24—4i1—1—4-c23i 439 2259 
2 — 2i = 2 — 2; (True) (True) 


Answer: (2 + i, 2 + 2i), (2 — i, 2 — 2i) 
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į; 


2. 
3. 


Name the maximum number of points of intersection for: 
a. two lines b. a line and a parabola 
c. a line and a circle d. a line and an ellipse 
e. a line and a hyperbola 


What does it mean if the two graphs of a system do not intersect? 


a. Draw the graph of y = x? — 4x + 5 for -1 < x = 6. 

b. On the same set of axes, draw the graph of y = 5 — x. 

c. Determine from the graphs drawn in parts a and b the solu- 
tion of the system. Check in both equations. 


In 4-9, solve the system of equations graphically and check. 


4. 2x -y - 5 5. x? + y" = 10 6. x? + 25y? = 25 
3x + 2y =4 y = 3x x= —5 

7. y =x? — Ax 4+ 8 8. x^ —y* =9 9. xy = 8 

10. y = -x° +4 11. 9x? + y? =9 12. x^ - y? =8 
y=x+2 3x —y —-3 x+y=4 


In 13-21, solve the system of equations algebraically and check. 


13. 


16. 


19. 


x? + 4y* — 4 14. y "-x?— 3 15. y -2- x? 
x22» —2 x+y=-l y = 2x + 4 
x? + y* = 16 17. xy = -6 18. y=x°+x-4 
x-y=4 x+3y=3 y= 2x —2 
9x? — 4y? = 36 20. x? + y? = 18 21. x3? — 2y? = 11 
y = 38x — 6 x+y=6 y= xrl1 


In 22-24: a. Solve graphically. b. Solve algebraically. c. Check. 


22. 


25. 


x? + y? = 25 23. xy = 12 24. y - x? c Ax - 1 
y72x—1l y = 2x + 2 y = 2x +1 


a. Draw the graphs of 25x? + 4y” = 100 and y = 2x + 5 on the 
same set of axes. 

b. How many solutions does this system have? 

c. Solve the system algebraically to obtain the exact values of the 
roots. 

d. Use a calculator to check your solution. 
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14-11 QUADRATIC INEQUALITIES 


We have learned that certain 
quadratic equations can be solved 
by graphic methods. For exam- 
ple, in Fig. 1, the graph of the 
parabola y = x? - 1 crosses the 
x-axis at -1 and 1. Recall that 
the equation of the x-axis is 
y -0. The intersection of 
y =x*- 1 and y » 0 is named 
by the equation x?- 1-0. 
Thus, as shown in the graph of 
the number line to the right, the [-1, 1) 
solution set of x?- 1-0 is 
x =-lorx=l1. Fig. 1 

The set of points that form the parabola y = x? - 1 separates the plane 
into two regions, or open half-planes, named by the inequalities: 


The solution set of x? - 1 = Ois: 





y>x*-1 AND y <x?’ -1 


In Fig. 2 and Fig. 3 below, each shaded region is an open half-plane. 
The points of the parabola y = x? - 1 are drawn as a dashed line to 
show that they are not points in the open half-plane. Notice that the 
intersection of each open half-plane and the x-axis (that is, y = 0) is the 
graph of the solution set of a quadratic inequality on a number line. 


In Fig. 2, the intersection of In Fig. 3, the intersection of 
y >x*- landy -O is: y«x?-landy = Qis: 
0 2° = 1 O<x?-1 
or or 
x*-—34 «0 x?-1>0 


c oue ua ee "1 
2 E ] 
m a - a ail. = 


The solution set of x? - 1 > Ois: 
[x|x <-lorx > 1) 


Fig. 2 Fig. 3 


| The solution set of x? - 1 < 0 is: 
Ixi- 1« x « 11 
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Let us examine these quadratic relationships from an algebraic point 
of view. Since x? - 1 is factorable, a principle involving factors is ap- 
plied to each situation. Notice the use of the logical “and” and “or” in 
the various principles stated. 


[]ExaMPLE 1: Solve the quadratic equation: x? - 1=0 


Since the product of two factors is Solution 
zero, the first factor is zero or the 3 " 
ge 1 '= 6 
second factor is zero. Thus, we use H 
the principle: tI Heu 
the p pie. x*tl-20orx-1^70 
If ab = 0, thena = Oor b = 0. x=-lorx=1 Ans. 


O ExaMPLE 2: Solve the quadratic inequality: x? - 1 « 0 


Here, the product of two factors is less than zero; that is, the product 
is negative. Therefore, the first factor is negative and the second factor 
is positive, or the first factor is positive and the second factor is nega- 
tive. This principle is stated as follows: 


If ab < 0, thena < 0 and b > 0,ora > Oand b <0. 


Solution 


x*-1<0 
ete + 3G - 1) <0 


x*1«0 and x-1>0 or xt1>0 and x-1<0 


x «-1l and £1 x 2-1 and x <1 
There are no numbers that are The numbers that are greater 
less than -1 and greater than 1 | than -1 and less than 1 are in the 
at the same time. Since this inter- | intersection: 
section is empty, disregard this 


(x -1« x«1) Ans. 


Compare this answer to Fig. 2, 
seen earlier. 


Case. 


[]ExaMPLE 3: Solve the quadratic inequality: x^ - 12 0 


Here, the product of two factors is greater than zero; that is, the 
product is positive. Therefore, both factors are negative or both factors 
are positive. This principle is stated as follows: 


If ab > 0, thena < O and b < 0,ora > Oand b > 0. 
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Solution 


x^-1»0 
(x +1)(*- 1) >0 
N 


x+1<0 and x-1<0 o x+1>0 and x-1>0 


x «-1 and x«l x >-1 and xl 
The word “and” indicates an The word “and” indicates an 
intersection of sets. The num- intersection of sets. The numbers 
bers that are less than - 1 and also that are greater than -1 and 
less than 1 form the intersection: also greater than 1 form the 
intersection: 
x «-1 OR xl 


Answer: {x|x <-1 orx » 1) 

Compare this answer to Fig. 3, seen earlier. 

Caution: In section 6 of this chapter, we learned that imaginary num- 
bers cannot be ordered. That is, the relations “>” and “<” are mean- 


ingless for imaginary numbers. Therefore, quadratic inequalities cannot 
have solutions that are imaginary numbers. In other words: 


li Solution sets of quadratic inequalities are restricted to sets of real 
numbers only. 


Summary 


The three examples we have just studied serve as illustrations of the 
following general cases where roots r, and r, are real numbers and 
ri rj, and where a > 0: 


Quadratic | 
Relation: | ax? *bx +c=0 | ax? *bx *cc0| ax?*bx*c 0 
Graph: 


Solution 
Set: 





When an equality is combined with an inequality, other quadratic re- 
lations can be formed, as shown on the next page. 
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ax? -*bx *e €&0| ax?*bx*c20 





Relation: 










Graph: -——— lil — B— — — 
Solution | 
Set: | (xir, Sx <r} | {xlx <r, or x > ra} 


If the roots of ax? + bx + c = 0 are not distinct real numbers, that is, 
ifr, = rj or if r, and r, are imaginary, then the parabola y = ax? + bx tc 
intersects the x-axis in 1 or O points respectively. In these cases, the 
solution set of the inequality ax? + bx + c > 0 orax? + bx + c <Ois 
either the set of all real numbers or the empty set. 





MODEL PROBLEMS 
1. Which is the graph of the solution set of x? + 2x - 8 > 0? 
(1)-4—9—o—- (2)-—9—o-- (3) 4—o—o—- (4) -—o——o-—- 
—4 2 —4 2 —2 4 —2 4 
Solution 


Use the principle: 
If ab > 0, thena < O and b < 0,ora > Oand b > 0. 


x?^*2x-82»0 
(x *4)x-2)»0 


x+4<0 and x-2<0 0&0 x * 4720 and x- 220 


x «-4 and x«2 x >-4 and xo2 
This intersection is: This intersection is: 
x<-4 o> 2 


The solution set is {x|x<-4 or <x > 2}, graphed in choice (2). 
Answer: (2) 
2. Graph the solution set of x? - 4x - 5 € 0. 


Solution 
Use the principle: 
If ab € 0, thena € 0 and b 2 0, ora 2 Oand b < 0. 
x?- 4x- 5 €0 
(x +1)(x - 5) <0 
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x+1<0 and x-52>0 onxt+1>0 and x«-5<0 


x <-1 and x25 x 2-1 and x€b5 
Since this intersection is | The intersection is: 
empty, disregard this set. {x|-1 <x <5} 
: = c sme 
Answer: = 5 


EXERCISES | 





In 1-7, select the numeral preceding the expression that best com- 
pletes the sentence or answers the question. 


l. 


The solution set of x? - 4 < 0 is: 


(1) -2 <x <2 (2) -4<x <4 

(3) x <-2ore >? (4) x<-4orx>4 

The solution set of x? - 9 > Ois: 

(1)-3«x «3 (2) -9<x <9 

(3) x<-3orx>3 (4) x «-9orx ^9 

Which is the graph of the solution set of x? + 3x - 4 > 0? 

(1)-—o—o—-— (2)-—o—o—- (3) -4—o—o—- (4) +o 

-4 1 -1 4 -4 1 -1 4 

Which is the graph of the solution set of x? - 8x * 12 « 0? 

(1)-—o—o—- (2) -—o——o-—- (3) -—o—o—- (4) 4—o—o—- 
2 6 -D —2 2 6 Bi 

If x? - 3x <0, which is the graph of its solution set? 
0 3 x: -i 

The graph of the solution set of x? - 4x > 0 is: 

(1)-——o—o-- (2)-4—9——e—- (3) -—o—o—- (4) -—9———- 
O 4 O 4 —4 O z 

Which of the following is a quadratic inequality 

whose solution is graphed at the right? — (COM 

(1)x?-3<0 (2)x^- 320 e m 

(3)x?- 8X0 (4) x2- 320 s 


In 8-22: a. Write the solution set for the given quadratic inequality. 
b. Graph the solution set. 


xt- 16 «0 9. x?- 25 50 10. 2x^- 8» 0 
. x? + Te <0 12. x*- 4x 20 13. x?- 7x * 10 <0 
. x^-x-6»50 15. x? - 5x - 24 € 0 16. x?*8x*720 
. x^*2x <15 18. x?» 8x + 20 19. x? +27 «12x 


4Ax?- 920 21. 2x- 11x *520 22. 3x?* 10x <8 
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23. a. The quadratic inequality x? - 14x + 49 < 0 has a solution set 
consisting of only one number. Find the solution set. b. Explain 
why the solution set is limited to one number. 

24. Explain why the solution set of x? * 16 « 0 is empty. 

25. Explain why the solution set of x? + 9 > 0 is the set of all real 
numbers. 


14-12 REVIEW EXERCISES 


In 1-4, write each number in terms of i, perform the indicated opera- 
tion, and write the answer in simplest terms. 


1. /-49 + 3/-25 2. J/-18 + /-2 - /-32 
8. 5/-5- /-20 | 4. ./-800 - 2 /-'15 + 4/-48 


In 5-10, perform the operation, and express the result in the form 
a * bi. 


5. (7- 8i) + (5 + 8i) 6. (4- 10i) - (23 - 6i) 
7. (2 + 5i)(3 - Ti) 8. (4- 3i)? 
9. (5 + ./-16)(2 - v-9) 10. (6 + 7i) + (2 - i) 


In 11-18, 31-33, and 40, select the numeral preceding the expression 
that best completes the sentence. 


11. The complex number 5i? - 2i? is equivalent to: 
(1) -2 + bi (2) -2 - bi (3) 2 - i (4) 2 * 5i 
12. The product 4i? - 2i? is: 
(1) 8 (2) 8i (3) -8 (4) -8i 
13. The number 3 + i(3 + i) is equivalent to: 
(1) 8 (2 243i (3 8-*6i (4) 4+3i 
14. The expression y -192 equals: 
(1) 8/3 (2) 8/8 (8) 8iV3 (4) 3iv8 
15. The product of 5 - 2i and its conjugate is: 
(1) 21 (2) 29 (3) 21 - 20i (4) 29 - 20i 
16. The multiplicative identity for the set of complex numbers is: 
(1) 0i (2) 1 + li (3) 0 * li (4) 0+ Oi 
17. The multiplicative inverse of 3 - i is: 





. ati xe oti -i 
(1) 3 +i (2) “Ip (3)^8 (4) "ig 
18. Ifx + yi - 1 + 2i + 3i*, then: 
(1) 4x*9*1,y-2 (2) x =-2,y =2 


(3 x=2,y=2 (4) x=4,y =2 
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In 19-22, perform the indicated operations and write the answer in 
simplest terms. 


19. (5- i)(10 + 2i) 20. 3i(2- i) - 3(i + 1) 
21. (1- 3i)? + 6i 22. (9 - i/2)(9 + iV/2) 


23. True or False: (Complex numbers, +, -) is a field. 
24, True or False: Every complex number has a multiplicative inverse. 


In 25-30, find in a + bi form the roots of the given equation. 
25. x*-6x+10=0 26. x7+10x+26=0 27. x*7+29=4x 
2 
28. == 3x - 10 29. 2x? = 6x - 5 3o. 185, 1 -g 
x 

31. The roots of x? - 16x + 61 = Oare: 
(1) real, rational, and equal (2) real, rational, and unequal 
(3) real, irrational, and unequal (4) imaginary 

32. The graph of the parabola y = x? + 8: 
(1) is tangent to the x-axis 
(2) intersects the x-axis at 2 points 
(3) lies entirely above the x-axis 
(4) lies entirely below the x-axis 

33. The roots of 2x* + bx + 1 = 0 are imaginary when b equals: 
(1) -4 (2) -2 (3) 3 (4) 4 


34. Find the largest integral value of k such that the roots of 
2x? + Tx + k = O are real. 
35. What is the sum of the roots of 3x? - 12x + 10 = 0? 


36. Ifthe roots of x? - 6x + k = O are 3 + 4/77 and 3 - y7, find k. 


In 37-39, write a quadratic equation whose roots are given. 
37. 6i, -6i 38. 2+ 4i, 2 - 4i 39. -8,3 


40. The graph of the solution set of x? - 9x + 14 < O is: 
2 7 2 Y —y 2 up 
In 41-43: a. Solve graphically. b. Solve algebraically. c. Check. 


4l. x? - 2x - 2— y 42. xy = —4 43. x? + 4y? — 4 
y72x t 1 x+2y 22 x=6 


Chapter 





Statistics 





In order to understand and compare events in the daily lives of indi- 
viduals and society, we study statistics. Statistics is the science that 
deals with the collection, organization, and interpretation of related 
pieces of numerical information called data. 


15-1 THE SUMMATION SYMBOL 


In statistics, we often work with sums. The Greek capital letter 2. 
pronounced *sigma," is used to indicate the sum of related terms. For 


6 
example, ) i means “the sum of the integers designated by i, from 


i=1 
i = 1 toi = 6.” Therefore: 


6 
$5 felt fed +445 +65 21 
i=] 
In the preceding example, the letter i is called the index; and i is re- 
placed by a series of consecutive integers, starting with the lower limit 
of summation and ending with the upper limit of summation. 
The lower limit of summation is the value of the index placed below 
the summation symbol, and the upper limit of summation is the value 
6 

of the index placed above the summation symbol. In 5' i, the lower 
i=l 

limit is 1, and the upper limit is 6. 

Any letter can be used as an index; but i, j, k, and n are the most fre- 
quently used letters. Since an index acts as a placeholder, an index of i 


is not equal to the imaginary unit, 4/- 1. 


5 
LJ ExAMPLE 1: >, gk = 39 + 3! + 3? + 39 + 34 + 3? 
k=0 21434927 81 + 243 = 364 
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6 
D Exampte 2: >) j? = 3? + 4? + 5? + 6? 
7^* 29416-92536 = 86 


If a variable quantity is denoted by x, then successive values of that 
variable can be indicated by using a subscript, as in x,, x,, x4 (read as 
"x sub-one, x sub-two, x sub-three"). Notice how sigma notation and 
subscripted variables are used in the next example. 


O ExaMPLE 3: Mr. Cook teaches five classes. The recorded number of 

students who are absent from his classes today are 3, 1, 2, 0, and 1. 

a. If x represents the number of students absent from one of Mr. 
Cook's classes, use subscripted variables to show the number of ab- 
sences in each of his classes. 

b. Write an expression in sigma notation to find the total number of 
students absent from Mr. Cook's classes, and find the total. 


Solution 
a. Using subscripted variables: x; = 3 x, =1 x3;=2 x,=0 x, =1 
b. Sx; = x; + da cts + X. PAs 
"= 34142+041=7 


When the summation symbol is used without an index and without 


upper and lower limits of summation, then È designates the sum of all 

values of the given variable under consideration. Summation symbols 

without an index are found in the following example. 

L] ExaMPLE 4: Mrs. Gallagher, a science 

teacher, has assigned 5 labs to her class. In boni iar and PS 

the frequency distribution at the right, she ^ f at 

has recorded the number of students who 

have completed 0, 1, 2, 3, 4, or 5 lab re- 

ports. Using the table, find: 

a. the number of students in the class. 

b. the total number of lab reports com- 
pleted. 






Solution 


a.) f=1+5+8+7+44+2=27 
b.> xf =5+ 20+ 24+14+4+0=67 


Answer: a. 27 students b. 67 lab reports 


s & a 4 4+ 4 4 Be- + — a Se Lo 
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MODEL PROBLEMS [oo 
5 

1. a. Evaluate ^ 3k. b. Evaluate 3 )^ k. 
k=] k=1 


Solution 


a. Y. 3k = 3(1) + 3(2) + 3(3) + 3(4) + 3(5) 
Ret = 34+6+94+12+15=45 Ans. 


5 
b. 35> kR=3(1+2+3+4+ 5) = 3(15) = 45 Ans. 


k=1 


5 5 
Note: $ 3k =3 »' k. This example illustrates a general state- 
k=1 k=1 


ment that is proved in the next model problem. 


2. Ifc is a constant, show that $ cj=c $ J; 
j=1 j=1 
Solution 


n 


Y. oj = c(1) + (2) + c(3) + ^: + e(n) 
Bi c(l*243-*:::*n)by the distributive property. 
n 
=C 2 j 
j=1 


3. Using the summation symbol, write an expression that equals 
1*i*i*Hd. 


Solution 
L UR Xo L.X x Eae. 
— — — = — — ojo e — = — 
+ o se Tr r 34 £^" 
i ee 
Note: Other answers also exist. For example, 1 + 42's." Ti 
3 1 
2. (n + 1)? 


$64.1. 1L 41 
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[EXERCISES 





In 1-15, find the value indicated by the summation symbol. 


6 
1. È 2k 2. 1) yj 
k=0 i=] j=0 
5 3 3 
4. Y. (n- 2)? E. SJ 6 >> 2 
n=2 j=1 n=0 
S. | 5 7 
Y. E 8. >> (10- k) 9. > (2- i)? 
n=] n k=0 i=3 
E... 3 3 
10. 5 Y. (n - 1) 11. Y. 3k? 12, 5° ki 
n=] kz1 k=l 
2 3 nm" 4 kr 
13. 5; cos (nm) 14. > sin (==) 15. »' cos e 
nao n=1 2 k=0 2 


In 16-21, use the summation symbol to write an expression to indi- 
cate the sum. 


16. 2(1) + 2(2) + 2(3) + 2(4) + 2(5) 17. 0+1+4+9+16 
18. $++ ht etd 19. ++i 
20. 1! + 2? + 3? + 4* +55 + 65 21. 2(1) + 3(2) + 4(3) 


In 22-25, find the value of the indicated sum when x, = 12, x, = 5, 
x3 = 4, x4 = 8, and x; = 7. 


5 5 3 4 
22. >> x, 23. Y' x, 24. 35 x 25. > 5x, 
i=] k=3 j=1 n=2 


In 26-29, select the numeral preceding the expression that best com- 
pletes the sentence. 


5 
26. The valueof3 © (k - 1) is: 
k=l 


(1) 10 (2) 15 (3) 30 (4) 45 
27. The value of Y tan SS" 1)r, 
na] 


(1) 1 (2) 2 (3) 3 (4) -1 
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28. $ (Ar sin 7 ) equas 


n=0 
(1) 60° (2) 90° (3) 120° (4) 150° 
29. The sum 1 + 8 + 27 + 64 is not equal to: 
(1) yi (2) Y: (k+1) 
i21 k=0 
3 5 
(3) Y, (n +1) (4) Y: G - 1y 
n=0 j=2 


30. Represent the sum 5 + 10 + 15 + 20 + 25 + 30 by three different 
expressions, each involving the summation symbol. 
31. In a-d, evaluate the expression: 


Ei 7 
a. y^ (8n + 2) b. 3 Y (nt 2) 
n=4 n=4 
7 7 
c. Y. (3n + 6) d. 3 Y (n + 6) 
n=4 n=4 
e. Which expressions in this exercise, if any, represent the same 
sum? 
32. Show that Y) 7k =7 Y k 
k=] kz1 


33. If b is a constant, show that Y bn = b > n. 


n=] n=] 


n-i 
34. Show that Y, (k-1)= Y. k. 


k=1 k=0 


100 
35. Evaluate $^ n. (Hint: Add 1 + 100, add 2 + 99, etc.) 


n=l 


15-2 MEASURES OF CENTRAL TENDENCY 


In analyzing data, we often find it useful to represent all the collected 
measures by a single number called a measure of central tendency. Each 
measure is a number, like an average, that “tends” to fall somewhere in 
the “center” of a set of organized data. We have studied three measures 
of central tendency called the mean, the median, and the mode. 


The Mean 


The mean, or arithmetic mean, of a set of n numbers is the sum of 
the numbers divided by n. The number n is sometimes written as a 
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capital letter N. The symbol for the mean is x, read as ‘‘x-bar.’’ There- 





fore, for a sample of scores, x1, X5,X3,..., X4: 
n 
2, * +x, +X, + * 
— El Xi tx, +X ser doge 
The mean = x = ——— = 4—2 "3 7n. 


n n 


L] ExaMPLE 1: Cindy Woodhouse, a cabdriver, collected the following 
fares one afternoon: $4.50, $3.00, $6.50, $5.75, $11.00, $7.50, $3.25, 
$5.75, $6.25, and $8.00. What was the mean fare? 


Solution 
g 
Xi 
— i1 $61.50 _ 
x= E M aT $6.15 Ans. 


Most people use the word ''average" to describe the mean. Thus, if 
Ms. Woodhouse had collected $6.15 from each of her 10 fares that 
afternoon, she would have collected the same total amount of money, 
that is, $61.50. 


The Median 


When a set of data is arranged in numerical order, the “middle” score 
is called the median. Thus, in an ordered set, the number of values that 
precede the median is equal to the number of values that follow the 
median. 


L] ExaMPLE 2: Kurt's grades on his report card are 88, 81, 91, 83, and 
86. What is his median grade? 

How to Proceed Solution 
l. Arrange the grades in numerical order. 81, 83, 86, 88, 91 


2. Find the middle number by counting from |81, 83,86, 88, 91 
the top or bottom grade. 
median = 86 Ans. 
Alternate Method. If N represents an odd number of scores arranged 
N+1 





in numerical order, the median is the score that is from the top 


or the bottom. Since N = 5 grades, the median grade is the one that is 
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N*1.9*1. 
2 2 

median grade is 86. 





bo | & 


= 3 from the top or the bottom. That is, the 


[]ExaAMPLE 3: Sarah's grades on her report card are 88, 90, 85, 84, 84, 
and 88. What is her median grade? 


How to Proceed Solution 
1. Arrange the grades in numerical order. 90, 88, 88, 85, 84, 84 
2. There are two middle numbers. |90, 88,88, 85,84, 84 


3. Find the mean, or arithmetic average, of 88+ 85 _ 173 _ 86.5 
these two middle scores. 2 2 i 


median = 86.5 Ans. 


Alternate Method. If N represents an even number of scores arranged 
in numerical order, the median is the mean (average) of the two scores 


N+2 





N 
that are — and from the top or the bottom. Here, N = 6 grades. 


2 

N 6 N42 6+2 8 

Thus, — = — = 3, and = ——— = — = 4, The median is the mean 
2 2 2 2 2 

(average) of the 3rd and 4th scores, counting from the top or the 

bottom. That is, the median is 86.5. 





The Mode 


The mode is the score that appears most often in a set of data. 
[] EXAMPLE 4: The chart at the right shows Number of | 
the number of children in each of 20 families children | Frequency 
answering a survey. What is the mode? —— 


Solution 


The mode for this set of data is 2, the entry 
that has the highest frequency. 





Answer: mode = 2 


For some sets of data, there may be more than one mode and, in 
some cases, no mode whatsoever. 
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1. The ages of employees at a fast-food restaurant are 17, 17, 17, 18, 
18, 19, 19, 19, 21, 23, and 37. This set of data contains two modes: 
17 and 19. When two modes appear, the data is bimodal, and both 
modes are reported. We do not take an average of these modes, since 
a mode tells us where most scores occur. 

2. Mrs. Mangold found the following number of spelling errors on 
compositions that she graded: 0,0, 0,1, 2, 2, 3, 4, 4, 4, 5, 5, 5, 6, 7, 
7, 8, 9, 9, and 12. This data has three modes: 0, 4, and 5. 

3. On his last five trips to Sound Beach, Mr. Fernandes caught the 
following number of fish: 3, 1, 5, 0, 2. Since no number appears 
more often than others, this data has no mode. 





MODEL PROBLEMS] — — OO 


1. Mrs. Taggart bought a new car. She kept a record of the number of 
miles that she drove per gallon of gas for each of the first six times 
she filled the tank. Her record showed the following number of 
miles per gallon: 29, 32, 32, 33, 35, 37. a. Find the mean. b. Find 
the median. c. Find the mode. 








Solution 
* Xi 
— i=l 29 + 32 + 32 + 33 + 35 + 37 198 
a. x= * eS eg Ans. 


b. There are six entries in this set of |29, 32, /32, 33,/35, 37, 
data. The median is the mean (aver- | 


age) of the entries that fall into posi- ^ median = 22 * 3 - 33 
tions 3 and 4 from the top or the 
bottom. -85B dum 


c. The mode is the entry that occurs most often: 32 Ans. 
2. The ages of 25 students in a senior high | PEE Fiasüan M 
school mathematics class are recorded in ge rà ss " f zd 
the frequency distribution table at the | | 
18 | 2 


right. For these ages, find: a. the mean 
b. the median «c. the mode. 
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a. (1) For each interval, find fx. 
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Solution 


(Note that 18 + 18 = 36, 
and 2 - 18 = 36. Similarly, 
11-17=187, the same 
number obtained by add- 


12 
ing eleven values, each of | 
which is 17.) cs [>f = 415 
(2) Find totals: N =) f = 25, 
and? fx = 415. 





(3) The mean = x = 


The median is the middle score. For N = 25, the 
N+1 25+ l. 
2 2 








median falls in a position that is 


26 
23 = 13 scores from the top or the bottom. Thus, 
the median lies in the interval, 17. The median = 


l7. Ans. 





c. The age appearing most often is 16, because this interval has the 


greatest frequency, 12. Therefore, the mode = 16. Ans. 


EXERCISES] — — — — — — — — —] 





Find the mean grade for each of the following students. If neces- 

sary, round off the mean to the nearest tenth. 

a. Peter: 90, 70, 88, 82, 70 b. Maria: 80, 82, 93, 91, 94 

c. Elizabeth: 82, 75, 100, 83 d. Thomas: 92, 91, 75, 93, 98 

e. Al: 80, 70, 92, 78, 78, 98 f. Joanna: 90, 90, 61, 90 

a. Mr. Katzel will give a grade of A on the report card to any stu- 
dent whose mean average is 90.0 or higher. Which students in 
exercise 1, if any, will receive a grade of A? 

b. If Mr. Katzel leaves out the lowest test grade for each student 
listed in exercise 1, which students will then receive a grade of A? 

For each set of student grades in exercise 1, find the median grade. 

In a-h, find the mode for each distribution. If no mode exists, 

write “none,” 


a. 3,3,4,5,9 b. 4,4,5,9,9 c. 4, 4, 6, 6,6 
d. 3,4,7,8,9 e. 3,8,3,8,3 f. 5,2,2,5,2,5 
g. 1,7,4,3,2,4,3,1, 7,1 h. 5,2,7,2,8,5, 7,9,3 


What is the median for the digits 0, 1, 2,..., 9? 


10. 


unm 


12. 
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The median age of 4 children is 9.5 years. If Jeanne is 11, Debbie 
is 8, and Jimmy is 5 years old, then Kathy’s age cannot be: 

(1) 10 (2) LI (3) 13 (4) 16 
The set of data 6, 8, 9, x, 9, 8 is given. In each part, find all pos- 
sible values of x such that: (a) There is no mode because all scores 
appear an equal number of times. (b) There is only one mode. 
(c) There are two modes. 

Four tests have been given to students in a class, and their test 
scores are recorded below. Find the score needed by each student 
on a fifth test so that the mean average of all 5 tests is exactly 80, 
or explain why such an average is not possible. 

a, Edna: 80, 75, 92, 85 b. Rosemary: 77, 81, 76, 83 
c. Joe: 78, 72, 70, 75 d. Jerry: 68, 82, 79, 71 
Alice Garr typed a seven-page report. She made the following 
number of typing errors, reported by successive pages of the 
report: 2, 0, 2, 1, 4, 5, 7. For the number of errors per page, find: 
a. the mean b. the median c. the mode 

David enters bicycle races. His times to complete the last 6 races, 
each covering a distance of 20 miles, were recorded to the nearest 
minute as follows: 55, 58, 53, 50, 52, 50. For these recorded 
times, find: a. the mean b. the median c. the mode 

In the last 8 times that Mary ran the 100-yard dash, her times to 
the nearest tenth of a second were: 13.5, 13.3, 13.1, 13.3, 13.2, 
13.0, 12.8, and 13.0. The mean time for Mary to run the 100-yard 
dash is: 

(1) 13.1 (2) 13.15 (3) 13.2 (4) 13.25 


The ages of 30 students enrolled in a health ras roms 
class are shown in the accompanying table. B p y 


a. Find the mean age to the nearest tenth. 


b. For this data, which statement is true? 
(1) median > mode se is 
(2) median = mode 16 E 
(3) median < mode 15 


(4) median > mean 





In 13-17, for the given frequency distribution, find: a. the mean 
b. the median c. the mode. 


13. 


NT | 
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18. Eddie Dunn scored the following number of goals in his last 7 
hockey games: 3, 4, 0, 2, 3, 1, and 2. What is the least number of 
goals that Eddie must score in his next game to claim that his 
mean average number of goals per game is greater than 2? 

(1) 1 (2) 2 (3) 3 (4) 4 


15-3 MEASURES OF DISPERSION: 
THE RANGE AND THE 
MEAN ABSOLUTE DEVIATION 


The mean is the measure of central tendency most frequently used 
to describe statistical data. The mean, however, does not give us suffi- 
cient information about the data to draw conclusions. 

Below are frequency diagrams for four sets of data. The pictures 
clearly show us that these sets of data are very different. 


a 

E 

a 

I e ® $ 
& * 8 E ® @ 9 
eee $ E ® $ 9 E 
eee e e e e e e $ 9 
- o e e 9 6 06 eeeee e e e 
123 4 5 12345 123 485 123 4 5 

Fig. 1 Fig. 2 Fig. 3 Fig. 4 


And yet, for each set of data displayed 
here, the mean is 3. 

For example, using the data in Fig. 4, 
we can complete the frequency table 
at the right and find sums. It follows 
that: 





the mean = x = 


ifox; 39 _ 
n 13 


5 4 20 | 
| — n7 13 |E = 39 
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Since each of these sets of data has a mean of 3, we need another 
measure to show how these sets are different. The new measure should 
indicate how individual scores are scattered, or distributed, about the 
mean. A number that indicates the spread, or variation, of scores about 
the mean is called a measure of dispersion. 

One such measure of dispersion might have a value of 1.0 for the data 
in Fig, 1 and a value of 1.7 for the data in Fig. 2. The lower number 1.0 
tells us that scores are close to the mean of 3 in Fig. 1, while the 
higher number 1.7 tells us that scores are distributed further away from 
the mean of 3 in Fig. 2. 

In this section, we will study two measures of dispersion: the range 
and the mean absolute deviation. In the next section, we will study a 
third measure of dispersion, called the standard deviation. 


The Range 

The simplest of the measures of dispersion is the range. The range is 
the difference between the highest score and the lowest score in a set 
of data. 

For example, if Eve Lucano's grades for this marking period are 97, 
94, 92, 89, and 87, then the range of Eve's grades is 97 - 87 or 10. 

Since the range is dependent on only the highest and lowest scores in 
a distribution, the range is often unreliable as a measure of dispersion. 
Consider the following cases in which we compare data. 


e e 
Comparison 1. For each set of e e e 
data in Fig. 5 and Fig. 6, the mean € ws " » 
is 6 and the range = 10- 2= 8. s wx » n 
Although these frequency dia- | 
grams are very different, the range wm NT - E NN 
does not help us in comparing the 46810 246 810 
distribution of data in these sets. Fig. 5 Fig. 6 


Comparison 2. The test scores for two students are shown below. 


Heidi: 75,88,91,92,95,99 range = 99 - 75 = 24 
Eric: 87,88,91,92,95,99 range - 99 - 87 - 12 


While the range of Heidi's grades is twice the range of Eric's grades, 
their grades are exactly the same, except for one extreme score. In fact, 
both students have an average in the low nineties. Here, the sets of data 
are very much alike, but we have been led to believe that they are dif- 
ferent because of differences in the range. 
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The Mean Absolute Deviation 


Let us study a more useful 
measure of dispersion, based 
upon the information in the 
accompanying table. 


1. The data in column 1 is 
used to find the mean: > | Be E: 


> x, | -14 
Dx _ 516 _ ag 


"Um 6 


72 86 
2. The mean of 86 is entered 916 " 


in every row of column 2. 





3. The difference between each entry x, in the sample and the mean x 
is recorded in column 3. Notice that the sum of these differences is 
zero; that is, ? (x, - X) = 0. If the differences had been reversed, it 
would also be true that ? (X - x;) = 0. This example illustrates the 
fact that the sum of the differences between each entry in a sample 
and the mean of that sample is always equal to zero. 


4, In column 4, however, by taking the absolute value of the deviation 
of each score from the mean, we see that the sum of these absolute 


values is usually a number other than zero. Here, ? |x; - x| = 30. 


n — 
|x; - x| 
5. By definition, the mean absolute deviation = Am A. 5. 


i DEFINITION. If x is the mean of a set of numbers denoted by x;, 
then the mean absolute deviation, or simply the mean deviation, is: 


>. [xe x | 
i=] 1 zu 
MEMINI OR — |, - xl 
Hn it 


= 
li 
— 


iMa 


Since |a - b| = |b - al, it is also correct to write the formula for the 
mean absolute deviation as: 


n — 
2, Ix - xil , 
i=] LE 

— — ek SpE- 


n 0 ist 
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1. George Goldstein is a business student. His last six grades on tests in 
accounting were 87, 76, 93, 83, 84, and 81. For these grades, find: 
a. the range b. the mean deviation 


Solution 


a. The range is the difference between the highest and the lowest 
scores, Here, the range = 93 - 76 = 17. 


b. 1. Organize the data in col- 
umn 1 of a chart. 
2. Find the mean: 


= = 2H: _ 504 _ RA 
n 6 


3. After the mean is entered 
in every row of column 2, 
find the values of x; - x 
in column 3 and |x; - x| 
in column 4, 

4. Find the mean deviation: 


ix- x| 24 
— i= sn 
n 6 





Answer: a. range - 17 b. mean deviation = 4 


2. Two students in a computer course have the same average, based on 
grades received by each student for six computer programs. 


Thomas: 90, 70, 85, 100, 80,85 (mean = 85) 
Robert: 100, 90, 65, 90,65,100 (mean = 85) 


a. For each set of grades, find the mean absolute deviation to the 


nearest tenth. 
b. Which student has more widely dispersed grades? Explain why. 
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Solution 


a. For each student, organize the data in a table, find 2 |x; - X|, 
and find the mean absolute deviation. 





24x; - x| = 40 
mean deviation - ads FI mean deviation = E 
40 80 
"8" 6.66 a us 13.33 
- 6.7 Ans. - 13.8 Ans. 


b. Robert has more widely dispersed grades because the mean devi- 
ation of his grades, 13.3, is about twice as much as the mean 
deviation, 6.7, for the other student. 





EXERCISES | 

1. For each set of student grades, find the range. 
a. Ann: 83, 87, 92, 92,95 b. Barbara: 94, 90, 86, 86, 85 
c. Bill: 78, 97, 82, 86, 90 d. Cathy: 88, 81, 90, 74, 72 


e. Stephen: 91, 65, 92, 94, 98 f. Tom: 90, 90, 90, 90, 90 

2. Ifthe students in Mr. Pedersen's class are either 16 or 17 years old, 
what is the range of student ages in the class? 

3. The most expensive item in Dale Singer's shopping basket is meat 
at $5.60, and the least expensive item is fruit at $.39. What is the 
range of the prices of items in the shopping basket? 

4. a. Anna has fourteen grandchildren. If the oldest is 18 and the 

youngest is 3, what is the range of ages of the grandchildren? 


ARLII. ILI Jj 
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10. 


b. If Andrea, who is Anna's fifteenth grandchild, is born today, 


what is now the range of ages of Anna's grandchildren? 
For the data given in the accompanying E 
27 


cae HEREDI 


a. Find the mean. 
b. Copy and complete the table. 
c. Find the mean absolute deviation. | 


"Curveball" Klopfer is a baseball pitcher. In his last 6 games, he 
struck out the following number of batters: 16, 20, 14, 13, 21, 12. 
For this set of data, find: (a) the range (b) the mean (c) the mean 
deviation. 






True or False: For any set of data, 2 > |x, - x| = Diz - x; |. 


Explain why. 

Frances owns and manages a printing business. Over the last 6 days, 
she has processed the following number of jobs: 5, 8, 12, 7, 3, 4. 
For the number of jobs processed: a. Find the mean. (Hint: The 
mean is not an integer.) b. Find the mean absolute deviation. 
For the last week, Florence kept a log of the number of hours that 
she watched television each day. The times, recorded to the near- 
est half-hour, are 5, 4, 3.5, 3, 2, 1.5, and 0 hours. For these times: 
a. Find the mean to the nearest tenth. b. Using the mean from 
part a, find the mean deviation to the nearest hundredth. 

Three sets of data (Set I, Set II, and Set III) are displayed in the 
following frequency diagrams. For each set of data, find: (a) the 
range (b) the mean (c) the mean deviation. Then, by using the 
mean deviations found, tell: (d) which set of data is most closely 
grouped about the mean and (e) which set of data is most widely 
dispersed. 


E 

è e o E * 

e e oè eee e E 

eeeeese e ee o o e e eee 

1234 55 12345 123 456 
Set I Set Il Set III 


Ex. 10 
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11. Two students in a mathematics class are comparing their grades. 


Mary Murray: 87, 98, 82, 96, 99, 84 
Thea Olmstead: 95, 92, 79, 94, 90, 96 


a. For Mary's grades, find (1) the range (2) the mean (3) the mean 
deviation to the nearest tenth. 

b. For Thea's grades, find (1) the range (2) the mean (3) the mean 
deviation to the nearest tenth. 

c. Which student has more widely dispersed grades? Explain why. 

12. The highest daily temperatures were recorded in Celsius for two 

weeks in the summer. Each week had the same mean daily reading. 


Week 1: 37,35,34,30,32,36,34 (mean = 34) 
Week 2: 37, 36, 40, 33, 31, 30,31 (mean = 34) 


a. For each week’s data, find the mean deviation to the nearest 
tenth. 
b. Using part a, tell which week had the more consistent readings. 
13. The set of data 3, 4, 4, 5, 5, 5, 6,6, 7 contains 9 numbers and has 
a range of 4 and a mean of 5. Write three more sets of data where 
n = 9, the range = 4, and the mean = 5. 


15-4 THE STANDARD DEVIATION 


When we were working with mean deviation, the use of absolute value 
allowed us to change all non-zero differences to positive values. Non- 
zero differences can also be changed to positive values by squaring the 
differences, as in (5 - 7)? = (-2)? = 4 and (1 - 7)? = (-6)* = 36. In 
fact, the use of squaring leads to a measure of dispersion that gives 
greatest weight to those scores that are farthest from the mean. 


B DEFINITION. The variance, v, of a set of data is the average of the 
squares of the deviations from the mean. In symbols: 


Y (x; - xy 
"2 s2 ri - xy 
y= E OR art? V 


O ExaMPLE 1: On five mathematics tests taken this month, Fred earned 
the following scores: 92, 86, 95, 84, and 78. Calculate the variance. 
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Solution 


1. Organize the data in a table. 
See column 1. 
2. Find the mean: 


z= 2% _ 485 _ 
n 5 

3. Subtract the mean in column 
2 from each entry in column 
1, and write this set of devia- 
tions from the mean in col- 
umn 3. 

4, In column 4, square each deviation from the mean. 





5. Therefore, variance v = T ——— 36 Ans. 


Some people object to variance as a measure of dispersion because it 
contains a distortion that results from squaring the differences. To over- 
come this objection, we can find the square root of the variance and 
thus obtain a measure of dispersion that has the same units as the given 
data. This measure, called the standard deviation, is the most important 
and widely used measure of dispersion in the world today. 


E DEFINITION. The standard deviation, s, of a set of data is equal to 
the square root of the variance. In symbols: 


in a 
OR $7 V a2: (x, - x)? 


Other commonly used symbols for standard deviation are S.D. and c 
(the lower-case Greek letter, sigma). 





|] ExAMPLE 2: On five mathematics tests, Fred earned the following 
scores: 92, 86, 95, 84, and 78. Calculate the standard deviation. 
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Solution 


This is the same set of data as given in the previous Example 1. After 
following steps 1, 2, 3, and 4, as outlined in Example 1, we write: 


Standard deviation = s = 





= — = 4/36 =6 Ans. 


Note: Let us compare the various measures of dispersion we have 
learned for the set of data just studied: 92, 86, 95, 84, 78. 


Range = 95 - 78 = 17 (unreliable) 
Mean Deviation = 5.2 (acceptable, but rarely used today) 
Variance = 36 (contains a distortion) 
Standard Deviation = 6 (the most commonly used measure) 


Later in this chapter, we will see how standard deviation is used to 
help us study frequency distributions in greater detail. 





MODELPROBLIM| —— — — — — — O C*d 


The time in minutes required by each of five students to complete a 
test was as follows: 35, 27, 30, 25, and 38. For this data, find the 
standard deviation to the nearest tenth. 


Solution 


1. Organize the data, as shown in ele 
column 1 of the table. | = 
2. Find the mean: 38 31 


5 


3. Write the mean in column 2, 
the deviations from the mean 
in column 3, and the squares of 
the deviations in column 4. 


z= 
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4. Standard deviation = 





= v 23.6 = 4.85 


= 4.9 (nearest tenth) 





Answer: 4.9 


EXERCISES 





For the data given in the accompany- 

ing table: 

a. Find the mean. 

b. Copy and complete the table. 

c. Find the standard deviation to 
the nearest tenth. 





. The scores of six students on an IQ test are listed below. 


Fred: 130 Toni: 127 Lee: 125 
Paul: 122 Lynn: 128 John: 118 


For these scores, find: a. the mean b. the standard deviation. 
The highest number of points that a student can score in a mathe- 
matics competition is five. In the last six competitions, Jennifer's 
scores were 2, 1, 4, 2, 4, 5. For these scores, calculate: a. the 
mean b. the standard deviation to the nearest tenth. 

On his last five fishing trips, Jim caught the following number of 
fish: 6, 5, 12, 3, 9. For this data, find: a. the mean b. the 
standard deviation to the nearest tenth. 

On a test, five students received scores of 63, 60, 59, 57, and 
96. For these scores, find: a. the mean b. the standard devia- 
tion to the nearest tenth. 


The heights in centimeters of five Player Height (em) 
players on the basketball team | R Melend 192 
are listed at the right. For these | c Cronin i 189 
heights, find: a. the mean b. the | p Schmeling 187 
standard deviation to the nearest | M Natale 184 


tenth. R. Weinrich 183 
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7. Two students were comparing their grades on their report cards. 


Sean O’Brien: 83, 92, 79, 65, 82, 85 
John Parisi: 83, 75, 78, 86, 77, 87 


a. Which student, if either, has the higher mean average? b. For 
Sean's grades, calculate the standard deviation to the nearest tenth. 
c. For John's grades, calculate the standard deviation to the near- 
est tenth. d. Which student has the greater dispersion in grades? 

8. During a 5-day work week, Helen worked the following number of 
hours per day: 8, 10, 9, 11, 10. For this data, calculate: a. the 
mean b. the standard deviation to the nearest tenth. 

9. Dave worked the following number of hours at a fast-food restau- 
rant over a period of 7 days: 5, 4, 0, 9, 7, 0, 3. Using n = 7, find: 
a. the mean number of hours worked per day b. the standard 
deviation to the nearest tenth. 

10. Over the last 7 days, Mr. Kavanagh spent the following number 
of hours reading a novel: 3, 1.5, 2, 1.5, 4, 2.5, and 3. For these 
times, find: a. the mean b. the standard deviation to the 
nearest tenth. 

11. Ina statistical study, if the variance is 64, then the standard devia- 


tion is: 

(1) 6.4 (2) 16 (3) 8 (4) 64 
12. If the standard deviation for a set of data is 2.5, find the value of 

the variance. 


13. In a statistical study, variance and standard deviation are usually 
not equal. For what two numerical values would these measures be 
equal? 


15-5 NORMAL DISTRIBUTION 


In most statistical studies, the number of scores to be considered is 
large, and these scores are organized into groups. For example, 10 coins 
are tossed, and the number of heads obtained is recorded. The table 
that follows shows the result after 100 trials of tossing 10 coins. 


Namste [o [1|2 | 2] e] 8] 6] fefefe 
P memes [1 [2 [1 [20 24 [20 [ax |s]2| 1 


The histogram for the distribution of the number of heads is the bar 
graph, shown on the next page. The frequency polygon is the line graph, 
determined by connecting the midpoints of the upper parts of each 
bar, shown in the same diagram. 
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O 1 2 4 5 6 7 8 9 10 
Number of Heads 


If we were to draw a smooth curve through the points that determine 
the frequency polygon, the curve would be shaped somewhat like a 
bell. In fact, by increasing the number of trials as well as the number of 
coins tossed in each trial, the frequency polygon would more closely 
resemble a bell-shaped curve called the normal curve. 


In a normal curve, the greatest fre- 
quency occurs at a score in the center 
of the distribution. This center score 
is the mean, x. A vertical line drawn 
through the mean serves as an axis of 
symmetry for the normal curve. Since 
half the scores in the distribution lie 
below the mean and half lie above it, 
this center score is also the median. Since this center score has the 
greatest frequency in the distribution, it is also the mode. 

As we move further to the right or to the left of the mean in a normal 
curve, the frequencies decrease. The normal curve is essentially a theo- 
retical model that is used to study sets of data. For example, a fre- 
quency polygon of the heights of thousands of high-school juniors 
would closely approximate the normal curve. So too would data involv- 
ing weights, clothing sizes, numerical test grades, and the like. 





S ÁÓis 
Normal curve 


Standard Deviation and the Normal Curve 


The distribution of data represented by the normal curve is called a 
normal distribution. In a normal distribution, the pattern of scores on 
the next page will occur, correct to the nearest one-half of one percent. 
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1. 68% of the scores lie within one standard deviation of the mean. 
That is, 68%, or slightly more than two-thirds of the scores, lie in 
the interval from x - sto x + s, or one standard deviation below the 
mean to one standard deviation above the mean. Because the curve 
is symmetrical, 34% of the scores lie in the interval from x - s to x, 
and 34% lie in the interval from x to x * s. 

2. 95% of the scores lie within two standard deviations of the mean. 
Thus, 47.5% of the scores lie in the interval from x - 2s to x, and 
47.5% lie in the interval from x to x + 2s. By arithmetic, we can 
show that each interval, x - 2s to x - s and x + s to x + 2s, con- 
tains 13.5% of the scores. 

3. 99.5% of the scores lie within three standard deviations of the mean. 


$99 55% of scores oe im 
rA ——————— 95% of scores — 


6876 


——-of scores ———*&« 


e Eun Gus us HER GEL URN UEM UND US Gem eem em m Rs om e Gn Gum GRE EE UE GER UN 
Seas 2222 2 UE Um eS m RR SS SS m eS = 










= —_ a TO ii ii 





x-—3s xX—2s xs X xs X+2s X+3s 


Normal distribution 


Let us see how these concepts are used in a statistical study. 


O ExaMPLE: In a normal distribution, the mean height of 10-year-old 
children is 138 cm and the standard deviation is 5 cm. Find those 
heights that are exactly one standard deviation above and below the 
mean, and two standard deviations above and below the mean. 
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Solution 


The normal curve is sketched here as 
an aid. 


Letx = 138 and s-5,. 





Answer 
x + 2s = 138 + 2(5) = 148 
X—2s X-s X X+s X+25 x+s=1388+5 =148 
128 133 138 143 148 x-s-7138-5 = 133 
X - 2s = 138 - 2(5) = 128 


Recall that a percentile is a score or a measure that tells us what per- 
cent of the total frequency scored “at or below that measure." 

By using the percents observed 
earlier, we can list the percentiles 
for five important scores in a nor- 
mal distribution (see the diagram at 
the right). For example, the mean l 13.5% 
x is at the 50th percentile because | | 
50% of the scores lie at or below 





the mean. Similarly, the score that X-2sX-s X x+s X+2s 
lies one standard deviation above 2.5 16 50 84 97.5 
the mean, x + s, is at the 84th per- Percentiles In 
centile because 84% of the scores normal distribution 


he at or below x + s. 


Let us combine the scores from the statistical study involving heights 
of 10-year-old children with the percents and percentiles of a normal 
distribution. Many interesting observations can now be made, only a 
few of which are listed on the next page. 





Percents: 13.5% 5 | 3 13.5% 





X-2s X-s X ts Xi2s 
Scores or 
heights: 128 133 138 143 148 


Percentiles: 2.5 16 50 84 97.5 
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. 68% of the children are between 133 cm and 143 cm tall. 

. 95% of the children are between 128 cm and 148 cm tall. 

. 34% of the children are between 138 cm and 143 cm tall. 

. A 10-year-old child who is 133 cm tall is at the 16th percentile. 

That is, 16% of 10-year-old children are 133 cm or shorter in height. 

5. A 10-year-old child who is 148 cm tall is at the 97.5 percentile. That 
is, only 2.596 of 10-year-old children are taller than 148 cm. 

6. If the height of a 10-year-old child is at the 90th percentile, then the 
child's height is somewhere between 143 cm and 148 cm. 

7. A height of 137 cm is above the 16th percentile but less than the 
50th percentile for this population. 

8. Heights that would occur less than 576 of the time for these children 

are heights less than 128 cm and heights greater than 148 cm. 


wm Co b2 IP 


In courses ‘of higher mathematics, statistical tables are provided that 
allow us to be very precise when assigning percentiles to scores. For 
now, let us simply remember the percents and percentiles that occur in 
a normal distribution for these key scores: x,x * s, and x + 2s. 





1. Scores on the Preliminary Scholastic Aptitude Test (PSAT) range 
from 20 to 80. For a certain population of students, the mean is 52 
and the standard deviation is 9. 

a. A score at the 65th percentile might be: (1) 49 (2) 56 (3)64 
(4) 65. 

b. Which of the following scores can be expected to occur less than 
3% of the time? (1) 39 (2) 47 (3) 65 (4) 71 


Solution 


Letx = 52 and s= 9. 
Then: 

x*2s-52-2(9) - 70 
x+s=52+9 =61 
x-s-52-9 =43 
x- 2s =52- 2(9) = 34 


Sketch a normal curve. 


Scores: 34 43 52 61 70 Place appropriate scores 


Percentiles: 25 16 50 84 97.5 and  percentiles at x, 
x ts,andx * 2s. 
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a. The 65th percentile lies in the interval from the 50th percentile 
to the 84th percentile, that is, from x to x + s. The scores in this 
interval range from 52 to 61. Of the four choices given, only 
choice (2), a score of 56, lies within the interval. 

b. The score of 70 lies at the 97.5 percentile. Since 71 is greater 
than 70, then 71 is above the 97.5 percentile, and this score 
should occur less than 396 of the time. 


Answer: a. (2) 56 b. (4) 71 


2. In the diagram, the shaded area rep- 
resents approximately 68% of the 
scores in a normal distribution. If the 
scores range from 12 to 40 in this in- 
terval, find the standard deviation. 





Solution 


Since 68% of the scores in a normal distribution lie in the interval 
from x - s to x + s, the interval contains exactly 2 standard devia- 
tions, Thus, 40 - 12 = 28 = 2s, and 28 ^ 2 = 14 = s. 


Answer: 14 





EXERCISES 


In 1-4, write the number that makes the sentence true. 





1. In a normal distribution, the mean is at the percentile. 

2. Approximately | 495 of the scores in a normal distribution lie 
within one standard deviation of the mean. 

3. A score that is one standard deviation below the mean in a normal 
distribution is at the ____ percentile. 

4. In a normal distribution, about . 96 of the scores lie in the inter- 
val from x - 2s to x + 2s. 


5. Ona standardized test, the mean is 82 and the standard deviation 
is 6. Find the scores for: a. x + 2s b. X te Cc. x-s 
d. X - 2s 
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On a standardized test, the mean is 70 and the standard deviation 
is 10. If Rita Keane scored 90 on this test, then her score is at the: 
(1) 84th percentile (2) 90th percentile — (3) 95th percentile 
(4) 97.5 percentile 
If the mean score on an IQ test is 104 and the standard deviation 
is 7, which score will occur less than 5% of the time? (1) 93 
(2) 97 (3) 116 (4) 119 
Mr. Noren bowls regularly and has an average of 182. His bowling 
scores approximate a normal distribution with a standard devia- 
tion of 8.5. He can expect to bowl a score of 200 or better: 
(1) about 16% of the time (2) between 10% and 15% of the 
time (3) between 5% and 10% of the time (4) less than 
3% of the time 
The times of telephone calls approximate a normal distribution. If 
the mean time is 4.3 minutes, with a standard deviation of 1.4 
minutes, which length call should occur less than 5 times out of 
100? (1) 2.1 minutes (2) 7.4 minutes (3) 3 minutes 
(4) 6 minutes 
For a certain population, the mean score on the Scholastic Apti- 
tude Test (SAT) is 430, with a standard deviation of 108. 
a. Which of the following scores should occur the greatest number 
oftimes? (1) 301 (2) 335 (3) 539 (4) 550 
b. Which of the following scores might represent the 70th percen- 
tile? (1) 505 (2) 540 (3) 590 (4) 700 
c. A student with a score of 322 does as well as or better than 
what percent of the population? (1) 2.5% (2) 16% (3) 30% 
(4) 32.275 
Ms. Surber owns a real-estate business. Sale prices of homes in her 
area approximate a normal distribution, with a mean of $72,000 
and a standard deviation of $7,600. A home that sells for $87,600 
would rank: (1) below the 75th percentile (2) between the 
75th and 85th percentiles (3) between the 85th and 95th per- 
centiles (4) above the 95th percentile 
In a large school district, the years of service for the teaching staff 
approximate a normal distribution. The mean is 16 years of teach- 
ing, and the standard deviation is 7.4 years. Four teachers, and the 
number of years of service for each, are listed below. 


Robert Novak: 16 years Mabel Oestrich: 35 years 
Samuel Backer: 21 years Nancy Garbowski: 12 years 


According to years of service, name the teacher or teachers of 
those listed (if any) who might possibly rank at the: 

a. 10th percentile b. 35th percentile c. 50th percentile 
d. 70th percentile e. 90th percentile f. 99th percentile 
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13. In a contest, the mean time for pianists to play the *''Minute 
Waltz" was 56 seconds, with a standard deviation of 3 seconds. 
The times approximated a normal distribution. If Al Cavallaro 
played the “Minute Waltz" in 50 seconds, his time was faster than 
what percent of the population? (1) 2.5% (2) 16% (3) 84% 
(4) 97.5% 


14, In the given diagram, about 95% of 
the scores fall in the shaded area. If 
the distribution is normal and these 
scores range from 25 to 51, find: 
a. the standard deviation b. the 
mean 





In 15-18, assume a normal distribution. Using the given information, 
find: a. the standard deviation b. the mean 


15. x - s= 75and x +s = 109 

16. x - s= 4.5and x + 2s = 25.5 

17. Scores within one standard deviation of the mean range from 9.2 
to 14, 

18. About 2.5% of the scores are at or below 45, and 2.5% are above 
TAS 


19. In a normal distribution, x = 27.9, and 16% of the scores are at or 
below 25.2. Find: a. s b. x * 2s 


15-6 GROUPED DATA 


In this section, we will work with data that is organized into groups. 
The measures of dispersion found here are based on the rules learned 
earlier, but we must take into account the frequency for each of the 
intervals of grouped data. 


O ExAMPLE 1: Mrs. Fowles, an English teacher, recorded the number 
of misspelled words in 25 book reports as follows: 


12,7, 7, 7,6, 6,5, 5,5,5, 5, 4,4, 4, 3, 3, 3, 2, 2, 2, 2, 1,0, 0, 0 
For this data, calculate the standard deviation to the nearest tenth. 
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Solution 
1. Organize the data in a table as shown below. In columns 1 and 2, let 
x; represent the number of misspelled words, and let f; represent the 
frequency for each measure x;. (Note that Lf 1; =n.) 
2. In column 3, find each product, f,x;, and the sum, 2 f,x;. 


zi x, 100 _ 


3. Find the mean: x = 25 


Col. 1 Col. 2 Col. 3 Col. 4 Col. 5 Col. 6 


2 
T 
6 
5 
4 
3 
2 
1 
0 





4, In column 4, find the values of x; - x by subtracting the mean of 
4 from each measure x;. Then, in column 5, square these deviations 
from the mean. 

5. Since the frequency changes from one interval to another, multiply 
each value of (x,- x)? by its corresponding frequency f, before 
finding the sum, 2. f, (x; - X )?, in column 6. 

6. The rule for standard deviation s with grouped data includes the fre- 
quencies f; seen in the table: 





2 
g = Xfi (e - EY oR s-y YR (x;- xy 
n n 
180 
Here, s = 25 = V7.2 * 2.68 = 2.7 (nearest tenth) 


Answer: 2.7 
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It is interesting to see how closely this data approximates a normal 
distribution. Here, the mean number of misspelled words is 4, and the 
standard deviation is 2.7. Look at the frequency distribution in the 
table, and notice the following diagram: 


1. There are 17 students who have 2, 
3, 4, 5, or 6 misspelled words. 
Thus, from 1.3 to 6.7, or within 
one standard deviation of the mean, 
exactly 32 or 68% of the popula- 
tion is found. 

2. Every student except one is found 
in the interval from -1.4 to 9.4. 


Thus, = or 96% of the population 





lies within two standard deviations i egy} | 
of the mean. st | 
24 ! 


-—— — $$ =96% —: 


3. The one student with 12 spelling errors is found outside of the inter- 
val from - 1.4 to 9.4. This is + or 4% of the population. We expect 


Scores in a normal distribution to fall outside of the interval from 
x - 2s to x + 2s less than 5% of the time. 


Although the number, n = 25, is relatively small in this study, the 
percents that we have just found indicate that this data is close to that 
of a normal distribution. 


O ExAMPLE 2: Using the data given in Example 1, calculate the mean 
absolute deviation to the nearest tenth. 


Solution 
1. A table is constructed with the headings: 


x 





714 Integrated Mathematics: Course lll 


The first four columns are the same as those in Example 1, and the 
mean x = 4. We will concentrate on columns 5 and 6 in the limited 
table that follows. 


2. In column 5, the absolute value Col. 5 Col. 6 
of each deviation from the mean, E EE 
|x, - X|, is noted. Then, in col- Ix; - xl 
umn 6, each deviation is multi- 
plied by its corresponding fre- 
quency, f;. 


3. The rule for mean absolute de- 
viation with grouped data is: 


> f, |x, -x| 
n 





| 
xi | 


Here, the mean deviation = LÀ = 
2.08 = 2.1 (nearest tenth) 


Answer: 2.1 


Remember that the percents studied earlier apply to standard devia- 
tion only, and not to mean absolute deviation. 


Intervals Other Than Length One 


If the range of a set of data is large, it is useful to group the data into 
intervals larger than length one. The length of an interval is found by 
subtracting the starting points of two consecutive intervals. For exam- 
ple, the intervals 75 to 79, 80 to 84, 85 to 89, and so on, have a length 
of 5 each because 80 - 75 = 5 and 85 - 80 = 5. 

To work with data grouped into such intervals, we must be sure that 
the intervals are of equal length. Then, let x; represent the midpoint of 
each interval. For example, the six scores 89, 88, 88, 86, 85, 85 lie in 
the interval “85-89,” whose midpoint is 87. By addition, 89 + 88 + 
88 + 86 + 85 + 85 = 521. We can obtain a number that is not signif- 
icantly different from this sum by multiplying the midpoint, x; = 87, 
by the frequency, f; = 6, in the stated interval. 





These procedures are used in the model problem that follows. 
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KEEP IN MIND 


For grouped data involving intervals with given fre- 
quencies f;: 





1. Mean absolute deviation = 2.f dx - xl z; - x| 


MUT. 
2. Standard deviation = s = efile Ey 


MODEL PROBLEM | —. —"/  .  — — 


The test scores of 50 students are grouped 
into intervals as shown in the accompanying 
table. 

For this set of grouped data, find: a. the 
mean b. the standard deviation to the 
nearest tenth 





Solution 


a. 1. In the table at the right, 
let each measure x; 
represent the midpoint 
of the interval. 

2. Find the products, f;x;, 
and their sum, 2 fx. 


3. Determine the mean: 
i fii: 2 4100 


50 - 82 
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b. 


Interval | Measure | Frequency 
X; f, i f ¿Xi | XiT x 
= 98 2 16 





96-100 196 










2800 
2 fi (& - xy 





1. To obtain the numbers in the column headed “x; - x," subtract 
the mean of 82 from each measure x;. Then, in the next column, 
square these deviations from the mean. For example, 98 - 82 = 16, 
and (16)? = 256. 

2. In the last column, multiply the square of each deviation by its 
corresponding frequency. For example, 2 - 256 = 512. 

3. Add the entries in the last column, and find the standard deviation. 


s = = Phils - x)? = V = (2800) = /56 ~ 7.48 


s = 7.5 (nearest tenth) 


Answer: a. x = 82 b.s= 7.5 








EXERCISES. 
4; 


The set of data 12, 15, 12, 10, 9, 12, 9, 10, 12, 9 has been orga- 
nized into a table that follows. For this grouped data: a. Find the 
mean. b. Copy and complete the table. c. Find the standard 


deviation to the nearest tenth. 
ux [oa [3 


15 1 
4 
2 
3 
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In 2-4, for the grouped data, find: a. the mean b. the standard 
deviation to the nearest tenth 





10. 


2. 
Measure 
| *; 
91 | 


Frequency 
fi 









3. z 4. 
Measure | Frequency Measure | Frequency 
Xj; f i | X; | f ij 
40 4 | 10 1 








b2 bh ote 


. In her last 10 mathematics tests, Karla Adasse scored 90, 100, 80, 


100, 100, 70, 90, 80, 90, and 100. Organize these test grades into 
a table of grouped data, and find: a. the mean grade b. the 
standard deviation 


. Joan kept a record of the number of miles that she drove each day 


during the last week: 20, 20, 15, 20, 10, 40, and 15. Organize the 
record of her mileage into a table of grouped data, and find: a. the 
mean b. the standard deviation to the nearest mile 


. Ten high-school juniors were chosen at random. Their non-verbal 


scores on the PSAT are: 68, 65, 70, 70, 68, 58, 65, 68, 70, and 
68. Find the standard deviation of these scores to the nearest 
tenth. 


Mr. McEntee is a guidance counsellor. During the last 8 school 
days, he saw the following number of students: 12, 8, 10, 12, 15, 
10, 10, and 3. For this data, find the standard deviation to the 
nearest tenth. 


Mrs. Cerulli drives to work. On her last 10 trips: 5 trips took 20 
minutes each, 4 trips took 18 minutes each, and 1 trip took 38 
minutes. For these times, find: a. the range b. the median 
c. the mode d. the mean e. the standard deviation to the 
nearest tenth 


Ten Speedo cars were tested at random. These cars were found to 
average the following number of miles per gallon: 90, 31, 31, 29, 
32, 30, 23, 31, 32, and 31. a. Find the mean for this data. 
b. Find the standard deviation to the nearest tenth. c. Mr. Pappas 
owns the car that averages 23 mpg. Does his car have a rate that 
lies within two standard deviations of the mean? 
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11. The test scores of 50 students are grouped 
into intervals as shown in the table at the 
right. For this set of grouped data, find: 
a. the mean b. the standard deviation 
(Hint: Let x; represent the midpoint of 
each interval, as shown in the model prob- 
lem in this section.) 





12. Mrs. Barash analyzed a test given 
to 30 students in her class. Using 
the accompanying table, find: 
a. the mean score b. the stan- 
dard deviation to the nearest 
tenth 


| Interval | Midpoint| Frequency 
| X; fj 






13. Tony Spartalis organized the grades he earned on 20 
lab reports into the accompanying table. For this data: 
a. Find the mean grade. 

b. Find the standard deviation to the nearest tenth. 

c. Expand the table to include columns for |x; - Ei. 
and f,|x;- x|. Use this information to find the 
mean absolute deviation to the nearest tenth. 

14. The ages of 10 teachers in the mathematics department are: 38, 
41, 34, 28, 41, 41, 34, 38, 41, and 34. For this data, find: a. the 
mean b. the standard deviation to the nearest tenth c. the 
mean absolute deviation to the nearest tenth 


Interval | Midpoint | Frequency 
Xj f; 








15. The Vromans taught a group of 
children how to grow stringbeans. 
In one week, 20 plants were har- 
vested and the number of string- 
beans on each plant was recorded. 
For the grouped data in the ac- 
companying table: a. Find the 
mean. b. Find the standard de- 
| i viation to the nearest tenth. 
c. Joanna grew the plant that had the greatest number of string- 
beans, and Zack grew the plant having the least. Whose plant, if 
any, lies outside the interval that is two standard deviations from 
the mean? 
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15-7 REVIEW EXERCISES 


In 1-4, find the value indicated by the summation symbol. 


1 


5. 


10. 


. The hours that Carol worked over the last 8 





y n" 2. Y (5 - i) 3. y 3(k *1) 4. $ sin (n7) 
n=1 i22 k=0 


n=0 


Which statistical term represents the score that occurs most often 
in a distribution? (1) mean (2) median (3) mode (4) stan- 
dard deviation 

If Sal’s test grades are 73, 90, 87, 98, and 92,what is the range of 


his grades? 
Measure | Frequency | 
Xi f; | 
| 384 | 


32 
30 


weeks are recorded in the table at the right. 
For this data, find: a. the mean b. the 
median c. the mode 





Ne e He 


accompanying table, which is 

true? 

(1) The mean equals the me- 
dian. 

(2) The mean exceeds the me- 
dian by 3. 

(3) The median exceeds the 
mean by 3. 

(4) The mean equals the mode. 


lew Measure | Frequency 8. For the grouped data in the 
; f; 


In a class, 15 students are 17 years old and 10 students are 16 
years old. The mean age of these students is: (1) 16.3 (2) 16.5 
(3) 16.6 (4) 16.8 


Two players at a mini-golf course had the same average for the 


first nine holes of golf. 


Len: 3,2,5,3,3,1,5,3,2 (mean = 3) 

Stan: 3, 2,5, 3, 3, 3, 2,3,3 (mean = 3) 
a. Find the mean absolute deviation for each player, expressed as 
a fraction. b. Which player has more widely dispersed scores? 
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1l. 


12. 


13. 


14. 


15. 


16. 


17. 
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The weights of a group of people approximate a normal distribu- 
tion. If the mean weight is 64 kg and the standard deviation is 4.8, 
which weight is expected to occur less than 395 of the time? 
(1) 56 (2) 59.3 (3) 69.8 (4) 74 

On a standardized exam, the mean is 83 and the standard devia- 
tion is 5.5. Which score might be assigned to a student at the 70th 
percentile? (1) 70 (2) 77.5 (3) 86 (4) 90 


In the diagram, about 68% of the 
scores fall into the shaded area. If the 
distribution is normal and the scores 
range from 55 to 80, find: a. the 
standard deviation b. the mean 
c. the score at x * 2s 





Ex. 13 


Over the last 5 days, Mrs. Tountas received the following numbers 
of letters in the mail: 7, 4, 9, 2, 3. For this data, find: a. the 
mean b. the standard deviation to the nearest tenth 

The scores earned by 5 students on the PSAT are 62, 57, 55, 51, 
and 50. Calculate the standard deviation of these scores to the 
nearest tenth. 


For the grouped data in the accom- 





panying table, find: 
a. the mode b. the median : | 
c. the mean d. the standard 


deviation 


Doris scored the following grades on her last 10 science tests: 85, 
100, 90, 90, 100, 85, 80, 90, 100, and 90. Organize these grades 
into a table of grouped data, and find: a. the mean b. the stan- 
dard deviation to the nearest tenth 


Chapter 1 6 


Probability and the 
Binomial Theorem 








16-1 PERMUTATIONS AND COMBINATIONS 


A bank contains 4 coins: a penny, a nickel, a dime, and a quarter, 
represented by P, N, D, and Q, respectively. If one coin is taken out 
of the bank at random, there are 4 possible outcomes. The sample space, 
or the set of all possible outcomes, is (P, N, D, Q}. If a coin is tossed, 
there are 2 possible outcomes, heads and tails, represented by H and T, 
respectively. This sample space is (H, T). If a coin is taken out of the 
bank and tossed, the sample space is now: 


UP, H), (P, T), (N, H), (N, T), (D, E), (D, T), (Q, A), (Q, T)} 


This sample space isrepresentedonagraphat I| ° ° ° >» 
the right. We see that there are 4-20r8 H| * ° e œ 


possible outcomes. P N D Q 


@ THE COUNTING PRINCIPLE. If one activity can occur in any of 
m ways and, following this, a second activity can occur in any of n 
ways, then both activities can occur in the order given in m - n ways. 


The 4 coins in the bank 
are to be drawn out one 
at a time without replace- 
ment. There are 4 possi- 
ble outcomes for the first 
draw. Then, since 3 coins 
remain in the bank, there 
are 3 possible coins to be 


Number of Coins | Number of 
in the Bank Possible Outcomes 
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drawn and 4 - 3 ways in which the first 2 coins could be removed. On 
the third draw there are 2 coins left to be selected and 4 - 3 - 2 ways in 
which the first 3 coins could be removed. On the last draw there is one 
coin left to be selected and 4 - 3 - 2- 1 or 24 possible orders in which 
the coins could have been drawn. 

A permutation is an arrangement of objects in some specific order. 
The symbol 4P, is read “the number of permutations of 4 things taken 
4 at a time." 


,P,74!24-3-:2-1-724 


There are 24 permutations of the 4 coins. 


Bl In general, the number of permutations of n things taken n at a time 
is: 
B,*nl*n(n- l)h-2)...2*1 

A bank contains 4 coins, and 2 are to be drawn. There are 4 ways in 
which the first coin can be selected and 3 ways in which the second 
coin can be selected. Therefore, there are 4 - 3 or 12 orders in which 
the coins can be selected. The symbol 4P; is read “the number of 
permutations of 4 things taken 2 at a time." 


4P =4-3=12 


E In general, the number of permutations of n things taken r at a time 
is: 


nP, = n(n - 1)(n - 2)... 
— m 


r factors 


Permutations With Repetition 


A bank contains 6 coins: a penny, a nickel, a dime, and 3 quarters. In 
how many different orders can the 6 coins be removed from the bank? 

If the coins are considered to be all different, then the number of 
orders is: 


gP67909126-5-4-3-2-1-7 720 


But within any given order, such as P N Q D Q Q, there are 3! or 6 per- 
mutations of the 3 quarters that produce this arrangement of coins. 
These permutations are indicated by using subscripts: 


PNQ,DQ, Q; PN Q,DQ, Q; PNQ,;,DQ, Q: 
PNQ,DQ4,Q, PNQ,DQ;3 9, PN Q; DQ: Qı 
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We can divide the 720 arrangements of coins into groups of 6 that are 
the same. Therefore, the number of different orders of the 6 coins, 3 of 
which are quarters, is: 


-6-5-4-3-2-1 720 _ 


6! 
3! 32-1 6 


120 


E The number of permutations of n things taken z at a time when r are 


i í . n! 
identical is E 


Combinations 


A bank contains 4 coins: a penny, a nickel, a dime, and a quarter. Two 
coins are to be drawn from the bank and the sum of the values noted. 
The number of ways in which 2 coins can be drawn from the bank, one 
after another, is a permutation: 4P,74-32123. Here, order is impor- 
tant, and the 12 permutations can be written as 12 ordered pairs. 

Let us now find the number of possible sums of the values of the 
2 coins selected. If the penny is drawn first and then the dime, the sum 
is 11 cents. If the dime is drawn first and then the penny, the sum is 
also 11 cents. Here, the order of the coins drawn is not important in 
finding the sum. A selection in which order is not important is called a 
combination. 

For any 2 coins selected, such as 
the penny and the dime, there are 
2!=2-+1=2 orders. Therefore, 
to find the number of combina- 
tions of 4 things taken 2 at a time, 
we divide the number of permuta- 
tions of 4 things taken 2 at a time 
by the 2! orders. 


B a 
a E ull. i 
Oo." "ST @ 5.7 S 









Combinations 
| (P, D)(D, P) == {PD} 
(P,N)N,P) —+ {P,N} 
(P,Q)(Q,P) |—— {P,Q} 
(N,D(D,N) ——  (N,D) 
(V,Q)(Q,N) —— 
(D, Q(Q, D) 







Permutations 








While permutations are regarded as ordered elements, such as the 
ordered pairs (P, D) and (D, P), combinations may be regarded as sets, 
such as (P, D), in which order is not important. Each of the 6 combina- 
tions listed in the accompanying box has a unique sum; these sums are 
11€, 62, 262, 154, 30d, and 354. 


@ In general, the number of combinations of n things taken r at a time 


15; 
nP n P. 
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CA ——T"egraed T MÀ 


Note: Do not confuse the symbol for the combination, (r) with the 


fraction, () ; 


For example, from a class of 15 students, 5 are to represent the class 
at a mathematics contest. How many selections are possible? 

Since the order in which the students are chosen is not important, this 
problem is a combination problem. 


15-14-13 -12.11 
5.-4.-3.-2.1 
Certain relationships with combinations can be shown to be true: 


P, 3-2-1 AN Py 43:251 
| E a a pee eee Em AERA uu Se oe M 
Lahen gaa T ereraa 





sP; 
isCs = EI = = 3003 


In general, for any counting number n: 


nln = 1 OR (2)»1 


n 
2. There is only one way to take 0 objects from a set of n objects. 


In general, for any counting number n: 








nlo = OR (71 
| _ 1-6 1T.6H 42 156 
3. Since C} = 2.1 and 4C; E E OUI ur j: then 
C2 = 7Cs. 


In general, for any whole numbers n and r, when r € n: 


Cx Ci. wm (") =( n ) 
r Hn- Fr 


MODEL PROBLEMS 





1. In how many different orders can the program for a music recital be 
arranged if 7 students are to perform? 
Solution 
This is a permutation of 7 things taken 7 at a time. 
,P,=7°6+5°4°3-2+1= 5040 Ans. 
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2. In how many ways can one junior and one senior be selected from a 
group of 8 juniors and 6 seniors? 
Solution 


Use the counting principle. The junior can be selected in 8 ways and 
the senior can be selected in 6 ways. Therefore, there are 8 - 6 = 48 
possible selections. Ans. 


3. How many 5-letter arrangements can be made of the letters of the 
word '*books"? 
Solution 
This is a permutation of 5 things taken 5 at a time where 2 are 
identical. 
0:498 2.1 
aX 





P ! 
siei, =60 Ans. 


4. A reading list gives the titles of 20 novels and 12 biographies from 
which each student is to choose 3 novels and 2 biographies to read. 
How many different combinations of titles could be chosen? 


Solution 
1. Find the number of ways in which (2 ) . 20-19-18 
3 novels could be chosen. 3 3:2-1 
= 1140 
2. Find the number of ways in which (2) x 44 611 
2 biographies could be chosen. 2 2:1 
= 66 


3. Use the counting principle to find 1140-66 = 75,240 Ans. 
the number of possible choices of 
novels and biographies. 





In 1-12, evaluate the given expression. 


13 Li E P 
T. 12Co 8. 4! 9. ing 10. HE 11. ris 12. ETE 
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In 13-18, find the number of “words” (arrangements of letters) that 
can be formed from the letters of the given word, using each letter. 


13. axis 14. circle 15. identity 
16. parabola 17. abscissa 18. minimum 


19. In how many different ways can 6 runners be assigned to 6 lanes 
at the start of a race? 

20. In how many different ways can a “hand” of 5 cards be dealt from 
a deck of 52 cards? 

21. There are 7 students in a history club. a. In how many ways can a 
president, a vice-president, and a treasurer be elected from the 
members of the club? b. In how many ways can a committee of 3 
of the club members be selected to plan a visit to a museum? 

22. There are 5 red and 4 white marbles in an urn. A marble is drawn 
from the urn and not replaced. Then, a second marble is drawn. 
a. In how many ways can a red marble and a white marble be 
drawn in that order? b. In how many ways can a red marble and a 
white marble be drawn in either order? 

23. From a standard deck of 52 cards, 2 cards are drawn without re- 
placement. a. How many combinations of 2 hearts are possible? 
b. How many combinations of 2 kings are possible? 

24. Each week, Mark does the dishes on 4 days and Lisa does them on 
the remaining 3 days. In how many different orders could they 
choose to do the dishes? (Hint: This is an arrangement of 7 things 
with repetition.) 

25. Each week, Albert does the dishes on 3 days, Rita does them on 2 
days, and Marie does them on the remaining 2 days. In how many 
different orders could they choose to do the dishes? 

26. There are 4 boys and 5 girls who are members of a chess club. 

a. How many games must be played if each member is to play 
every other member once? 

b. In how many ways could one boy and one girl be selected to 
play a demonstration game? 

c. In how many ways could a group of 3 members be selected to 
represent the club at a regional meet? 

d. In how many ways could 2 boys and 2 girls be selected to at- 
tend the state tournament? 


16-2 PROBABILITY 


A sample space is the set of all possible outcomes or results of an 
activity. An event is a subset of a sample space. For example, if a die 
is rolled, the sample space is (1, 2, 3, 4, 5, 6). The event of rolling a 
number less than 3 is (1, 2). If the die is fair, or unbiased, each out- 
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come is equally likely to occur. The probability of rolling a number 
less than 3 is the ratio of the number of elements in the set (1, 2) to 
the number of elements in the sample space (1, 2, 3, 4, 5, 6). 


P (rolling a number less than 3) = i = i 
lil The theoretical probability of an event is the number of ways that an 


evenít can occur divided by the total number of possible outcomes when 
each outcome is equally likely to occur. 


If P(E) represents the probability of an event E, 
n(E) represents the number of ways that E can occur, 
and n(S) represents the number of possible outcomes in the sample 
space S, then: 


n(E) 


P(E) = n(S) 


O ExaMPLE 1: What is the probability of drawing a red queen from a 
standard deck of 52 cards? 
Solution 
l. Count the total number of outcomes in the sample space. 
S = {cards in the deck) n(S) = 52 
2. Count the number of outcomes in the event. 
E = {queen of hearts, queen of diamonds} n(E) =2 
3. Substitute these values in the formula. 
2 1 


n(E) 2 _ 1 
n(S) 52 26 4A”. 


The number of outcomes in the sample space and in the event can 
often be determined by using permutations or combinations. 


P(red queen) = 


[]ExaMPLE 2: Two cards are to be drawn from a standard deck of 52 
cards without replacement. What is the probability that both cards will 
be red? 


Solution 


1. The total number of outcomes is 52C> = 52 - ot = 26 - 51. 





2. The number of favorable outcomes is 26C2 = x: - 25 =13 - 25. 
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3. Substitute these values in the formula. 


1 

n(E) 9:25 _ 25 

n(S) -26-51 102 
2 





P (two red cards) 7 Ans. 


Recall that the probability of an event that is certain is 1. The prob- 


ability of rolling a number less than 7 on one roll of a die is È or 1. The 
probability of an impossible event is 0. The probability of rolling a 
number greater than 7 on one roll of a die is 2 = 0, The probability of 
any event is greater than or equal to 0 and less than or equal to 1. 


0 <P(E)<1 


If P(E) = p, then P (not E) = l-p 
Notice that P(E) + P(not E) = 1 


[ExawPLE 3: If the probability that it will rain tomorrow is 40%, 
what is the probability that it will not rain? 


Solution: If P (rain) = .40, then P(not rain) = 1 - 40=.60. Ans. 


MODEL PROBLEMS[. — —————————————— 


1. 


A choral group is composed of 6 juniors and 8 seniors. If a junior 
and a senior are chosen at random to sing a duet at the spring con- 
cert, what is the probability that the choice is Emira, who is a ju- 
nior, and Jean, who is a senior? 


Solution 


1. Since there are 6 ways of choosing the junior and 8 ways of 
choosing the senior, there are 6 - 8 = 48 possible choices. 


2. There is one choice that includes Emira and Jean. 


3. P(Emira and Jean) =qg Ans. 


Alternate Solution 


Since the choices are independent events, we may use the count- 
ing principle for probabilities. 


1. The probability of choosing Emira is i. 
2. The probability of choosing Jean is i. 


3. The probability of choosing Emira and Jean is l.i. Ans. 
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2. What is the probability that a 3-letter “word” formed from letters 
of the word “coinage” consists of all vowels? 


Solution 
l. Find n(S), the number of n(S) *;P,-7-.-6.5 
3-letter permutations of = 210 
the letters in the word 
“coinage.” 
2. Find n(E), the number n(E)24P,-4.3-.2 
of 3-letter permutations = 24 
of the 4 vowels (o, i, a, €) 
in the word. 
3. Find the probability of ,R(E) 24 | 4 
event E. "UT MS) ^ 210 ^35 A". 


1. What is the probability of getting a number less than 5 on one 
throw of a fair die? 

2. If one of the letters of the word “‘element’’ is chosen at random, 
what is the probability that an “ʻe” is chosen? 

3. A bag contains only 5 red marbles and 3 blue marbles. If one mar- 
ble is drawn at random from the bag, what is the probability that 
it is blue? 

4. If the letters of the word "equal" are rearranged at random, what 
is the probability that the first letter of the new “word” is a vowel? 

9. If 2 coins are tossed, what is the probability that both show heads? 

6. If two coins are tossed, what is the probability that neither shows 
heads? 

7. If a card is drawn from a standard deck of 52 cards, what is the 
probability that the card is a queen? 

8. If 2 cards are drawn from a standard deck of 52 cards without re- 
placement, what is the probability that both cards are queens? 

9. A bank contains 4 coins: a penny, a nickel, a dime, and a quarter. 
One coin is removed at random and tossed. a. What is the probabil- 
ity that the dime is removed? b. What is the probability that the 
coin shows heads? c. What is the probability that the coin removed 
is a quarter that shows heads? d. What is the probability that the 
coin has a value less than 20 cents and shows heads? 

10. The weather report gives the probability of rain on Saturday as 
20% and the probability of rain on Sunday as 10%. a. What is 
the probability that it will not rain on Saturday? b. What is the 
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probability that it will not rain on Sunday? c. What is the prob- 
ability that it will not rain either day? 

11. A seed company advertises that if its geranium seed is properly 
planted, the probability that the seed will grow is 90%. a. What 
is the probability that a geranium seed that has been properly 
planted will fail to grow? b. If 5 geranium seeds are properly 
planted, what is the probability that all will fail to grow? 

19. Of the 5 sandwiches that Mrs. Muth made for her children's 
lunches, 2 contain tuna fish and 3 contain peanut butter and 
jelly. Her son, Tim, took 2 sandwiches at random. What is the 
probability that he took 2 sandwiches containing peanut butter 
and jelly? 

13. Mrs. Gillis’ small son, Brian, tore all the labels off the soup cans 
on the kitchen shelf. If Mrs. Gillis knows that she bought 4 cans 
of tomato soup and 2 cans of vegetable soup, what is the prob- 
ability that the first 2 cans of soup she opens are both tomato? 

14. Of the 15 students in Mrs. Barney's mathematics class, 10 take 
Spanish. If 2 students are absent from Mrs. Barney's class on 
Monday, what is the probability that they are both students who 
take Spanish? 

15. At a card party, 2 door prizes are to be awarded by drawing 2 
names at random from a box. The box contains the names of 40 
persons, including Patricia Sullivan and Joe Ramirez. a. What 
is the probability that Joe's name is not drawn for either prize? 
b. What is the probability that Patricia does win one of the prizes? 


16-3 PROBABILITY WITH TWO OUTCOMES 


In the spinner at the right, the arrow can land on one 
of 3 equally likely regions, numbered 1, 2, and 3. If the 
arrow lands on a line, the spin is not counted, and the 
arrow is spun again. Let us define an experiment with 2 
outcomes for this spinner: obtaining an odd number or 
obtaining an even number. Therefore: 


P(odd) = P(O) = 2 and P(even) = P(E) = E 


When the arrow is spun several times, the result of each spin is inde- 
pendent of the result of the other spins. To find the probability of 
getting an odd number each time in several spins, we can use the count- 
ing principle with probabilities. 


w if E and F are independent events, and if the probability of E is 
m (0 € m € 1) and the probability of F is n (0 X n € 1), then the 
probability of E and F occurring jointly is m - n (0 <mn $1) 
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If the arrow is spun twice: 
P(2 odd numbers in 2 spins) = $:$-24 
If the arrow is spun 3 times: 
(3 odd numbers in 3 spins) = 2.2.2 = x 
If the arrow is spun 4 times: 
P(4 odd numbers in 4 spins) = $2.2. $= 16 


We can also apply the counting principle with probabilities to situa- 
tions where the arrow is spun n times and an odd number is obtained 
less than n times. 


O ExaMPLE 1: Find the probability of obtaining exactly one odd num- 
ber on 4 spins of the arrow. 
Solution 


Let us begin by considering the case of getting an odd number on the 
first spin and an even number on each of the other 3 spins. 


P (odd on first spin only) - 2 . $:i-i-d 


We could also get exactly one odd number, however, by getting an 
odd number on the second spin, or on the third spin, or on the fourth 
spin, and an even number on the other spins in each case, 


P(odd on the second spin only) - $:$-i-:i- x 
P(odd on the third spin only) = i. i. 2. i= 2 
P(odd on the fourth spin only) = 4 . :i:.2-2 





Notice that the probability of each possible way of | 
getting exactly one odd number on 4 spins of the arrow |EOEEI| 


is ($)! (3)? or &. There are 4 possible ways of doing |g ROR; 
this, as shown in the diagram at the right. Therefore: | 


P(exactly one odd number on 4 spins) = 4($)!($)? =3 Ans. 
L] ExaMPLE 2: Find the probability of obtaining exactly 2 odd num- 
bers on 4 spins of the arrow. 
Solution 


One possible way to obtain exactly 2 odd numbers is on the first 2 
spins of the arrow. Thus, an even number is obtained on the last 2 spins. 


P(odd on first 2 spins only) = ri 2. i. i= (2)? (4)? = é 


732 Integrated Mathematics: Course lll 


ee TIR cater e E e gm uie i cn 


The probability $ indicates only one possible way of 
obtaining exactly 2 odd numbers on 4 spins of the arrow. 


The diagram at the right shows that there are 6 possible 
combinations of 2 odd numbers out of 4 spins, obtained 


by the formula 4C; = 7 = 6. Thus: 


aC, š (2)? (3)* 
d 





P(exactly 2 odds on 4 spins) 


* 


oe 


6 
= 24 -8 


[]lExaMPLE 3: Find the probability of obtaining exactly 3 odd num- 
bers on 4 spins of the arrow. 


Solution 


1. Findthe probability of one way of obtaining exactly 3 odd numbers, 
for example, getting odd numbers on the first 3 spins and an even 
number on the fourth spin. 


P (an odd number on only the first 3 spins) 2.2.2.4 
(350)! = & 


2. Find the number of possible ways of obtaining exactly 3 odd num- 
bers on 4 spins of the arrow. 


"EDO 
473 d mul 


3. P(exactly 3 odds on 4 spins) = 4(2) 4)! » 4- & = #% Ans 


The steps that we have been using enable us to determine the prob- 
ability of exactly r successes in n independent trials of an experiment 
with 2 outcomes, called a Bernoulli experiment. An experiment such as 
tossing a coin has 2 outcomes: heads and tails. An experiment such as 
tossing a die can be thought of as having two outcomes, for example, 
rolling a one and not rolling a one. If an event E, such as rolling a one 
on a die, is to occur exactly r times in n trials, then the event not E, 
rolling a number that is not one, must occur n - r times in n trials. 


E In general, for a given experiment, if the probability of success is p 
and the probability of failure is 1 - p = 4q, then the probability of 
exactly r successes in 7 independent trials is: 


erp g 
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1. Ifa fair coin is tossed 10 times, what is the probability that it falls 
tails exactly 6 times? 


Solution 
In one toss of a fair coin, the probability of success p = P(tails) = 
and the probability of failure q = P(heads) = 4. Here, the number 
of trials, n, is 10, and the number of successes, r, is 6. Use the 


formula: 
nC, pg" 
OOE n) 
2 2/ 6:°5-4-3-2.1 12 2 
LE d 210 _ 105 


2. If D fair dice are tossed, what is the probability that they show 
exactly 3 fours? 


Solution 
In this problem: 
p=P(4)= = Use the formula: ACp'q"* 
ie 5 " 1 3 5 2 

q = P(not 4) = 6 P(3 fours in 5 trials) = ,C, 6) \6 

i „5-4-8, 1 25 
r = 3 successes 3-2+1° 216° 36 

"c _ ao 
n = 6 trials | = 8888 Ans. 





EXERCISES [ 


l. A fair coin is tossed 5 times. Find the probability of tossing: 


a. exactly 2 heads b. exactly 3 heads 
c. exactly 4 heads d. exactly 5 heads 

2. A fair coin is tossed 4 times. Find the probability of tossing: 
a. exactly 2 tails b. exactly 3 tails 


3. If 4 fair dice are tossed, find the probability of getting: 
a. exactly 3 fives b. exactly 4 fives 
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If 4 fair dice are tossed, find the probability of getting: 
a. exactly 3 even numbers b. exactly 2 odd numbers 
Jan’s record shows that her probability of success on a basketball 


free throw is 2. Find the probability that Jan will be successful on 
2 out of 3 shots. 

The probability that the Wings will win a baseball game is $. What 
is the probability that they will win: 

a. exactly 2 out of 4 games? b. exactly 3 out of 4 games? 


In 7 and 8, select the numeral preceding the expression that best 
answers the question. 


T. 


What is the probability of getting a number less than 3 on 6 out of 
10 tosses of a fair die? 


(1) 6(2)® (2) 2104) (8) 6p G — (4) 210(3)° GY" 
A coin is loaded so that the probability of heads is 1. What is the 
probability of getting exactly 3 heads on 8 tosses of the coin? 

(1) sC3(4)° (2) gC3(4)°(4)° 

(3) gC3(4)* GF (4) 3(4)°(4)° 


In 9-13, answers may be expressed in exponential form, as in the 
choices in exercise 8. 


9. 


10. 


11. 


12. 


The probability that a flashbulb is defective is found to be $. 
What is the probability that a package of 6 flashbulbs has only 
one defective bulb? 

A multiple-choice test gives 5 possible choices for each answer, of 
which one is correct. The probability of selecting the correct an- 
swer by guessing is +. a. What is the probability of getting 5 out 
of 10 questions correct by guessing? b. What is the probability 
of getting only 1 out of 10 questions correct by guessing? c. What 
is the probability of getting 9 correct answers out of 10 by guessing? 
Mrs. Shusda gave a true-false test of 10 questions. The probability 
of selecting the correct answer by guessing is i. a. What is the 
probability that Fred, who guessed at every answer, will get 9 out 
of 10 correct? b. What is the probability that Fred will get 10 
out of 10 correct? c. What is the probability that Fred will get 
either 9 or 10 out of 10 correct? 

In a group of 100 persons who were born in June, what is the 
probability that exactly 2 were born on June 1? (Assume that a 
person born in June is equally likely to have been born on any 
one of the 30 days.) 
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13. In a box there are 4 red marbles and 5 white marbles. Marbles are 
drawn one at a time and replaced after each drawing. What is the 
probability of drawing: 

a. exactly 2 red marbles when 3 marbles are drawn? 
b. exactly 3 white marbles when 5 marbles are drawn? 
c. exactly 7 red marbles when 12 marbles are drawn? 


16-4 AT LEAST AND AT MOST 


When we are anticipating success on repeated trials of an experiment, 
we often require at least a given number. For example, in a game, David 
rolls 5 dice. To win, at least 3 of the 5 dice that David rolls must be 
“ones.” Therefore, David will win if he rolls 3, 4, or 5 “ones.” In 
general: 


@ At least r successes in z trials means r,r+i1,r+2,..., successes. 


If a manufacturer considers at most two defective parts in a lot of one 
hundred parts to be an acceptable standard, then there can be 2,1,or0 
defective parts in every 100 parts. 


E At most r successes in n trials means r,r-1,r- 2,...,0 successes. 


The model problems that follow show how these concepts are applied 
to probability. 


MODEL PROBLEMS | 





1. Rose is the last person to compete in a basketball free-throw con- 
test. In order to win, Rose must be successful in at least 4 out of 5 
throws. If the probability that Rose will be successful on any one 


throw is 2, what is the probability that Rose will win the contest? 


Solution 


To be successful in at least 4 out of 5 throws means to be success- 
ful in 4 or in 5 throws. 


On one throw, P(success) = 3 and P(failure) = 1 - $21 


3\*/1\? 
1. P(4 out of 5 successes) = M o (=) (+) 


— ——e a — So mm 
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3X5 1 V9 243 , 243 
2. P(5 out of 5 successes) = s Cs (=) (+) -1: uw 1= ria 
3. P(at least 4 out of 5 successes): 
= P(4 out of 5 successes) + P(5 out of 5 successes) 
| 405 , 243 
"s Td 
_ 648 _ 648 _ 51 
45 1024 128 
2. What is the probability of at most 2 boys in a family of 5 children if 
the family has been chosen at random? 
Solution 
To have at most 2 boys means to have O, 1, or 2 boys. Let us 
assume that P (boy) = 4 and P (girl) = 4. 


5 0 | 5 
1. P(0 boys in 5 children) = sCo (z) n = 9 d F 
| ; EAIN ] i 5 
2. P(1 boy in 5 children) = ¿Ci 2] \2 =0 tg" 16 = 33 
2 3 " 0 
3. P(2 boys in 5 children) = 5Cy (=) (+) = e . t . i = s 


4. P(at most 2 boys in 5 children): 
= P(0 boys) + P(1 boy) + P(2 boys) 


1 5 10 
=—+—+— 
32 32 32 
16 1 
TT 32 T 9 Ans. 


3. Acoin is loaded so that the probability of heads is 4 times the prob- 
ability of tails. 
a. What is the probability of heads on a single throw? 
b. What is the probability of at least one tail in 5 throws? 


Solution 
a. Let P(tails) = q and P(heads) = Aq. 


q*t4q-1 
oq 7-1 
q = t, or P(tails) = l 


Since 4q = 4 - 1 = 4, then P(heads) = $. Ans. 
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b. P(at least one tail): 


= P(1T) + P(2T) + P(3T) + P(4T) + P(5T) 
135 [4M 1\ (4 \ ty? f4Y^* 
60) (0) G6) 
1\*/4\! Iit 
(OG (a 





ts S410. 410-245. 441.2 
_ 2101 2101 ,. 
55 3125 l 


Alternate Solution 


There is one way to fail to get at least one tail in 5 throws, that is, 
to get 5 heads in 5 throws. 





; _ 2 4\5 E 1024 1024 
P(failure) = P(5 heads) = 5Co (=) =]. 55 ^ 3195 
_ 4 10024 2101 
P(success) = 1 - P(failure) = 1 3125 3125 Ans. 


l. A fair coin is tossed 4 times. Find the probability of tossing: 
a. exactly 3 heads b. exactly 4 heads 
c. atleast 3 heads d. at most 1 head 

2. If a fair coin is tossed 6 times, find the probability of obtaining at 
most 2 heads. 

3. If 5 fair coins are tossed, what is the probability that at least 2 are 


tails? 
4. A fair die is rolled 3 times. Find the probability of rolling: 

a. exactly 1 five b. no fives 

c. at most 1 five d. at least 2 sixes 

e. at most 2 fours f. exactly 1 even number 

g. at most 1 even h. at most 1 number less than three 

i. atleast 1 even j. atleast 1 number greater than four 
9. If a fair die is tossed 5 times, find the probability of obtaining at 

most 2 ones. 


6. If 4 fair dice are rolled, what is the probability that at least 2 are 
fives? 
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In 7-9, an arrow can land on one of 5 equally likely ap 
regions on a spinner, numbered 1, 2, 3, 4, and 5. If the 
arrow lands on a line, the spin is not counted, and the Zay 
arrow is spun again. 


Ex. 7 to 9 


7. For the spinner described, find: 

. P(even number) b. P(odd number) 

. P(both even on 2 spins) d. P(both odd on 2 spins) 

. P(at least 1 even on 2 spins) f. P(at least 1 odd on 2 spins) 

. P(exactly 2 evens on 3 spins) h. P(at least 2 evens on 3 spins) 

P(exactly 2 odds on 4 spins) j. P(at most 2 odds on 4 spins) 

8. True or False: If the arrow is spun on the spinner as described, 
then P(at least 3 evens on 5 spins) = P(at most 2 odds on 5 spins). 
Explain why. 

9. For the spinner described: a. Find P(2). b. If the arrow is spun 
5 times, will a “2” appear exactly once? Support your answer by 
finding P (exactly one “2” on 5 spins). 


Km OO » 


10. A coin is weighted so that the probability of heads is f. 


a. What is the probability of getting at least 3 heads when the 
weighted coin is tossed 4 times? 

b. What is the probability of getting at most 2 tails when the 
weighted coin is tossed 5 times? 

11. Each evening the members of the Sanchez family are equally likely 
to watch the news on any one of 3 possible TV channels: 5, 8, and 
13. a. What is the probability that they watch the news on 
channel 8 on at least 3 out of 5 evenings? b. What is the prob- 
ability that they watch the news on channel 13 on at most 2 out 
of 5 evenings? 

12. In a game, the probability of winning is 4 and the probability of 
losing is 4. If 3 games are played, what is the probability of win- 
ning at least 2 games? 

13. In each game that the school basketball team plays, the probability 
that the team will win is 2. What is the probability that the team 
will win at least 3 of the next 4 games? 

14. A die is loaded so that the probability of rolling a one is $. What is 


the probability of rolling at least 2 ones when the die is tossed 3 
times? 

15. If a family of 4 children is selected at random, what is the prob- 
ability that at most 3 of the children are boys? 
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In 16 and 17, an electronic game 
contains 9 keys. As shown at the right, 
5 keys have numbers, and 4 keys have 
colors. Each key is equally likely to 
be pressed on each move. 





Ex. 16 and 17 
16. If one key is pressed at random in the electronic game, find: 
a. P(number key) b. P(color key) 
17. If 3 keys are pressed at random in the electronic game, find the 
probability of selecting: 
a. exactly 1 color key b. at least 2 color keys 
c. at most 1 color key d. all color keys 
e. exactly 1 number key f. at least 1 number key 


In 18-22, answers may be expressed in exponential form. 


18. Of last year’s graduates, 3 out of 5 are enrolled in college. If the 
names of 10 of last year’s graduates are chosen at random, what is 
the probability that at least 8 out of 10 are in college? 

19. A coin is loaded so that the probability of heads on a single throw 
is 3 times the probability of tails. a. What is the probability of 
heads and the probability of tails on a single throw? b. What is 
the probability of at most 3 heads when the coin is tossed 6 times? 

20. A license number consists of 5 letters of the alphabet selected at 
random. Each letter can be selected any number of times. a. What 
is the probability that the license number has at most 2 Q’s? 
b. What is the probability that the license number has at least 
4 X’s? 

21. A manufacturer tests her product and finds that the probability of 
a defective part is .02. What is the probability that out of 5 parts 
selected at random at most 1 will be defective? 

22. A seed company advertises that if their seeds are properly planted, 
95% of them will germinate. What is the probability that when 20 
seeds are properly planted, at least 15 will germinate? 


16-5 THE BINOMIAL THEOREM 


Any binomial may be represented by (x + y) so that x represents the 
first term and y represents the second term. If a binomial is raised to a 
positive integral power, the result is a polynomial called the expansion 
of the binomial. Observe the expansion of the first 4 powers of (x Fy). 
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(x+y)? 71 

(x * y)! = 1x + ly 

(x + y)? = (x + y)x + y) = 1x? + 2xy + ly’ 

(x + y)? = (x + y)(x + y)? = (x + yx? + 2xy + y^) 

= x3 + 2x?y + xy? + x?y + 2xy? + y? 
= 1x? + 3x?y + 3xy? + 1y? 
(x + y)* = (x + yx + y? = (x + y)(x? + 3x?y + 3xy? + y?) 
= x4 + 3x3y + 8x2y? + xy? + xy + Bx7y? + 3xy? + y? 
= 1x4 + 4x3y + 6x?y? + Axy? + 1y* 

Notice the pattern that is de- A display that contains only 
veloping in each expansion of the the coefficients of the terms in 
binomial, shown below on the the expansions is called Pascal's 
left. Triangle, shown below on the 


right. 


Binomial Expansions Pascal’s Triangle 
jx yp 1 A 
(cog) * Ix + Ly /N /N 
pear fe ag Pay IN INZN 
(x+y)? = 1x? + 3x2y + 3xy? + Ly? 


1 
ENF NL MAF N 
4 


1 
TNF MF NE E 
151010 5 1 


(x + y)* = Ix* + 4x?y + 6x?y? + 4xy? + ly* 





(x+y)? = (to be answered) 


In Pascal’s Triangle, notice that elements inside the triangle can also 
be obtained by adding a pair of adjacent entries from the row above. 

To write the expansion of (x + y)?, we can use the entries from the 
sixth row of Pascal's Triangle as the coefficients. Each coefficient is 
multiplied by factors of x and y, starting with x5y?, or simply x°. In 
each successive term, we decrease the number of factors of x by 1 and 
increase the number of factors of y by 1. Therefore: 


(x + y) = 1x5 + 5x*y + 10x?y? + 10x?y? + 5xy* + 1y? 
Since (x + y)* = (x + y)(x + y)(x + y)(x + y)(x + y), we can think 


of the expansion of (x * y)? as the result of choosing all possible com- 
binations of either x or y from each of 5 factors. 


Probability and the Binomial Theorem 741 


1. We can choose x from 5 factors and y from 0 factors: ;Co9x5y? 
The number of ways of doing this is ;C,. 

2. We can choose x from 4 factors and y from 1 factor: ,C,x^y! 
The number of ways of doing this is ;C,. 

3. We can choose x from 3 factors and y from 2 factors: ,;C,x*y? 
The number of ways of doing this is 4C;. 

4. We can choose x from 2 factors and y from 3 factors: ,C4x?y 
The number of ways of doing this is ,C3. 

5. We can choose x from 1 factor and y from 4 factors: ;C,x!y‘4 
The number of ways of doing this is ¿C4. 

6. We can choose x from 0 factors and y from 5 factors: ;,C4x9?y? 
The number of ways of doing this is ;C;. 


3 


Therefore: 
(x + y)? = sCox*y® + ,C,x*y! + ;C3x?y? + ,Cax? y? + ,Caxly* + sCsx°y* 
OR 


| / 
(x + y)5 = (Ss n (5: m (ety n (a) " (3) =" * (zoss 


OR SIMPLY 
(x + y)? = 1x? + 5x^y + 10x?y? + 10x?y? + 5xy* + 1y5 
ll In general: 
(x+y)" = nCoxy” + ex y * nox *y* T usa Cri + JC 


OR 


(x * yp sz (or " Gere 4 e "E á 5 jer " (sr 


For example, to write the expansion of (2a - 1)°, substitute 2a for 
x and -1 for y in the expansion of (x + y). 
(2a - 1) = 1(2af + 5(2a)*(- 1)! + 10(2a?(- 1? + 10(2a)?(- 1? + 
5(2a)(-1)* + 1(- 1) 
= 82a? - 80a* + 80a? - 40a? + 10a - 1 
It can also be shown that: 


1. For any binomial expansion (x + y)", there are n + 1 terms. 
2. In general, the rth term of the expansion is ,C, .,x" "*!y"^!, 


MODEL PROBLEMS 


1. Write the expansion of (b? - 3)*. 
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Solution 
(x + y)? = gCox°y® + 4Cíx* y! + 40,x'y? + 404x0y? 
Let x = b*, and y = -8. 





2 3a T kaaa 429 QopIGIO YE X Bh mcd; G3 à294l.iy; ois 
(b^- 37 *1 (by (-89) *1 (b)'(-3) + BOY (C9) * 275. 1 0*F (C38) 
(D^-3)9-21-b5-1  -*3-b*.(3) *3-b?.9 *1-1-(-27) 
(b? - 3)? =b - 9b* * 27b? - 27 


Answer: bê - 9b^ + 27b? - 27 
2. Write the 11th term of the expansion of (2a - 1)!. 


Solution 
1. The rth term of a binomial ex- „C, xn 7 ntiynnt 
pansion is: 
2. To find the llth term of 
(2a - 1)?, let n = 12, r = 11, 
x = 2a,and y = -1. 


120C311-1(2a)' ^H ** (-1) 71 
12C1o0 (2a)? (- 1)!9 


u il 





Substitute in the formula, and = 66 - 4a? -1 

sia aa = 264a? Ans. 
12*11 : 

(Note: 12 C10 - 12 C5 - 9. 1 = 66.) 


EXERCISES] (-— o j 


In 1-6, write the expansion of the given binomial. 


1. (x + y) 2. (X*y) 9g. (kt y)? 
4. (3a - 1)? 5. (x- 2)' 6. (L- oP 

In 7-12, write in simplest form the third term of the expansion. 

7. (a+b) 8. (k + 2) 9. (x - 3y)° 
10. (a- 7)° 11. (2+ y) 12. (2x - 1)* 


In 13-15, write in simplest form the fourth term of the expansion. 
13. (5- b)* 14. (2a - 3p 18. (k^ +1)’ 
16. Write in expanded form the volume of a cube if the measure of 


each edge is represented by (2x - 3). 
17. Find (1.01)? by using the expansion of (1 + .01)*. 
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In 18-20, evaluate each power by using the expansion of a binomial. 
18. (1.2)? 19. (1.02)? 20. (1.05)? 
In 21-24, select the numeral preceding the expression that best com- 
pletes the sentence. 
21. The third term of the expansion of (a + 2b) is: 


(1) 2a*b? (2) 4a?b? (3) 12a*b? (4) 24a? b? 
22. The eighth term of the expansion of (2r - 1)? is: 
(1) 16r (2) -16r (3) 1 (4) -1 


23. The middle term of the expansion of (x - 2y)^ is: 

(1) 12*^y* (2) -12x*y* (3) 24x22 (4) -24x?y? 
24. The last term in the expansion of (6 - y)? is: 

(1) 54y* (2) -54y” (3) y? (4) i 


16-6 REVIEW EXERCISES 


In 1-8, evaluate the expression. 


l. sP; 2. «P3 8 «0, 4. Co 
12) P T! 
D. 20C20 6. 2 1. 8. Gr 


9. In how many ways can the letters of the following words be re- 
arranged? a. chef b. career c. bookkeeper 

10. In how many ways can first, second, and third prize be awarded 
in an art contest if 6 of the entries are being considered for the 
prizes? 

11. In how many ways can 3 honorable-mention awards be given in 
an art contest if 9 of the entries are being considered for the 
awards? 

12. How many different sums of money can be obtained by taking 2 
coins from a purse containing a half dollar, a quarter, a dime, a 
nickel, and a penny? 

13. From a standard deck of 52 cards, 4 cards are drawn without 
replacement. 

a. How many combinations of 4 cards are possible? 
b. How many combinations of 4 hearts are possible? 
c. What is the probability that the 4 cards are all hearts? 

14. If 6 fair coins are tossed, find the probability of obtaining: 
a. exactly 5 heads b. at least 5 heads 
c. at most 3 heads d. at least 3 heads 


LLLILLILILILLL 
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15. In a basketball free-throw contest, the probability that Eric will 
be successful on each shot is $. Find the probability that Eric will 


be successful in: 

a. exactly 2 out of 3 shots b. at least 2 out of 3 shots 

c. at most 1 out of 3 shots d. exactly 2 out of 4 shots 

16. Acalculator has 10 number keys and 5 operation keys. 

a. If one key is pressed at random, what is the probability that 
the key pressed is (i) a number key? (ii) an operation key? 

b. When 5 keys are pressed at random, what is the probability 
that (i) exactly 3 are operation keys? (ii) at least 3 are opera- 
tion keys? (iii) at most 2 are number keys? 


In 17 and 18, 27 and 28, select the numeral preceding the expression 
that best completes the sentence or answers the question. 


17. When a certain machine makes parts, the probability that one is 
defective is 35 . In a sample of 50 parts, the probability that ex- 
actly 5 are dafactivà is: 


(1) (35)? (1$ 18)5 (2) asCs (zs 50) (Se 39)^^ 
(3) soCs(z5)^ (39)^? (4) Cs G5) G E 

18. What is the probability of getting exactly 7 fours when 10 dice are 
rolled? 


(1) EVE (2) Q'G? (3) 1903 (8? (4) 4C ($? 
In 19-22, write the expansion of the binomial. 
IAS 
19. (x +y) 20. (1 + 3x) 21. (5b - by? 22. - 1) 
In 23-26, write in simplest form the fifth term of the expansion. 
23. (x *y)? 24. (5-y°) 25. (3- 2a)f 26. (x?+1) 
27. The fourth term of the expansion of (1 - y*)’ is 
(1) 35y° (2) 35y* (3) -35y* (4) -85y? 


28. The middle term of the expansion of (a + b)? is: 
(1) a^b* (2) 56a^b^ (3) 70a*b4 (4) 56a^ p? 


Appendix 
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Squares and Square Roots 






























































Square 


Square 
Square Root Ro 


oot 





No. 












10.050 


1 1 1.000 

2 | 4 1.414 10.100 
3 9 1.732 10.149 
4 16 | 2.000 10.198 
5 25 | 2.236 10.247 
6 36 2.449 10.296 
7 49 | 2.646 10.344 
& 64 2.828 10.392 
9 10.440 





10.488 
10.536 
10.583 
10.630 
10.677 
10.724 
10.770 
10.817 
10.863 
10.909 
10.954 
11.000 
11.045 
11.091 
11.136 
11.180 
11.225 
11.269 
11.314 
11.358 
11.402 
11.446 
11.480 
11.533 
11.576 
11.619 
11.662 
11.705 
11.747 
11.790 
11.832 
11.874 
11.916 
11.958 | 
12.000 

12.042 

12.083 

12.124 

12.166 

12.207 
12.247 


Formulas 


Pythagorean and Quotient Identities 
er AEE 





sin? A * cos? 4-1 tan A = n^ 
tan? 4 * 1 = sec? A cos A 
cot? 4 * 1 » csc? A cot A = S084 

sin A 


Functions of the Sum of Two Angles 
——$—$—————— M ee 2 Wo Anges 


sin (4 + B) = sin A cos B + cos A sin B 

cos (4 + B) = cos A cos B — sin A sin B 
tan A + tan B 

tan (A + B) ————  —— 

(4 ) l - tan A tan B 


Functions of the Difference of Two Angles 
——————— envy OF 1WO Angles 


sin (A — B) = sin A cos B - cos A sin B 
cos (A — B) = cos. A cos B + sin A sin B 
tan (A - B) = tanA - tan B 

l t tan A tan B 


Functions of the Double Angle 


sin 2A = 2 sin A cos A 
cos 2A = cos? A — sin? A 
cos 24 = 2 cos? A - 1 
cos 24 7 1 - 2 sin? A 

2 tan A 


tan 24 = ————— 
l - tan? A 
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Functions of the Half Angle 
—————Á HOMME E 


Th ERE ERES 
sins A=+4 = 
cos; A=+, l*cosA 
V 2 
tan} A=: /l-cosA 
l +cosA 
Law of Sines 


a _ È c 


— E á ee 


sinA sing 


Law of Cosines 


a? =b? +e? .2bc cos A 


Area of Triangle 


K =} ab sin C 


Standard Deviation 


"CT M 
S.D. = "s 2. (x - Xi) 
i-1 
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Common Logarithms of Numbers* 





of numbera with the decimal point omitted in each 


* This table gives the mantissas ] 
inspection from the numbers. 


case. Characteristics are determined by 


Appendix 749 
SS SD 


Common Logarithms of Numbers* 


7404 7412 7419 7427 7435 













7443 7451 7459 7466 

7920 7528 7536 7543 7551 
7597 7604 7612 7619 7697 
7672 7679 7686 7694 7701 
7745 7752 7767 


7839 
7889 7896 7903 7910 7917 
7959 7973 












SBeS 985388 8822 22222 






* This table gives the mantissas of numbers with the decimal point omitted in each 
case. Characteristics are determined by inspection from the numbers. 
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Values of Trigonometric Functions 





ee Appendx 751 


3.4874 
3.4495 
3.4134 
3.3759 
3.3402 
3.3052 
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Values of Trigonometric Functions 





Values of Trigonometric Functions 





1.5399 
1.5301 
1.5204 
1.5108 
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Appendix 755 





Logarithms of Trigonometric Functions 
(Subtract 10 from each logarithm) 


12.2352 
12.0591 
11.9342 
11.8373 


11.7581 
11.6911 
11.6331 
11.5819 
11.5362 
11.4947 


11.0580 
11.0437 
11.0299 
11.0164 
11.0034 
10.9907 


10.8522 
10.8431 
10.8342 
10.5255 
10.8169 


10 
9.1997 10.8003 
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Logarithms of Trigonometric Functions 
(Subtract 10 from each logarithm) 


[bcos [| LiT [| Lt | 





9.4403 
0.4447 
9.4401 
9.4533 
9.1576 
9.4618 


9.4659 
9.4700 
9.4741 
9.4781 
9.4821 
9.4861 


9.9887 
9.9584 
9.9881 
9.9878 
9.9875 
9.9872 


9.9869 
9.9866 
9.9563 
9.9859 
9.9856 
9.9853 


9.05258 
9.9825 
9.0821 
9.0817 
9.0814 
9.9810 


9.0806 
9.05802 
9.97095 
9.9704 
9.9790 
9.97 56 


9.4575 
9.4622 
9.4669 
9.4715 
9.4762 
9.4808 


0.4853 
9.4808 
0.4043 
9.4957 
9.5031 


9.5075 


10.8003 
10.7922 
10.7842 
10.7764 
10.7687 
10.7611 


10.7537 
10.7464 
10.7391 
10.7320 
10.7250 
10.7181 


10.7113 
10.7047 
10.6980 
10.6915 
10.6851 
10.6788 


10.6366 
10.6309 
10.6252 
10.6196 
10.6141 
10.6056 


10.6032 
10.5979 
10.5920 
10.5573 
10.5522 
10.5770 


10.5719 
10.5669 
10.5619 
10.5570 
10.5521 
10.5473 


10.5425 
10.5378 
10.5331 
10.5254 
10.5238 
10.5192 


10.5147 
10.5102 
10.5057 
10.5013 
10.4969 
10.4925 





Logarithms of Trigonometric Functions 
(Subtract 10 from each logarithm) 


10.4882 
10.4839 
10.4797 
10.4755 
10.4713 
10.4671 


10.4389 
10.4350 
10.4311 


10.3936 
10.3900 
10.3864 
10.3828 
10.3792 
i9. 3757 


10.3514 
10.3480 
10.3447 
10.3413 
10.3380 
10.3346 


10.3313 
10.3280 
10.3248 
10. E 


10.3118 
10.3086 
10.3054 
10.3023 
TY 


[ ie —| Au 
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Logarithms of Trigonometric Functions 
(Subtract 10 from each logarithm) 


—u I :- [ ie | tte | £e [..—- 













































































9.94099 9.7072 10.2928 
9.9492 | 10.2897 
9.9486 10.2866 
9.9479 10.2835 
9.9473 10.2804 





9.9466 10.2774 
10.2743 

10.2713 
10.2683 
10.2652 
10.2622 
10.2592 


10.2562 
10.2533 
10.2503 
10.2474 
10.2444 
10.2415 


10.2386 
10.2356 
10.2327 
10.2299 
10.2270 
10.2241 


10.2212 
10.2184 
10.2155 
10.2127 
10.2098 
10.2070 


10.2042 
10.2014 
10.1986 
10.1958 
10.1930 






















10.1875 
10.1847 
10.1820 
10.1792 
10.1765 
10.1737 


10.1710 
10.1683 
10.1656 
10.1629 
10.1602 
10.1575 


10.1548 




























; 10.1521 
76. 10.1494 
TG 10.1467 
76. ). 10.1441 D | 
50 9.7675 9.9089 9.8586 10.1414 10 
$75 [9.9080 | s613 | 10.1387 
| L Sin L Cot L Tan Angle 


L Cos 
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Logarithms of Trigonometric Functions 
(Subtract 10 from each logarithm) 


9.7692 J. 908 5613 | 10.1387 
9.7710 : | B6 10.1361 
9.7727 ; | à 10.1334 
9.7744 905 ad 10.1308 
| | 10.1282 

10.1255 


10.1229 
10.1203 
10.1176 
10.1150 
10.1124 
10.1098 


10.1072 
10.1046 
10.1020 
10.0994 
10.0968 
10.0942 


10.0916 
10.0890 
10.0865 
10.0839 
10.0813 
10.0788 


10.0762 
10.0736 
10.0711 
10.0685 


10.0659 
10.0634 


10.0608 
10.0583 
10.0557 
10.0532 
10.0506 
10.0481 


10.0456 
10.0430 
10.0405 
10.0379 
10.0354 
10.0329 


10.0303 
10.0278 
10.0253 
10.0228 
10.0202 
10.0177 


10.0152 
10.0126 
10.0101 
10.0076 
10.0051 
10.0025 


10.0000 


L Cos I Cot 








Index 





a.a.s., 534, 568 
Absolute value 
algebraic definition, 150 
arithmetic definition, 149 
equations, 150-153 
geometric definition, 149-150 
inequalities, 154-156 
Absolute-value function, 252-253 
Addition 
complex numbers, 639-641 
irrational numbers, 177-178 
polynomials, 49 
radicals, 175-178 
rational expressions with different 
denominator, 77—79 
rational expressions with same 
denominator, 73-75 
of vectors, 640 
Addition property 
of equality, 34, 145 
of inequalities, 30, 144 
Additive inverses, 
see Inverse elements 
Adjacent leg, right triangle, 333 
Algebraic fractions, 
see Rational expressions 
Algebraic term, 48 
Algorithm, 167 
Ambiguous case 
solving of triangles, 557-561 
summary, 560 
Amplitude, 420-423 
of a periodic function, 422 
Angle, 96 
coterminal, 338-340, 350-351 
reference, 367-375 
as rotation, 336-340 
in standard position, 337 
see also Arcs and angles; 
see also Circle 


Angle of depression, 569 
Angle of elevation, 569 
Angle measure(s), 209, 216, 221, 224, 
228, 312 
cosine of difference of two angle 
measures, 588-592 
cosine of sum of two angle 
measures, 593-596 
using Law of Cosines, 542-545 
sine of sum and difference, 597—599 
summary of identities, 614 
tangent of sum or difference of, 
600-602 
to the nearest minute, 362-366 
Angles, 30°-45°-60° 
trigonometric function values, 
354-357 
summary, 357 
Antilogarithms, 508-509 
and interpolation, 521-523 
Approximate rational values, 142, 
163-169 
Are, of circle, 96 
Are(s) and angles 
arc addition postulate, 97—99 
central angles, 96 
circle, 95-100 
congruent arcs, 97-100 
congruent circles, 97-100 
degree measure of arc, 97 
types of arcs, 96 
Arcs and chords 
chord, 101 
chords equidistant from center of 
circle, 103-105 
circle, 101-106 
diameter, 101 
polygon inscribed in a circle, 105 
arc cos x, 440 
Arc cos x, 445-446 
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arc sin x, 439 

Are sin x, 444 

arc tan x, 440 

Arc tan x, 446-447 

Area of triangle, 546-549 

Arithmetic mean, 688-689 

Arrow diagram, 232, 234 

a.s.a., 534, 567 

Associative property 
under addition, 28, 143, 640 
under composition, 284, 327 
under multiplication, 28, 144, 649 

Asymptote, 476 

At least, in probability, 735-737 

At most, in probability, 735-737 

Average, finding of, 31 

Axiom, 34 

Axis of symmetry, 206 


Base, 48 

in logarithms, 487—489 
Bell-shaped curve, 705-709 
Bernoulli experiment, 732 
Bimodal, 691 
Binary operation, 15 
Binomial denominators, 188-191 
Binomial, expansion of, 739-742 
Binomial factors, 57-59 
Binomial theorem, 739-742 

defined, 739-741 

expansion of binomial, 739-742 


Cancellation, 42, 64, 68-69 
Central angle, circle, 96 
Central tendency 

measures of, 688-692 

mean, 688-689 

median, 689-690 

mode, 690—692 
Characteristic of logarithm, 505 
Chord, 101 

see also Circle 
Chords 

tangent segments and secant 

segments, measures of, 131-136 
secant segment, 132 
tangent segment, 118 


Circle 


angles formed by tangents, chords, 
and secants, 122-126 
arc addition postulate, 97-99 
arcs, 96 
central angle, 96 
chord, 101 
chords equidistant from center of 
circle, 103-105 
congruent arcs, 97-100 
congruent circles, 97-100 
defined, 95 
degree measure of arc, 97 
diameter, 101 
exterior, 95 
geometry of, 95-140 
inscribed angle, 108 
interior, 95 
locus definition, 261, 275 
polygon circumscribed about a 
circle, 119-120 
polygon inscribed in a circle, 105 
radius, 95 
secant, 115 
segments with chords, tangents, 
and secants, 131-136 
tangent, 115 
Clock addition, 16 
Clock multiplication, 19 
Clockwise order or orientation, 312 
Clockwise rotation, 337 
Closed sentence, 35 
Closure, or closed set under operation 
complex numbers, 640, 649 
functions, 284 
rational numbers, 28 
real numbers, 143-144 
transformation of the plane, 327 
Coefficient, 48 
Cofunctions, 406—408 
Collinearity, 210, 216, 221, 224, 228, 
312 
Combinations, 723-725 
defined, 723 
formulas, 723-724 
Common binomial factor, 59 
Common logarithms, 499, 502-507 
interpolation, 520-523 
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and scientific notation, 502 
table of, 748-749 
Common tangent, 117-118 
Commutative property 
under addition, 28, 144, 640 
under multiplication, 29, 144, 649 
Complex fraction 
in identity, 585-586 
simplifying of, 83-85 
Complex numbers, 632-683 
addition, 639-641 
conjugate of, 644-645 
defined, 637 
division of, 649-651 
equality, 639 
field of, 653-654 
imaginary numbers, 632-635 
multiplication, 642-646 
multiplicative inverses, 647-650 
ordered field, 653-654 
as points, 637-638 
properties, 640, 648-649 
quadratic equations and graphs, 
659-662 
quadratic equations with imaginary 
roots, 656-659 
quadratic equations, sum and 
product of roots, 667-671 
quadratic inequalities, 677-681 
subtraction, 641 
as vectors, 638 
Composition of functions, 282-286 
group properties, 284-285 
methods, 282-284 
Composition of transformations, 
216-218, 227-228, 300, 304-307, 
314, 318-324 
glide reflections, 306-309 
in multiplication of complex 
numbers, 643-644 
symmetries, 300-302 
Computations with logarithms, 
495-500 
common logarithms, 499, 502-507 
power rule, 498, 515-518 
product rule, 498, 510-512 
quotient rule, 497-498, 513-514 
Conditional equation, 577-578 


Congruent arcs, 97-100 
Congruent circles, 97-100 
Conic section, 276 
Conjugates, 189 
of complex numbers, 644-645 
Conjunction, 146 
Constant, in algebra, 35 
Constant function, 251 
Constant of dilation, 227 
Constant of variation, 279 
Continued ratio, 40 
Coordinate(s) 
rectangular, in trigonometric form, 
534-536 
rules of transformations, 298-299 
sine and cosine, 341-342 
see also Functions; Relations; 
Transformation geometry and 
coordinates 
Cosecant function, 387 
length of segment, 388-389 
Cosecant graph, 435-436 
Cosine 
of angle, 335, 344 
as coordinate, 341-342 
of difference of two angle measures, 
588-592 
double angle, 604-605 
function, 344-345 
half angle, 609-610 
inverse cosine function, 445-446 
length of segment, 388-389 
of sum of two angle measures, 
593-596 
Cosine graphs 
basic curve, 418-419 
sketching of, 428-430 
Cosines, Law of, 537-540 
finding angle measure, 542-545 
Cotangent function, 387-388 
length of segment, 388-389 
Cotangent graph, 437 
Coterminal angles, 338-340 
function values, 350-351 
Counterclockwise order or 
orientation, 312 
Counterclockwise rotation, 224, 337 
Counterexample, 11 
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Counting numbers, 1 
Counting principle, 721-722 
with probabilities, 730 
Cube root, 159 
principal, 159 


Data, 684 
grouped, 711-716 
Decimals, repeating and terminating, 
4-5 
Degree measure of arc, 97 
Degree measure, inverse trigono- 
metric functions, 449-450 
Degrees to radians, changing from, 
378-379 
Density, property of, 31 
Derived equations, 90, 150-153, 
197-199 
Deviation, see Dispersion 
Diameter, 101 
Difference of two angle measures 
cosine, 588-592 
sine, 597—599 
summary, 614 
tangent, 600-602 
Difference of two squares, 57 
Dilation, 226-228 
composition of transformations, 
227-228 
coordinate rule, 299 
in multiplication of complex 
numbers, 643-645 
properties preserved under, 228 
Direct isometry, 313 
group, 328 
Directed distance, 342, 399 
Directrix, 262 
Discriminant, 194, 660—663 
Disjunction, 147 
Dispersion 
defined, 695 
mean absolute deviation, 696 
measures of, 694-703 
range, 695 
standard deviation, 700-703 
variance, 700-701 
Distance, 209, 216, 221, 224 
formula, 209 
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isometry, 312 

not preserved under dilation, 228 
Distribution, see Normal distribution 
Distributive property of multiplica- 

tion over addition, 29, 144, 653 

Dividend, 71 
Division 

complex numbers, 649-651 

irrational numbers, 185 

monomial, 51-52 

polynomial, 52-53 

radicals with same index, 184-186 

rational expressions, 71-72 
Divisor, 71 
Domain, 35 

of a relation, 232 

see also Restricted domains of 

functions 

Double angle 

cosine, 604-605 

function values, 604-607 

sine, 604 

summary, 614 

tangent, 605-607 


Eccentricity, 
of an ellipse, 265, 272 
of a hyperbola, 269, 272 
of a parabola, 265 
Ellipse, 261, 265-269, 272-273, 
275-276 
locus definition, 265, 275 
Empty set, 36 
Equality, properties of, 34, 144-145 
Equality of complex numbers, 639 
Equation, 34 
absolute-value, 150-153 
conditional, 577 
exponential, 482-484 
with exponents that are fractional 
or negative, 481 
first-degree, procedure for solving, 
37-38 
first-degree trigonometric, 616-618 
fractional, 87-91 
logarithmic, 492-493 
quadratic, 193-196, 656-658 
with radicals, 197-199 
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second-degree trigonometric, 
619-628 
Equivalent fractions, 41-42, 44 
cancellation, 42 
extension, 42 
Event, 726 
Existential quantifier, 8-10 
negation, 12 
Expansion of the binomial, 739-742 
Exponent, 48 
see also Exponential functions 
Exponential equations, 482-484 
Exponential functions, 455-486 
equations with fractional or nega- 
tive exponent(s), 481 
exponential equations, 482—484 
exponential growth, 474-479 
fractional exponents, 468-472 
inverses of exponential functions, 
487-489 
laws of exponents, 455-457 
negative exponents, 458-461 
scientific notation, 463-467 
zero exponents, 458—461 
Exponential growth, 474-479 
Exponent(s), Laws of, 455-457 
division, 455 
multiplication, 455 
power, 455 
power of a product, 456 
power of a quotient, 456 
Exterior of a circle, 95 
Extraneous root 
fractional equation, 89-91 
radical equation, 198-199 
Extremes, in proportion, 41 


Factoring 
. of a number, 56 
y of a polynomial, 56-60 
Field, 23-26 
complex numbers, 653 
ordered, 30-31 
rational numbers, 28-32 
real numbers, 143-145 
Finite sets, 36 
and relations, 233-234 


First-degree equation, procedure for 
solving, 37-38 
First-degree trigonometric equations, 
616-618 
Fixed point, 205 
Focus, 262 
Focus-directrix definition of a conic, 
262 
Forces, 563-565 
Formulas (summary of), 747 
Fractional equations 
defined, 88 
with extraneous roots, 89-91 
solving of, 87-91 
Fractional exponents, 468-472 
and equations, 481 
Fractions, see Rational expressions; 
Rational numbers 
Frequency of a periodic function, 424, 
428 
Frequency polygon, 704—705 
Function(s) 
absolute value, 252-253 
composition of, 282-286 
constant, 251 
defined, 239-240 
inverse functions under 
composition, 288-292 
linear, 251 
many-to-one function, 289 
notation, 247-249 
polynomial, 252 
quadratic, 251-252 
restricted domains, 242-243 
step, 253 
vertical-line test, 240-241, 244 
see also Exponential functions; 
Logarithmic functions; 
Trigonometric functions 
Function(s) and transformation 
geometry, 297—332 
compositions, 300-302, 304-307, 
318-324 
composition with line reflections, 
318-324 
groups of transformations, 327-329 
isometry, 312-314 
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Function(s) and transformation 
geometry, contd. 
symmetries, 300-302 


transformation, coordinate rules of, 


298-299 


Geometry of circle 
see Circle, geometry of 
Geometry, proportions in, 42-45 
Glide reflection, 306-307 
as composition of line reflections, 
313, 323 
as opposite isometry, 314 
properties preserved under, 313 
Graph of a solution set, 146-148, 
155-156 
Graph of y — cos x, 418-419 
Graph of y = sin x, 415-417 
Graph of y = tan x, 432-434 
Graph(s) and functions, 240-242 
Greatest common monomial factor, 
56-57 
Greatest-integer function, 253-254 
Group, 18-20 
complex numbers, 640, 648—649 
of functions under composition; 
284-286 
subgroup, 328 
transformations of the plane, 
327-329 
Grouped data, 711-716 
formulas, 715 
intervals other than length one, 
714-715 
length of interval, 714 
midpoint of interval, 714 


Half angle 
cosine, 609-610 
function values, 608-612 
sine, 608-609 
summary, 614 
tangent, 610-612 
Histogram, 704-705 
Hyperbola 
locus definition, 269, 276 
Hypotenuse, right triangle, 333 


Identity, 393, 577 
summary of basic trigonometric 
identities, 395 
summary of identities, 614 
see also Trigonometric equations 
and identities 
see Trigonometric identities 
Identity element 
under addition, 28, 143, 640 
under composition of functions, 
284 
under composition of trans- 
formations, 327 
under multiplication, 28, 144, 647, 
649 
Image, 205 
Imaginary numbers, 632-635 
imaginary unit, 632 
properties and operations, 634-635 
pure, 633, 637-638 
Imaginary unit, 632-635 
not positive and not negative, 654 
Index 
of radical, 160 
in statistics, 684 
Inequality, 34 
with absolute value, 154-156 
first-degree, procedure for solving, 
38 
quadratic, 677-681 
Infinite sets, 36 
and relations, 234-235 
Initial side of angle, 337 
Inscribed angles and their measures, 
108-113 
circle, 108 
defined, 108 
right angle, 112 
right triangle, construction of, 112 
Integers, 1 
Integral powers of ten, 464, 503 
Intercept form of an equation, 266, 
269, 270, 274 
Intercepts 
of an ellipse, 266, 269, 274 
of a hyperbola, 270, 274 
Interior of a circle, 95 


Interpolation, 362-366, 520-523 
angle measure to the nearest 
minute, 364-366 
finding antilogarithm, 521-522 
finding logarithm, 520-521 
when to use, 362, 522-523 
Intervals other than length one, 
714-715 
Inverse elements 
under addition, 28, 143, 640 
under composition of functions, 284, 
288-292 
under composition of trans- 
formations, 327 
under multiplication, 28, 144, 
648-649 
Inverse functions under composition, 
288-292 
and restricted domains, 291-292 
ways to find, 289-292 
Inverse trigonometric functions, 
443—450 
inverse cosine function, 445-446, 
448—450 
inverse sine function, 443-444, 
448—450 
inverse tangent function, 446-450 
Inverse variation, 279-281 
Irrational numbers, 141-203 
addition and subtraction, 177 
defined, 142 
division, 185 
multiplication, 181 
square-root radicals and rational 
approximations, 163-169 
Isometry, 312-315 
composition of, 313-314, 318-324 
direct, 313, 328 
group, 328 
opposite, 315-314 


Law of Cosines, 537-540, 542-545 
Law of Sines, 551-555 

KED Ty 

Length of interval, 714 

Like radicals, 175 


Index — 767 
Like terms, 48 
Linear function, 251 
Linear growth, 474 
Line reflections, 205-206 
compositions with, 318—324 
in coordinate geometry, 207-211 
coordinate rules, 298 
glide reflections, 323 
isometry, 313, 318, 323 
properties preserved under, 
208-210 
rotations, 321-323 
three-line reflection theorem, 
323-324 
translations, 318-321 
Line symmetry, 206-207 
horizontal, 206 
vertical, 206 
Lines of symmetry 
of an ellipse, 268 
of a hyperbola, 271 
of a parabola, 263-264 
Logarithm, defined, 487—488 
Logarithmic equations, 492—493 
Logarithmic form of an equation, 
492—493 
Logarithmic functions, 487-533 
antilogarithms, 508-509 
common logarithms, 499-500, 
502-507 
computations with, 495-500 
exponential equations, 487—492, 
529-530 
exponential functions and inverses, 
487-489 
interpolation, 520-523 
logarithmic form of equation, 
487—493 
logarithm of trigonometric function 
values, 524—528 
power rule, 498-500, 515-518 
product rule, 495-496, 510-512 
quotient rule, 497-498, 513-514 
table of common logarithms, 
748-749 
table of logarithms of trigonometric 
functions, 755-759 
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Lowest common denominator (L.C.D.), 


TT 
Lowest terms, 63 


Major arc, 96 
Major axis of an ellipse, 268 
Mantissa of logarithm, 505 
Mathematical system, 16 
Mean, 688-689 
in normal distribution, 705 
Mean absolute deviation, 696-698 
grouped data, 713-714 
Mean deviation, 696 
Mean proportional, 134 
Means, in proportion, 41 
Measures of central tendency, 
688-692 
mean, 688-689, 691-692 
median, 689-692 
mode, 690-692 
in normal distribution, 705 
Measures of dispersion, 
see Dispersion 
Median, 689-690 
in normal distribution, 705 
Midpoint, 209, 216, 221, 224, 228, 
312 
formula, 209 
of interval, 714 
Minor arc, 96 
Minor axis of an ellipse, 268 
Minuend, 49 
Minute, 358 
angle measure to nearest minute, 
362-366 
Mixed expressions, 79-81 
Mode, 690-692 
bimodal, 691 
in normal distribution, 705 
Modular addition, 16 
Modular multiplication, 19 
Monomial, 48 
degree of, 49 
division procedures, 51-53 
greatest common monomial factor, 
56-57 
multiplication procedures, 50-51 
Monomial denominators, 187-188 
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Multiplication 
complex numbers, 642-646 
irrational numbers, 181 
monomials, 50 
polynomials, 50-51, 53-54 
radicals with same index, 179-182 
rational expressions, 68-69 
and vectors, 643-644 
Multiplication property 
of equality, 34, 145 
of inequalities, 30, 144 
of zero, 90, 145 
Multiplicative inverses, 
see Inverse elements 


Natural numbers, 1 
Nature of roots of quadratic equation, 
659—664 
Negation of a quantified statement, 
11-14 
Negative exponents, 458-461 
and equations, 481 
Normal curve, 705 
and standard deviation, 705-709 
Normal distribution, 704-709 
bell-shaped curve, 705 
defined, 705 
mean, 705 
median, 705 
mode, 705 
normal curve, 705-709 
percentile, 707 
nth root of number, 159-161 
Null set, 36 
Number line, 1-2 
of reals, 141-143 
Numerical coefficient, 48 


One, as identity element, 28, 144, 
647-649 

One-to-one correspondence, 42, 143 

One-to-one function, 289, 297 

Open half-planes, 677 

Open sentence, 35 

Opposite isometry, 313, 314, 321 

Opposite leg, right triangle, 333 

Order, properties of, 29-31 


see also Orientation 


Ordered field, 30-31 
rational numbers, 31 
real numbers, 143-144 
why complex numbers are not 
ordered, 653-654 
Orientation, 312-313 


Parabola, 262-264, 659 
locus definition, 262, 276 
Parallelism, 210, 216, 221, 224, 228, 
312 
Pascal's triangle, 740 
Percentile, 707—708 
Perfect-square trinomial, 57 
Period, 417, 424-427 
Periodic decimals, 4 
Periodic function, 417 
frequency of, 424 
Permutations, 721-725 
defined, 722 
formula, 722 
with repetition, 722-723 
Perpendicular bisector of chord, 104 
Pi, 142 
Point in the complex-number plane, 
638 
Point reflection, 213-214 
in coordinate geometry, 216-218, 
298 
in origin, 216, 298 
properties preserved under, 216 
Point symmetry, 214-215 
Polygon circumscribed about circle, 
119-120 
Polygon inscribed in circle, 105-106 
Polygon(s), similar, 42-45 
Polynomial function, 252 
Polynomials, 48-56 
addition of, 49 
ascending order, 49 
binomial factors, 57 
degree of, 49 
descending order, 49 
division of, 51-53 
factoring of, 56-60 
multiplication of, 50-51, 53-54 
prime, 57 
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standard form, 49 
subtraction of, 49-50 
Post-office function, 253 
Postulate, 34 
Power, 48 
see also Exponent(s), Laws of 
Power rule, of logarithms, 498, 
515-518 
Preimage, 205 
Prime number, 56 
Prime polynomial, 57 
Principal cube root, 159 
Principal square root, 158 
Probability, 721-744 
at least, 735-737 
at most, 735-737 
binomial theorem, 739-742 
combinations, 723-725 
defined, 726-727 
permutations, 721-725 
with two outcomes, 730-733 
Product of roots of quadratic 
equation, 667-671 
Product rule, of logarithms, 495—496, 
510-511 
Proportion, 40-41 
mean proportional, 134 
Pure imaginary number, 633, 
637-638 
Pythagorean identities, 393-396, 579 


Quadrantal angle(s), 338, 350 
Quadrant(s), 96, 337-338, 340 
and reference angles, 367-375 
Quadratic equation 
defined, 193 
graphs and complex numbers, 
659-664 
with imaginary roots, 656-658 
nature of roots, 659—664 
with real roots, 193-196 
sum and product of roots, 667—671 
trigonometric, 619-628 
using given conditions to write, 
666-671 
Quadratic formula, 193 
complex numbers, 656-658 
derivation of, 193-194 
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Quadratic function, 251 
Quadratic inequalities, 677-681 
Quadratic-linear system 
algebraic solution, 674-675 
graphic solution, 674-675 
Quantifiers, 6-10 
existential, 8-10 
negation, 11-13 
universal, 6-10 
Quarter-turn, 224 
Quotient, 71 
Quotient identities, 395, 579-581 
Quotient rule, of logarithms, 
497-498, 513-515 


Radian, 376-377 
Radian measure, 376-381 
degrees to radians, 378-379, 381 
radian defined, 376 
radians to degrees, 380-381 
trigonometric functions involving, 
384-385 
Radians to degrees, changing from, 
380-381 
Radical, 160 
radical sign, 157 
Radical equation, 197 
extraneous root, 198 
solving of, 197-199 
Radicals 
addition and subtraction, 175-178 
division with same index, 184-186 
like, 175 
multiplication with same index, 
179-182 
simplest form, 171 
simplification of, 170-174 
radicals of index "n", 160-161, 
172-174 
square-root radicals with fractional 
radicands, 171-172 
square-root radicals with integral 
radicands, 170-171, 173 
unlike, 176-177 
Radicand, 160 
Radius (radii), 95 
Range, 695, 697-698 
Range of a relation, 232 
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Ratio, 40 
Rational approximations, 142, 
163-169 
Rational expressions, 63-94 
addition with different 
denominator, 77-79 
addition with same denominator, 
73-15 
complex rational expressions, 83-85 
defined, 63 
division of, 71-72 
fractional equations, solving of, 
87-91 
mixed expressions, 79-81 
multiplication of, 68-69 
reduced to lowest terms, 63-67 
subtraction with different denomi- 
nators, 77-79 
subtraction with same denominator, 
73-75 
Rational numbers, 1-62 
defined, 3 
as an ordered field, 30-31 
properties of, 28-30 
and repeating decimal, 4-5 
Rationalizing a denominator contain- 
ing a radical, 187-191 
Real-number line, 143 
Real numbers, 141-203 
absolute value, 149-156 
approximating rational values 
square roots, 163-169 
in complex plane, 638 
defined, 143 
equality postulates, 144—145 
number line, 143 
as ordered field, 143 
properties of, 143-145 
quadratic equation, 193-196 
radical(s), 170-187 
radical equations, 197-199 
rationalizing a denominator with 
radical, 187-191 
roots and radicals, 157-161 
Reciprocal identities, 395, 579 
Reciprocal trigonometric functions, 
386-390 
cosecant function, 387 


cotangent function, 387-388 
function values as lengths of line 
segments, 388-390 
graphs of, 435-437 
secant function, 386-387 
Rectangular coordinates, trigono- 
metric form, 534-536 
Reducing to lowest terms, 63-67 
Reducing to —1, 65-66 
Reference angles, 367-375 
fourth, 371-373 
second, 367—369 
summary, 373 
third, 369-371 
Reflection 
coordinate rules, 298 
in a line, 206 
in a point, 214 
three-line reflection theorem, 
323-324 
Reflection over the line y = x, 208, 
438-441, 487-489 
Reflexive property of equality, 34, 
144 
Relations, 232-296 
defined, 232 
domain of a relation, 232 
and finite sets, 233-234 
and infinite sets, 234-235 
range of a relation, 232 
Repeating decimals, 4 
Replacement set, 35 
Restricted domains of functions, 
242-2483, 291-292, 444—448 
Resultant, 563-565, 640—641, 644 
Reverse Factoring Technique, 666, 
669-670 
Right angle, 112 
Right triangle, 333-335 
construction of, 112 
solving, 568-569 
see also Triangles 
Root of the equation, 35 
extraneous root, 89-91, 198-199 
Roots and radicals, 157-161 
cube root, 159 
nth root of number, 159-160 
square root, 158-159 
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Rotation, 223-225 
as composition of line reflections, 
321-322 
coordinate rules, 298 
group, 328 
in multiplication of complex 
numbers, 644 
properties preserved under, 224 
rotational symmetry, 224-225 
Rotational symmetry, 224-225 
Rounding off a number, 164, 166, 
167 


Sample space, 721, 726 
s.a.s., 534, 567 
Scientific notation, 463-467 
and common logarithms, 502-507 
Secant, 115 
external segment, 132 
function, 386-387 
length of segment, 132-136, 
388-390 
segment, 132 
see also Tangents and secants 
Secant graph, 436 
Second-degree trigonometric 
equations, 619-628 
Semicircle, 96 
Sentence 
closed, 35 
open, 35 
Set-builder notation, 36 
Sigma, 684 
Sigma notation, 
see Summation symbol 
Similar polygons, 42 
Similar right triangles, 334-335 
Sine 
of angle, 334, 343 
as coordinate, 341—342 
double angle, 604 
function, 342-343 
half angle, 608-609 
inverse sine function, 443-444 
length of segment, 388-389 
of sum and difference of angle 


measures, 597-599 
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Sine graphs 
basic curve, 415-417 
sketching of, 428-430 
Sines, Law of, 551-555 
Slope formula, 209 
Solution set, 35 
types of, 36 
Square root, 157-159 
defined, 158 
Square-root radical 
simplest form, 171 
Square root(s) 
approximating rational values, 
163-169 
calculator method, 164 
divide and average, 165-166 
square-root algorithm, 167-169 
finding square root by table, 
164-165 
Square-root table, 746 
8.8.8., 068 
8.8.8., 534, 567 
Standard deviation, 700—703 
defined, 701 
grouped data, 711-713, 715-716 
and normal curve, 705-707 
variance, 700-701 
Standard notation, 
see Scientific notation 
Standard position of angle, 337 
Statement, 35 
Statistics, 684-720 
central tendency, 688 
defined, 684 
dispersion, measures of, 694—695 
grouped data, 711-716 
measures of, 688-692 
normal distribution, 704-709 
standard deviation, 700-703 
summation symbol, 684-686 
Step functions, 253 
Subgroup, 328 
Subscript, 685 
Substitution property of equality, 34, 
145 
in identity, 583 
Subtraction 
complex numbers, 639-641 
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irrational numbers, 177-178 
polynomial, 49-50 
radicals, 175-178 
rational expressions with different 
denominator, 77-79 
rational expressions with same 
denominator, 73-75 
of vectors, 641 
Subtrahend, 49 
Summation 
lower limit of, 684 
upper limit of, 684 
Summation symbol, 684-686 
Sum of roots of quadratic equation, 
667-671 
Sum of two angle measures 
cosine, 593-596 
sine, 597-599 
summary, 614 
tangent, 600—602 
Symmetric property of equality, 34, 
144 
Symmetry 
in a line, 206 
in a point, 214-215 
rotational, 224-225 
symmetries and compositions, 
300-302 
Systems of equations, 673-675 


Table 
of common logarithms, 748-749 
of logarithms of trigonometric 
functions, 755-759 
of squares and square roots, 746 
of trigonometric values, 750-754 
Tangent 
of angle, 334 
double angle, 605—607 
function, 346-348 
half angle, 610-611 
inverse tangent function, 446-448 
length of segment, 133-134, 348, 
388-389 
in right triangle, 334 
of sum or difference of angle 


measures, 600—602 


Tangent graph, 432-434 
Tangent(s) and secants, 115-121 
angles formed by, 122-126 
common tangent, 117-118 
construction of tangent, 116 
defined, 115 
mean proportional, 134 
polygon circumscribed about circle, 
119-120 
tangent segments, 118-119, 348 
Term, 48 
Terminal side of angle, 337 
Terminating decimal, 4 
Theoretical probability of event, 727 
Three-line reflection theorem, 
323-324 
Transformation, 204 
complex numbers, 643-644 
coordinate rules of, 298-299 
as function, 297-298 
groups, 327-329 
subgroup, 328 


see also Function(s) and transforma- 


tion geometry 
Transformation geometry and 
coordinates, 204-231 
composition of transformations, 
216-218, 300, 304-307, 318-324 
coordinate rules, 298-299 
dilations, 226-227 
line reflections and line symmetry, 
205-206 
point reflections and point 
symmetry, 213-215 
rotations, 223-225 
translations, 220-222 
Transitive property of equality, 34 
of inequalities, 29, 144 
Translation, 220-222 
as composition of line reflections, 
318-321 
coordinate rule, 299 
group, 328 
properties preserved under, 221 
Transverse axis of a hyperbola, 
271-272 
Triangles 
ambiguous case, 557—561 
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area of, 546-549 
similar, 131, 334-335 
solving, 567-571 
see also Right triangles 
Trichotomy property, 29, 144 
fails for nonreal complex numbers, 
653 
Trigonometric applications, 534-576 
ambiguous case, solving triangles, 
557-561 
area of triangle, 546-549 
Cosines, Law of, 537-540, 542-545 
forces, 563-565 
rectangular coordinates in trigono- 
metric form, 534-536 
Sines, Law of, 551-555 
triangles, solving, 567-571 
Trigonometric equations 
defined, 616 
equations that are conditional, 577 
first-degree, 616-618 
identity, 577 
involving more than one function, 
624—628 
second-degree, 619-623 
types of, 577-578 
Trigonometric equations and 
identities, 577-631 
cosine of difference of two angle 
measures, 588-592 
cosine of sum of two angle 
measures, 593-596 
double angle, function values, 
604-607 
first-degree trigonometric equations, 
616-618 
half-angle, function values, 608-612 
second-degree trigonometric 
equations, 619-623 
sine of sum and difference of angle 
measures, 597-599 
tangent of sum or difference of 
angle measures, 600-602 
trigonometric equation, defined, 
614 
trigonometric equations involving 
more than one function, 624-628 
trigonometric identities, basic, 579 
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Trigonometric equations and 
identities, contd. 

trigonometric identities, proving, 
583-587 


trigonometric identities, summary of, 


614 

Trigonometric function(s), 333-411 

angle measures to the nearest 
minute, 362-366 

angles as rotations, 336-340 

cofunctions, 406-408 

cosine function, 344—345 

Pythagorean identities, 393-396 

radian measure, 376-381, 384-385 

reciprocal trigonometric functions, 
386-388 

reference angles, 367-375 

right triangle, 333-335 

sine function, 342-343 

special angles, 354—357 

tangent function, 346-349 

finding trigonometric function 
values when one value is known, 
398-404 

using a table of trigonometric 
values, 358-361 

Trigonometric function values 

of an angle when one function 
value is known, 398-404 

finding angle measures, 360—361, 
526-528 

finding function values, 358-361 

as lengths of segments, 388-389 

logarithm of, 524-528 

table of, 750-754 

using a table, 358-361 

Trigonometric graphs, 412-454 

amplitude, 420—423 

graph of y — cos x, 418-420 

graph of y — sin x, 415-417 

graph of y = tan x, 432-434 

inverse trigonometric functions, 
443-450 

period, 424—427 

reciprocal functions, 435-437 

reflection over line y = x, 438-441 

sketching curves, 428-430 

wrapping function, 412-413 
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Trigonometric identities, basic, 
393-396, 579-582 
alternate forms, 580-581 
Pythagorean, 393-396, 579-581 
quotient, 395-396, 579-581 
reciprocal, 395-396, 579-581 
summary of identities, 395, 579 
Trigonometric identities, proving, 
583-587 
basic principles, 583-587 
Trigonometry, defined, 333 
Trinomial, factoring of, 57-58 
Turning point, 263, 264, 659 


Unit circle, 341 

Unit measure, 1 

Universal quantifier, 6-10 
negation, 11-12 

Unlike radicals, 176 

Unlike terms, 48 


Variable, 35 
Variance, 700—701 
Vector(s), 563, 638 
addition, 640, 644 
and multiplication, 643-644 
quantity, 563 
subtraction, 641 
Vertex of angle, 96 
Vertical-line test, 240-241, 244 


Whole numbers, 1 
Wrapping function, 412-413 


X-intercepts 
of an ellipse, 266, 269 
of a hyperbola, 270 
Y-intercepts 
of an ellipse, 266, 269 
of a hyperbola, 270 


Zero, as identity element, 28, 143, 
640 

Zero exponents, 458-461 

Zero property of multiplication, 90, 
145 


